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AUTHOR’S PREFACE — SECOND FRENCH EDITION 


The first part of this volume lias undergone only slight changes, 
while the rather important modifications that have been made 
appear only in the last chapters. 

In the first edition I was able to devote but a few pages to par- 
tial differential equations of the second order and to the calculus 
of variations. In order to present in a less summary manner such 
broad subjects, I have concluded to defer them to a third volume, 
which will contain also a sketch of the recent theory of integral 
equations. The suppression of the last chapter has enabled me to 
make some additions, of which the most important relate to linear 
differential equations and to partial differential equations of the 
fii-st order, 

K. GOURSAT 





TRANSLATORS’ PREFACE 


As the title indicates, tl»e present volume is a translation of tin*, 
first half of the second volume of Goursat’s '’Coiirs d’ Analyse.” The 
decision to publish the translation in two parts is <liic to the evi- 
dent adaptation of these two portions to the introductory eourses in 
American colleges and universities in the theory of functions and 
in differential equations, resjKjctively. 

After the cordial reception given to the translation of Goursat’s 
first volume, the continuation was assured. That it has been 
delayed so long was due, in the first insbince, to our desire to await 
the appearance of the second edition of the second volume in 
French. The advantage in doing so will be obvious to those who 
have observed the radical changes made in the second (French) 
edition of the second volume. Volume I was not altered so radi- 
cally, so that the present English translation of that volume may be 
used conveniently as a companion to this; but references are given 
here to both editions of the first volume, to avoid any possible 
difficulty in this connection. 

Our thanks are due to Professor Goursat, who has kindly given 
us his permission to make this translation^ and has approved of the 
plan of publication in two parts. He has also seen all proofs in 
English and has approved a few minor alterations made in transla- 
tion as well as the ti-anslators' notes. The responsibility for the 
latter rests, however, with the translators. 

E. n. IIEDiaCK 
OTTO DUNKEL 
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A COURSE IN 

MATHEMATICAL ANALYSIS 

VOLUME II. PART I 



THEOEY OF FUNCTIONS OF A 
COMPLEX VARIABLE 


CHAPTER I 


ELEMENTS OF THE THEORY 


I. GENERAL PRINCIPLES. ANALYTIC FUNCTIONS 


1 . Definitions. An imaginary quantity, or complex quantify, i.s any 

expression of the form a -|- hi where a and h are any two real luim- 

bers whatever and i is a special symbol which has Iweii introduccnl 

in order to generalize algebra. Essentially a complex (piantity i.s 

nothing but a system of two real numbers arranged in a certain 

order. Although such expressions as a + bi have in themselves no 

concrete meaning whatever, we agree to apply to them the ordinary 

rules of algebra, with the additional convention that shall be 
replaced throughout by — 1. 

Two complex quantities a + hi and + b'i are said to be equal if 
a = a' and b = b’. The sum of two complex quantities a + bi and 
c + di IS a symbol of the same form « + c -f- (A -f- f/) ( ; the differ- 
ence a + bi~{c-\-di) is equal to a~c+{b-d)i To find the 
product of a -H bi and c + di we carry out the multiplication accord- 
ing to the usual rules for algebraic multiplication, replacing i^ bv 
— 1, obtaining thus ^ 


{a -f- bi) (c -f di) =ac — bd (ad + be) i. 

The quotient obtained by the division of a bi by c-^di is 

mfrVH ^ ^ imaginary symbol x yi, such that when it is 
multiplied by c + di, the product is a + bi. The equality 

a + fit = (c q- di) (x + yi) 

«>ultiplieation, to the two 


relations 
whence we obtain 


cx ^ dy a, 

^ __ ac -f .fir/ 


-b cy = fi, 

be ~ ail 
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The quotient obtained by the division of a + hi hy c di is repre- 
sented by the usual notation for fractions in algebra, thus, 


X + yt = 


a hi 
c di 


A convenient way of calculating x and y is to multiply numerator 
and denominator of the fi-action by c — di and to develop the 

indicated products. 

All the properties of the fundamental operations of algebra can be 
shown to apply to the operations carried out on these imaginary sym- 
bols. Thus, if A,-J5, C, denote complex numbers, we shall have 


AB=BAj ABC =A{BC)y A{B C) = AB A- 


• « « 


and so on. The two complex quantities a + hi and a — hi are said 
to be conjugate imaginaries. The two complex quantities « -f hi and 
-a — hi, whose sum is zero, are said to be negatives of each other 

or symmetric to each other. 

Given the usual system of rectangular axes in a plane, the complex 
quantity a + iiis represented by the point M of the plane whose 
coordinates are x = a and y = i. In this way a concrete representa- 
tion is given to these purely symbolic expressions, and to every 
proposition established for complex quantities there is a correspond- 
ing theorem of plane geometry. But the greatest advantages resulting 
from this representation will appear later. Real numbers correspond 
to points on the x-axis, which for this reason is also called the ox« 
of reals. Two conjugate imaginaries a + In and a - In correspond o 
two points symmetrically situated with respect to the x-axis. Two 
quantities a -i- In and -a-H are represented by a pair of points 
symmetric with respect to the origin 0. The quantity « -f- ti, which 
corresponds to the point M with the coordinates («, A), is sometimes 
(tailed its affix.* When there is no danger of ambiguity, we shall 
denote by the same letter a complex quantity and the point which 

represents it. /\u„o 

Let us join the origin to the point M with coordinates («, A) by a 

segment of a straight line. The distance OM is called the alsolale 
Jlae of a + lji, and the angle through which a ray must be turned 
from Ox to bring it in coincidence with OM (the angle being measured, 
as in trigonometry, from Ox toward Oy) is called the angle oi a + Ai. 

• This term is u<.t much used iu Enf^lisli, hut the French frequently use the corre- 
sponding word (tjfixe. — Tuan.s. 
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Let p and m denote, respectively, tlie absolute value and the anffle of 
a + bi; between the real quantities a, b, p, w there exist tlie two rela- 
tions a = p cos wy b = p sin <d, whence we have 


p= V«- -h b^, 


a 

COS <£> = ‘ . = ) 


sin w = 


h 

y/a- -f- //" 


The absolute value p, which is an essentially j)Ositive numl)ei’, is 
determined without ambiguity; whereas tlie angle, being given fuily 
by means of its trigonometric functions, is det(*rmined except for an 
additive multiple of 2 tt, which was evident from the definition itself. 
Hence every complex quantity may have an infiniU* nunilMU’ of 
augles, forming an arithmetic progression in wliich tlie sue<*essive 
terms differ by 2 tt. In order that two complex quantities be. equal, 
their absolute values must be equal, and moreover their angles must 
differ only by a multijde of 2‘7r, and these conditions are suttii'ient. 
The absolute value of a complex quantity z is represented b}' the 
same symbol \z\ which is used for the absolute value of a real 
quantity. 

Let z = a hi, z' = «' -f- h'i be two complex numbers and vi, in' 
the corresponding points; the sum z -f- is then rejiresented by the 
point wi", the vertex of the jiarallelogram constructed upon Oni, (hn\ 
The three sides of the triangle Om. in" 

(Fig. 1) are equal respectively to the 
absolute values of the quantities z, z'y 
z -f z'. From this we conclude that the 
absolute vahie of the sum of two quanti- 
ties is less than or at most equal to the 
sum of the absolute values of the two 
quantities, arul greater than or at least 
equal to their difference. Since two 
quantities that are negatives of each 



Fic. 1 


other have the same absolute value, the theorem is also true for 
the absolute value of a difference. Finally, we see in the same way 
that the absolute value of the sum of any number of complex 
quantities is at most equal to the sum of their absolute values, the 
equality holding only when all the points representing the different 
quantities are on the same ray starting from the origin. 

If through the point m we di-aw the two straight lines mx* and 
my' parallel to Ox and to Oy, the coordinates of the point m' i!i this 
system of axes will be a' - a and h'~b (Fig. 2). The point «/ 
then represents z' - « in the new system ; the absolute value of 
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— z is equal to the length mm', and the angle oi z' — z is equal to 
the angle $ which the direction ww' makes with mx'. Draw through 

0 a segment Om^ equal and par- 
allel to mm ' ; the extremity of 
this segment rein-esents z' — z in 
the system of axes Ox, Oy. But 
the figure Om'm^ is a parallelo- 
gram ; the point m^ is therefore 
the symmetric point to m with 
respect to c, the middle point 
of Om'. 

Finally, let us obtain the for- 
mula which gives the absolute value and angle of the product of any 
number of factors. Let 



Zf. = pi.(cos Oil. H- i sin (A* — . 1, 2, • • •, n), 

be the factors ; the rules for multiplication, together with the addi- 
tion formulai of trigonometry, give for the product 

^1^2 ' ■ * = P\Pi ■ ■ ■ + Wj -f- • • ■ + W„) 

-f- i sin (<i*^ + + • • • + 

which shows that the absolute value of a jiroduct w equal to the 
product of the absolute values, and the angle of a jn'oduct is equal to 
the sum of the angles of the factors. From this follows very easily 
the well-known formula of De Moivre : 


cos mta -f- i sin mto = (cos m -j- i sin w)”*, 

which contains in a very condensed form all the trigonometric for- 
mulae for the multiplication of angles. 

The introduction of imaginary symbols has given complete gener- 
ality and symmetry to the theory of algebraic equations. It was in 
the treatment of equations of only the second degree that such ex- 
pressions appeared for the first time. Complex quantities are equally 
important in analysis, and we shall now state precisely what mean- 
ing is to be attached to the expression a function of a complex 
variable. 


2. Continuous functions of a complex variable. A complex quantity 
« = 3? -f yi, where x and y are two real and independent variables, 
is a complex variable. If we give to the word function its most 
general meaning, it would be natural to say that every other complex 
qiuintity // whose value depends upon that of « is a function of z. 
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Certain familiar definitions can be extended directly to these fuin^ 
tions. Thus, we shall say that a function u ss f(z) is continuous if 
the absolute value of the difference f{z -f- h) — approaches zero 
when the absolute value of h approaches zero, that is, if to every 
positive number e we can assign another positive number such that 


provided that 1 | be less than 77 . 
A series, 




whose terms are functions of the complex variable z is nnifovmiij 
convergent in a region .1 of the plane if to every positivi* nuinl)er < 
we can assign a positive integer N such that 



+ 1 (*) + + 2 + ' • • 


for all the values of z in the region A, provided that n ^X. It 
can be shown as before (Vol. I, § 31, 2d ed. ; § 173, 1st ed.) tliat if a 
series is uniformly convergent in a region d, and if eacli of its 
terms is a continuous function of z in that region, its sum is itself 
a continuous function of the variable z in the same region. 

Again, a series is uniformly convergent if, for all the values of « 
considered, the absolute value of each tt*rm |//„| is less than the 
corresponding term of a convergent series of real positive con- 
stants. The series is then both absolutely and uniformly convergent. 

Every continuous function of the complex variable s is of the 
f orni M = /> (ar, y)t, where P and Q are real continuous 

functions of the two real variables a-, y. If we were to impose no 
other restrictions, the study of functions of a complex variable 
would amount simply to a study of a pair of functions of two real 
variables, and the use of the symbol i would introduce only illusory 
smpUfications. In order to make the theory of functions of a com- 
plex variable present some analogy with the theory of functions of a 
re^ variable, we shall adopt the methods of Cauchy to find the con- 
ditions which the functions P and Q must satisfy in order that the 
expression P + Q, shall possess the fundamental properties of func- 
tions of a real variable to which the processes of the calculus apply 


3 A^ytic functions. If /(x) is a function of a real variable x 
which has a derivative, the quotient 


k 
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approaches fir) -wlien h approaches zero. Let us determine in the 
same way luider what conditions the quotient 

^ _ A/* + /Afj 

A.~ Aj' + i\ij 

will approach a definite limit when the absolute value of As: approaches 
zero, that is, when A.i* and Ay approach zero independently. It is 
easy to see that this will not he the case if the functions P{x, y) and 
Q(ry y) are any functions whatever, for the limit of the quotient 
A/z/Av depends in general on the i-atio Ay/Aa*, that is, on the way 
in which the point representing the value of z h approaches the 
point representing the value of z. 

Let us first suppose y constant, and let us give to a; a value x + Aa; 
differing but slightly from a* ; then 

^ ^ + Ar, //)-/> (r,//) . Q(.r + Aa-,y)- Q{r,y) _ 

A? A.r 


In order that this quotient have a limit, it is necessary that the 
functions P and Q possess partial derivatives with respect to x, and 


in that case 



Next suppose x constant, and let us give to y the value y + Ay ; we 
have 

A// _ /’(x, y + ^y) Pj^y v) _|_ Q // + ^ff) — Q n) ^ 

An: /Ay Ay 

and in this case the quotient will have for its limit 

dQ_.df 

if the functions P and Q possess partial derivatives with respect to y. 
In order that the limit of tlie quotient be the same in the two cases, 
it is necessary that 

dx ~ Ct/ dij~ dx 

Suppose that the functions P and Q satisfy these conditions, and 
that the partial derivatives dPfdx^ oPfdy, dQfdx, dQlcy are con- 
tinuous functions. If we give to x and y any increments whatever, 
Ax, Ay, we can write 

AP = /^(x -P Ax, y + Ay) - /’(x + Ax,y)-f P(x + Ax, y)- Pi^yV) 
= Ay/^,(x + Ax, y + 0Ay) + Ax/^,(x + 0'Ax, y) 

= Ax[/*;(x, y) + 0 + Ay[/^,(x, y)+ cj, 


I. §3] 
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where 0 and 0’ are positive numbers less than unity ; and in tlie 

same way _ 

^Q = !/) + «'] + A//[Q;(j-, y) + *,], 

where e, c', €[ approa(!h zero with Ar and A//. Tlie dilTcreiicc 

A// = A/* d- /AQ can i)e written by means of the conditions (1) in 
the form, 

I? + ' I 7 ) 

= (A./- + ' I 7 ) ■*" 

where ij and ij' are infinitesimals. We luive, tlien, 

Au I tyA.r + rf'Ai/ 

A« dx ^ dx Aj- + /Ay 

If [t^I and |y'| are smaller than a numl)cr a, the absolute value of tlie 
comidementary term is loss than 2 a. This term will therefore aj)- 
proach zero when A.r and Ay approach zero, and we shall have 

A// cP , .dQ 

hill _ = 4. , 

A.^ CX CX 

The conditions (1) are then necessary and sufticient in order that the 
riuotient Au/Az have a unique limit for each value of a;, provided that 
the partial derivatives of the functions P and Q Ik* continuous. Tlie 
function u is then said to be an analytic function * of tlie variable c, 
and if we represent it by f{z), the derivative f\z) is equal to any 
one of the following equivalent expressions : 

It is important to notice that neither of the pair of functions 
y)y y) can be taken arbitrarily. In fact, if P and Q have 
derivatives of the second order, and if we differentiate the first of 
the relations (1) with respect to y, and the second with respect to y, 
we have, adding the two resulting equations, 

dx^^ d,/~ 


Cauchy made frequent use of the tenn monoghic, the equivalent of which, mowo- 

Frrcir \7 ;T is also sometimes used in 

fhat thU H fi K preference the term anafj/fic. and it will he shown later 

“sm ;re,^r“ given (I, JOT, 
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We can show in the same way that AQ = 0. The two functions 
I/), Q{r, (/) must therefore be a pair of solutions of Laplace’s 
equation. 

Conversely, any solution of Laplace’s equation may be taken for 
one of the functions P or (}. For example, let P(x, //) be a solution 
of that equation ; the two equations (1), where Q is regarded as an 
unknown function, are compatible, and the expression 



which is determined except for an arbitiary constant C, is an analytic 
function whose real ])art is P(x, y). 

It follows that the study of analytic functions of a complex vari- 
able z amounts essentially to the study of a pair of functions 
!/)y V) variables x and y that satisfy the 

relations (1). It would Ihj possible to develop the whole theory with- 
out making use of the symbol i* 

We shall continue, however, to employ the notation of Cauchy, but 
it should be noticed that there is no essential difference between the 
two methods. Every theorem established for an analytic function 
f{z) can l)e expressed immediately as an equivalent theorem relat- 
ing to the pair of functions P and Q, and conversely. 


Examples. The function u = x''* — y* + 2xyi is an analytic function, for it 
satisfies the equations (1), and its derivative is 2x -l- = 2z ; in fact, the func- 

tion is simply (x + yi)'^ = On the other hand, the expression tJ = x — yi is not 
an analytic function, for we have 


Au __ Ax — I Ay 
Az Ax -I- i Ay 


Ax 

i+i^ 

Ar 


and it is obvious that the limit of the quotient Ai>/Az depends upon the limit of 
the quotient Ay/ Ax. 

If we put X = p cos w, y = p sin w, and apply the formulae for the change of 
independent variables (I, § 63, 2d ed. ; § 38, 1st cd.. Ex. II), the relations 
(1) become 

sp cQ eo tP 

( 3 ) — =— p-2, —i — p — , 

. dp du dp 

and the derivative takes the form 




• This is the point of view taken by the German mathematicians who follow 
Riemann. 


GENKUAL rUINClPLES 


11 


l.§4] 


It i8 easily seen on applyinfi these forimilas that the fvmclion 

gm — pm ^cos m<a + i sin viut) 

is an analytic function of z whose derivalivo is equal Ui 

wjp»*-i(cosma» + i sin mw) (cosw — i sin w) = 


4. Functions analytic throughout a region. Tlio prercdiiig gciiiTal 
statements are still somewhat vjigne, for so far nothing has Ihmmj 
said about the limits Ijetwceii whitfh may vary. 

A i)ortiou .1 of the plane is said to be vannvr.tvtl^ or to rojislsf. of 
a ainfjhi /n’m', when it is possildc to join any two jjoints whatever 
of that portion by a continuous path wliieh lies entirely in that 
portion of the plane. A conne(*te«I portion situat<*d entirely at a 
finite distance can l>e bound(?d l)y one or several closed curves, 
among which there is always one closed curve which forms the 
exterior boundary. A portion of the plane extending to infinity may 
be composed of all the points exterior to one or more elosi-d curves ; 
it may also be limited by curves having infinite Ijramdies. We shall 
employ the term rn/ion to denote a connected portion of tlie i)lane. 

A function /(a) of the complex variable z is said to Ik; analytic * 
in a connected region A of the plane if it satisfies tlie following 
conditions : 

1) To every point z of A corresponds a definite value of y’(~) ; 

2) /(«) is a continuous function of z when the point z varies in 
d, that is, when the absolute value of f{z + h) — f{z) approacdii'S 
zero with t]\e absolute value of h ; 

3) At every point « of A,f{z) has a uniquely determined deriwv 
tive f'{z) j that is, to every point z corresponds a complex number 
f(z) such that the absolute value of the difference 


h 



approaches zero when |A| approaches zero. Given any positive num- 
ber e, another positive number -q can be found such that 

(4) |/(* + K) - f(z) - hf\z) I s , I A I 

if I A j is less than q. 

For the moment we shall not make any hypothesis as to the values 
of /(z) on the curves which limit A. AVhen we say that a function 
is analytic m the interior of a region A bounded by a closed curve V 


The adjective holoniorphic is also often used. Trans. 
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and on the bnundanj curre itselfy we shall mean by this that f(z) is 
analytic in a region containing the boundary curve T and the 
region .1. 

A function /(.*.) need not necessarily lie analytic throughout its 
region of existence. It may have, in general, singular points, which 
may be of very varied types. It would be out of place at this point 
to make a classitieation of these singular points, the very nature of 
which will appear as we proceed with the study of functions which 
we are now commencing. 


5. Rational functions. Since the rules which give the derivative of 
a sum, of a product, and of a (piotient are logical consequences of the 
definition of a derivative, thej' apply also to functions of a comjdex 
variable. The same is true of the rule for the derivative of a func- 
tioii of a function. Let u = f{Z) be an analytic function of the 
complex variable Z ; if we substitute for Z another analytic function 
</> ( 4 ) of another complex variable a, u is still an analytic function of 
the variable z. We have, in fact, 

A» _ A.^_ 

A" “ A^ ^ A^ ’ 

when |A5:[ approaches zero, |AZ| approaches zero, and each of the 
(juotients Aw/A/f, A^/As: approaches a definite limit. Therefore the 
quotient Au/A^ itself approaches a limit: 

4 


■\\'e have already seen (§ 3) that the function 


49 


= (^ + .'/0"‘ 


is an analytic function of and that its derivative is This 

can be shown directly as in the case of real variables. In fact, the 
binomial formula, which results simply from the properties of multi- 
idication, obviously can be extended in the same way to complex 
quantities. Therefore we can write 


. , w , . w (m — 1) 

{z + =. gm + _ d \ ' z”'- 

1 1 . ^ 


V/2-1- 


where ni is a positive integer; and from this follows 


(.^ j,y» — z”' _ 


k 


= mz 


171 


+ A 


[ m {m 

“iT 




m 


-] 


(;enkral 1‘kinx’Iples 


I. §6] 



It is clear that the right-hand side has mz”'-' for its limit wlien thc^ 
absolute value of h approaches zero. 

It follows that any polynomial with constant coefficients is an 
analytic function throughout the whole plane. A rational function 
(that is, the quotient of two polynomials /’(«), Q(^)) wliich we may 
as well suppose prime to each other) is also in general an analytic 
function, but it has a certain number of singular ])oints, the roots of 
the equation (2(s)= 0. It is analytic in every region of the plane 
which does not include any of tlicse points. 


6. Certain irrational functions. When a point « descril)es a continu- 
ous curve, the cobrdinaU'.s x and //, as well as the absolute value p, 
vai-y in a continuous manner, and the same is also true of the angle, 



Flo. 3 rt 



provided the curve described does not pass tlirough the origin, it 
the point s: describes a closed curve, i:, ,j, and p return to their 
original values, but for the angle u this is not always the case. It 
the origin is outside the region inclosed by the closed curve (h'ig. 3 a) 
It IS evident that the angle will return to its original value ; but this’ 
IS no longer the case it the point s describes a curve such as .1/ XPM 
01 M^npriM^ (Fig. 3 h). In the first case the angle takes on its original 
value increased by 2 vr, and in the second case it takes on its original 
value increased by 4 w. It is clear that . can be made to describe 
closed curves such that, if we follow the continuous variation of the 
angle along any one of them, the final value assumed by „ will differ 
rom the initial value by 2 nw, where n is an arbitrary integer posi- 
tive or negative. In general, when . describes a closed 



14 


ELEMENTS OF THE THEORY 


[I. §6 


angle of « returns to its initial value if the point a lies outside 
of the region bounded by that closed curve, but the curve described 
by z can always l)e chosen so that the final value assumed by the 
angle of ~ — rt will be equal to the initial value increased by 2n7r. 

Let us now consider the equation 


(5) = Zy 

where w is a positive integer. To every value of «, except z = 0, 
tliere are in distinct values of n which satisfy this equation and 
therefore correspond to the given value of z. In fact, if we put 

p (cos (u + t sin w), u = r (cos <^> + t sin ^), 
the relation (5) Ixicomes equivalent to the following pair : 

= p, 2 /.'TT. 

From tile first we have r — which means that r is the wth arith- 
metic root of the positive number p ; from the second we have 


= (<i» + 2h'jr)/in. 


To obtain all the distinct values of n we liave only to give to the 
arliitrary integer k the m consecutive integral values 0, 1, 2, • • •, vi — 1 ; 
in this way we obtain expressions for the ni roots of the equation (5) 





4- i sin 



(/: = 0 , 1 , 2 , .. ., W.-1). 


It is usual to represent by any one of these roots. 

When the variable s describes a continuous curve, each of these 
roots itself varies in a continuous manner. If z describes a closed 
curve to which the origin is exterior, the angle <t> comes back to its 
original value, and each of the roots 7^^,, ?/,, • ■ -, v,„_i describes a 
closed curve (Fig. 4^). But if the point z describes the cuive 
M (I^'ig* ^ “ C'hanges to w -f- 2 tt, and the final value of the root 

7 /,- is equal to the initial value of the root 7/,-+i. Hence the arcs 
described by the different roots form a single closed curve (Fig. 4 6). 

These 7 ti roots therefore undergo a cyclic permutation when the 
variable ^ describes in the positive direction any closed curve with- 
out double points that incloses the origin. It is clear that by making 
z descrilK! a suitjible closed path, any one of the roots, staiting from 
the initial value for example, can be made to take on for its final 
value the value of any of the other roots. If we wish to maintain 
continuity, we must then consider these m roots of the equation (5) 


gp:neral pkincitles 
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not as so many distiiiot functions of .t-, but as m distinct hranr.hes of the 
same function. The point s; = 0, about which tlie iKU inutation of the 
m values of u takes place, is called a critical point or a branch point. 



In order to consider the m values of u as distinct functions of 
it will l>e necessary to disrupt the continuity of these roots along a 
line proceeding from tlie origin to infinity. We can represent this 
break in the continuity very concretely as follows : imagine that in 
the plane of s, whu-h we may regard as a thin sheet, a cut is made 
along a ray extending from the origin to infinity, for example, along 

of the cut arc 

slightly separated so that there is no path along which the variable 
« can move directly from one edge to the other. Under these circum- 
stances no closed path whatever can inclose the origin ; hence to 
each value of s corresponds a completely determined value of the 
m roots, which we can obtain by tak- * 

ing for the angle w the value included 
between a and a — 2 tt. But it must 
be noticed that the values of at two 
points m, m' on opposite sides of the 
cut do not approach the same limit as 
the points approach the same point of 
the cut. The limit of the value of ?/. 
at the point m' is equal to the limit of 
the value of at the point ?», multi- 
plied by [cos (2 TT/m) -f- i sin (2 

be one of the roots corresponding to a given value * : to a value 
of * near corresponds a value of „ near" Instead” ;ft;i„Jt: 



y 


N. ?«' 

1 




0 / 1 


Fig. 6 
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find the limit of the (luotient (« — — «o)) determine the 

limit of its reciprocal 


z — z 


u — u 


0 




U — V 


and that limit is eciiial to We have, then, for the derivative 


of u 


1 1 


1 u 


u = 


m a 




m z 


or, using negative exponents, 

j- f ^ ^ 

ff ^ ^ 

m 


In order to he sure of having the value of the derivative which corre- 
sponds to the root considered, it is better to make use of the expres- 
sion (l/w)(///.?;). 

In the interior of a closed curve not containing the origin each 
of the deterininations of Vs is an analytic function. The etjuation 
#/"• = .1 (.■r — o') has also w roots, which permute themselves cyclically 
aliout the I'ritical point z = a. 

Let us consider now the expiation 

(7) G- - '',) (■' - 'V 

where e,, c„. are n distinct quantities. We shall denote by 

the same letters the points whi(0i represent these n (juantities. Let 

,i = H (cos a + i sin «), 

s — e* = piXcosaij. -h / sin o>;,), (A- = 1, 2, • • n), 

u — r(cos B + i sin 0), 

where represents the angle which the straight-line segment eijs 
makes with the direction From the equation (7) it follows that 

= Rp^p., • • ■ p„, 2d = rt + 0*1 H + "n + 2w7r; 

hence this e(|uation has two roots tliat are the negatives of each other, 

-f- w, + • • • + o>„ 


(«) 


If = {Rp^p^ 


■ ■ ■ P..)^ cos^- 


. . /« -h u>, + • • • + o*„M 
+ i sin ^ 2 /J 

-}- <I>, -f- • • • -f- 0*,. 4* 2 TT 


if /« + 

•■■p,.)’[cos(^— 
-p t sinl - 




+ o), + • • • "P o*n 4~ 27r 


)] 


•'■2 = 


G IvN I-: I< A L r U 1 N C I PL K S 
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When the variable z descril)c*s a dosed ciirvo C eontaiiiiiig within 
it j) of tlie points • • •, e,., p of the angles u>,, • • •, oi„ will 

increase by 2 7r; the angle of and that of u.^ will thendbre in- 

crease by pTT. If p is even, the two roots return to their initial 
values; but if p is odd, they are permuted. In i)artieular, if tin? 
curve incloses a single ])oint e,-, the two routs will be perniiib‘d. The 
11 points t‘i are branch points. In onler that the two roots and 
shall be functions of z that are alway.s uniquely deterinim-fl, it will 
sufiiee to make a system of (Uits such that any closed curve whatever 
will always contain an even numU*r of critical ja)ints. We might, 
for exauqde, make cuts along I’ays |)rocee(ling from each (d‘ the 
points c, to infinity and not cutting each other. Hut there are many 
other possible arrangements. If, for example, tlien; are four criti- 
cal points Cj, Cg, a cut could be made along the segment of a 
straight line CjC,, and a second along the .segment ryq. 

7. Single-valued and multiple-valued functions. The simple exam- 
ples which w'c have just treated bring to light a very important fact. 
The value of a function /’( *•) of the variable does not always (hqnuid 
entirely upon the value of .*.• alone, hut it may also depend in a cer- 
tjxin measure uj)on tin* succession of values assumed by the variable 

in passing from the initial value to the actual value in question, 
or, in other words, upon the path followed by the variable ,r. 

Let us return, for example, to the function u = If we ])ass 

from the point to the point M by the two paths and .1/ PM 

(Fig. starting in each case with tlie same initial value for h, wc 
shall not obhxiii at ^f the same value for /q for the two values 
obtained for the- angle of xvill differ by 2 7r. We are thus led to 
introduce a new distinction. 

An analytic function /(s) is said to be slngle-iutlmul * in a region 
A when all the paths in A xvhich go from a point z^ to any otlier point 
whatever s lead to the same final value for/(r). When, however, 
the final value of /(s) is not the same for all i>ossible paths in a] 
the function is said to be miitfipIe-raMA A function that is 
analytic at every point of a region A is necessarily single-valued in 
tliat region. In genei-al, in order that a function /(.;:) be single- 
x-alued 111 a given region, it is necessary and sufficient that the funo- 
tion return to its original value when the variable makes a circuit of 


* In French the term io«/orme or the terra monodrome Ls used. -T rans 
t In French the term tnult{forme is used. •—Trans. 
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any closed path whatever. If, in fact, in going from the point A to 
the point B by the two paths AJ/B (Fig. 6) and A.XB, we arrive in 
the two cases at the point B with the same determination of/(«), it 
is obvious that, when the variable is made to describe the closed 

^ curve .1 .1/Zi.V. 1 , we shall return to the point 
^ 7 A with the initial value of /(s). 

z' Conversel}', let us suppose that, the varia- 

/ ble having described the path AMBNA^ we 

PiQ g return to the point of departure with the 

initial value : and let //j be the value of the 
function at the point B after z has described the path AMB. AVhen 
describes the path 5AM, the function starts with the value and 
arrives at the value then, conversely, the path ANB will lead 
from the value to the value that is, to the same value as the 
path .1-1/5. 

It should be noticed that a function which is not single-valued in a 
region may yet have no critical points in that region. Consider, for 
example, the portion of the plane included between two concentric cir- 
cles C, C' having the origin for center. The function u r= has no 
critical point in that region ; still it is not single-valued in that region, 
for if z is made to describe a concentric circle between C and C', the 
function z^'“* will be multiplied by cos (^ir/ni) isin (2Tr/m). 


II. POWER SERIES WITH COMPLEX TERMS. ELEMENTARY 

TRANSCENDENTAL FUNCTIONS 

8. Circle of convergence. The reasoning employed in the study of 
power series (Vol. I, Chap. IX) will apply to power series with 
complex terms ; we have only to replace in the reasoning the phi'ase 
’’absolute value of a real quantity” by tlie corresponding one, 
" absolute value of a complex quantity.” We shall recall briefly the 
theorems and results stated there. Let 

(9) (\ + H + H 

be a power series in which the coefficients and the variable may have 
any imaginary values whatever. Let us also consider the series of 
absolute values, 

(10) A^A-A^r+A^'i^A- -I,.;-" + • • 

where Ai = |rt;|, r = I,-;]. We can prove (I, §181, 2d ed. ; § 1T7, 
1st ed.) the existence of a positive number It sucli that the series 


POWER SERIES WITH COMPLEX TERMS 
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(10) is convergent for every value of r< /?, and divei-geiit for every 
value of r'> It. The number R is equal to the ret^procal of the 
greatest limit of the terms of the sequence 


and, as particular cases, it may be zero or infiiiih'. 

From these properties of the number R it follows at once tliat tin* 
series (9) is absolutely convergent wlieii the absolute value of :: is 
less than R. It cannot be convergent for a value of :: wlmsit abso- 
lute value is greater than R, for the series of absolub* vahn-s (10) 
would then be convergent for values of /■ greatcu’ than R (I, § 181, 
2d ed. ; § 177, 1st ed.). If, with the origin as center, we descrilje in 
the plane of the variable z a circle C of radius R (Fig. 7), tin* power 
series (9) is absolutely convergent for every value of z inside thcj 
circle C, and divergent for every value of z outside ; for tliis reason 
the circle is called the circle of conrcrgrnce. In a j)oint of tin* eiri-le 
itself the series may be convergent or divergent, according to the 
particular series.* 

In the interior of a circle C concentric with the first, and witli a 
i*adius R' less than R, the series (9) is uniformly convergent. For 
at every point within C' we have evidently 


a 


n + l 


.n + l 


and it is possible to choose the integer n so large that the second 

member will be less than any given positive numU'r t, whatever jt 

may be. From this we conclude that the sum of the series (9) is a 

continuous function fif) of the variable z at every point witliin the 
circle of convergence (§ 2). 

By differentiating the series (9) repeatedly, w'c obtain an unlimited 
number of power series, /.(^), fj^), /,(*), . . ,,.i.icl> lurve the 
same circle of convergence as the first (I, § 183, 2d ed. ; § 179, 
1st ed.). We prove in the same way as in §184, 2d ed., that f(J\ 
IS the derivative of /(s), and in genei-al that /.(,?) is the derivative 


u 7 ^ convergence It is enual to 1 

coefticients a©, «i, « 2 . •, are positive decreasing numbers such that a anl 

ofTe cTJrr" ^ ‘"leflni.ely, the series is ^ 

P' 'or r= I- In fact, the series 

n Wmsl IS tS/l 1 “r U wm s:iee T'Z 

based on the generalitld leLa of Abel walCerZ;”® ^ '“®' !“'■ '' 

which is obtained from the preceding by replacing 2 bv y • ** 

poinh. of the owe | a | -I, eLpt perta^ 'fS r= 
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of Ecery power series rejyresents therefore an analytic func- 

tion in the interior of its circle of convergence. There is an infinite 



sequence of derivatives of the 
given function, and all of them 
are analytic functions in the 
same circle. Given a point z 
inside the circle C, let us 
draw a circle c tangent to 
the circle C in the interior, 
with the given point as cen- 
ter, and then let us take a 
point « + // inside c; if r and 
p are the absolute values of 
z and h, we have r p<R 
(Fig. 7). The sum f(z -j- h) 
of the series is equal to the 
sum of the double series 


( 11 ) 


+ + 
+ rtj/i -f- 2a^zh + 

+ + 


■t" H" • • • 
+ + 
n(7i — 1) 
1.2 




+ 


when we sum by columns. Hut tliis series is absolutely convergent, 
for if we replace each term by its absolute value, we shall liave a 
double series of positive terms whose sum is 

^*0 + p ) + ■ ■ ■ 

We can therefore sum the double series (11) by rows, and we have 
tlien, for every point z h inside the circle c, the relation 

(12) /(* + h) = f(z) + /,/,(*) + + • • • + ^, /n(^) + • • ■ ■ 


The series of the second member is sui-ely convergent so long as 
tlie absolute value of h is less than li - r, but it may be convergent 
in a larger circle. Since the functions fff), * * •) fn(.^)> * ■ * 
equal to the successive derivatives of /(«)> the formula (12) is 
identical with the Taylor development. 

If the series (9) is convergent at a point Z of the circle of con- 
vergence, the sum. f{Z') of the series is the limit approached by the 
sum f{^) when the point z approaches the point Z along a radius 
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which terminates in tliat point. We j)rove tliis just Jis in Volume I 
(§182, 2d ed. ; § 178, 1st ed.), by putting z = BZ and letting 6 in- 
crease from 0 to 1. The tlieoreni is still true when remaining inside 
the circle, approaches Z along a curve which is not tangent at Z to 
the circle of convergeiKfe.* 

When the radius R is infinite, the circle of convergence includes 
the whole plane, and the fuiartion analytic, for every value 

of sr. AVe say that this is an infotjinl ftnu-tlnn : the study of tnin- 
scendental functions of this kind is one of the most imjiortant 
objects of Analysis.! We shall study in the following ]»aragraphs 
the classic elementary transcendental functions. 


9. Double series. Given a power series (9) with any coeflicients whatever, we 
shall say again that a second power series who.se coetlicienLs are all real 

and positive, domirtatc.'i the first .series if for every value of u we have | | ^ rr,,. 

All the consequences deduced by means of dominant functions (I, §§ lBd-*-189, 
2d ed. ; §§ 181-184, 1st ed.) folh)W without moditieation in the ca.se of complex 
variables. We shall now give another application of this theory. 

Let 


+/i{2) + • • • + /„{z) + • • • 

be a series of which each term is itself the .sum of a ]>ower series that converges 
in a circle of radius e<iual to or greater than the number R > 0, 

fi{z) = ff,o + z -I- • • • -I- Oi„ z" -I- . . • . 

Suppose each term of the series (13) replace<l by its devolopmout according to 
powers of z ; we obtain tliu.s a double scries in which each column is formed by 
the development of a function When that series is ab.solutely convergent 
for a value of z of absolute value p, that is, when the double series 


I n 


is convergent, we can sum the first double scries by rows for eveiy value of z 
whose absolute value does not exceed p. We obtain thus the development of 
the sum F{z) of the series (13) in powere of z, 

E(z) ~ + 6|2 4- ' ’ ■ + 6„z’* + . . 

= Uon + ou + • • . + j 2, ...), 

This proof is essentially the same as that for the development of f[z + h\ i,, 
powers of h. ^ ' 

Suppose for example, that the .series f,(z) has a tloniinaut fuuctiou of the 
orm J/.r/(r - z), und that the scuies 2.V.- is iUelf conveigent. In the double 


• See PiPARD, Troitp •VAnalme, Vol. II, p. 73 

polynomials as a simrial case. If there 
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series the absolute value of the general term is less than If \z\ <r, 

the series is absolutely convergent, for the series of the absolute values is 
convergent and its sum is less than r2Jl/,/(r — | 2 j). 


10. Development of an infinite product in power series. Let 


F ( z ) = ( 1 + u ,)( 1 + Ui )....(1 + h „)... 


be an infinite product where each of the functions u,- is a continuous function 
of the complex variable z in the region D. If the series where Ui=\Ui\, 
is imiformly convergent in the region, F{z) is equal to the sum of a series that 
is uniformly convergent in D, and therefore represents a continuous function 
(I» §§ I'd, 2d ed.). When the functions u,- are analytic functions of z, it fol- 
lows, from a general theorem which will be demonstrated later (§ 39), that the 
same is true of F{z). 

For example, the infinite product 


F(z) = z(l- 



repre.sents a function of z analytic throughout the entire plane, for the series 
2|z|-/n- is uniformly convergent within any closed curve whatever. This 
product is zero for z = 0, ± 1, ± 2, ■ • • and for these values only. 

We can prove directly that the product F(z) can be developed in a power 
series when each of the functions «,• can be developed in a power series 


u,(z) = a.o + a, 12 + l-«m2" + • • •, (t = 0, 1, 2, . . •), 

such that the double series 

I n 

is convergent for a suitably chosen positive value of r. 

Let us set, as in Volume I {§ 174, 2d ed.), 

tjfl = 1 -f Wq, r„ = (1 + Wo) (1 + Wi) * * ■ (^ + “" -i) 

It is sufficient to show that the sum of the series 


(14) Co + »i + 

which is equal to the infinite product F(z), can be developed in a power series. 
Now, if we set 

u|. = |a,ol + |aii|2 + • • • + |am|2" -t- • • 

it is clear that the product 

+ “o) (1 + «1) * • • (1 + “n -l) “n 

is a dominant function for c„. It is therefore possible to arrange the series (14) 
according to powers of z if the following auxiliary series 

(15) *’o + ‘ ' 

can be so arranged. 

If we develop each term of this last series in power series, we obtain a 
double series with positive coefficients, and it is sufficient for our purpose to 
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prove that the double series converges when z is replaced by r. Ijidicaling by 
U'„ and F' the values of the functions and for 2 = r, sve have 

and therefore 

r' + r^+••• + r; = (l+ u'„), 

or, again, 

r'+r;+ 

When n increases indefinitely, the sum U'^-^ • • • + approiiclu*s a limit, since 
the series St/' is supposed to be convergent. Tlie double serie.s (16) is therj 
absolutely convergent if | 2 |^ r ; the double series obUiined by the <levelopniciit 
of each term Vn of the series (14) is then a fortiori absolutely convergent witiiin 
the circle C of radiiLs r, and we can arrange it according to integral ijowei's of z. 

The coefficient 6^, of zP in the development of E( 2 )is ecjual, from tin? abov«‘,to the 
limit, as n becomes infinite, of the coefficient z'' in the sum Uy+ 1?, + • • • + Vm 
or, what amounts to the same thing, in the development of tlie i)ruduct 

Pft = (I + Ufl) (I + “1) • • ■ (I + *'»)• 

Hence this coefficient can be obtained by applying to intinite products the 
ordinary rule which gives the coefficient of a power of z in the proiluct of a 
finite number of polynomials. For example, the infinite product 

^(2) = (1 + z) (I + 22) (1 +z^) . - . (1 + z2") . . . 

can be developed according to powers of 2 if jz) <1. Any power of 2 whatever, 
say z*'', will appear in the development with the coefficient unity, for any posi- 
tive integer N can be written in one and only one way in the form of a sum of 
powers of 2. We have, then, if |z| < 1, 

(16) F(2) = l + 2+z2+.,.+rn+... = _!_ , 

1 — z 

which can also be very easily obtained by means of the identity 

^f^ = (l + z)(l + z2)(l + r*)...(i + 2a— '). 

11. The exponential function. The arithmetic definition of the ex- 
ponential function evidently has no meaning when the exponent is 
a complex number. In order to generalize the definition, it will be 
necessary to start with some property which is adapted to an exten- 
sion to the case of the complex variable. We shall start with tlie 
property expressed by the functional relation 

a* X 

Let us consider the question of determining a power series fU) con- 
vergent in a circle of radius R, such that 

/(« + «') =fiz)f{z^ 

when the absolute values of less than R, which will 
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surely be the case if |.i;| and \z'\ are less than R/2. If we put «' = 0 
in the above equation, it becomes 

/(--)=/(-) /(O). 


Hence we must have /(O) = 1, and we shall write the desired series 





Let us replace successively in that series z by Kf, then by \'t, where 
\ and are two constants and t an auxiliary variable j and let us 
then multiply the resulting series. This gives 


/(X0/(^'0 = 1+ ^ (X + + . . . 

On the other hand, we have 


f(\t 4- XV) = 1 + Y (X + X') i + • - ■ H — j (A. + X')"/" + • * • • 

The equality /(X< + XV) =/(X/) /(XV) is to hold for all values of 
X, X', t such that |X| < 1, [X'l < 1, |/| < /i/2. The two series must 
then be identical, that is, we must have 


«„(A + V)" = «„X'‘ + ~ 

and from this we can deduce the equations 

all of which can be expressed in the single condition 
(18) «;> + , = 

where p and (/ are any two positive integers whatever. In order to 
find the general solution, let us suppose y = 1, and let us put 
successively p 1, p = 2, p = 3, ■ ■ i from this we find = «?, then 
a^ = a,a, = n;, • • ■ , and finally a„ = a;. The expressions thus obtained 
satisfy the condition (18), and the series sought is of the form 


^ a.z . 

/(S)=:l+ ^ 


nl 
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This series is convergent in the wliole plane, and the relation 

=mjv) 

is true for all values of « and z'. 

The above series depends uj)on an arbitrary constant Taking 
= 1, we shall set 

1 + 1 + ^, 1 - + 


so that the general solution of the given problem is f'"r. Tin* inte- 
gral function coincides with the exponential function t'' studied in 
algebra when z is real, and it always satisfies the relation 

e- + ' = #'' X c- , 

whatever z and z' may be. The derivative of e- is e<jual to the func- 
tion itself. Since we may write by the addition formula 

^ + 1 ^ 1 * _ ^ 

in order to calculate tr when z has an imaginary value J'-f y/, it is 
sufficient to know how to ealeidate c"'. Now the develoimient of t'"* 
can be written, grouping together terms of the same kind, 



We recognize in the second member the developments of cosy and 
of siny, and consequently, if y w real, 


c"' = cos y -f /' sin y. 

Replacing by this expression in the preceding formula, we have 

(1®) c' = e^(cos y + i sin y) ; 

the function 6^ + "' has for Its absolute value mul ij for its angle. 
This formula makes evident an imporbint property of (t ; if - 
changes to s + 27ri, x is not changed while y is increased by 2ir, 
but these changes do not alter the value of the second member of 
the formula (19). AVe have, then, 

that is, the enponentU^l function e= has the period 2 tti. 

Let us consider now the solution of the equation = A where A 
IS any complex quantity whatever different from zero. Let p and a, 
be the absolute value and the angle of A ; we have, then, 

«* + *'* = c*(cos y -H i sin y) = p (cos w -f i sin «,), 
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from which it follows that 

y = 0} 2 kir. 

From the first relation we find x = log p, where the abbreviation log 
shall always be used for the natui’al logai'ithm of a real positive 
number. On the other hand, y is determined except for a multiple 
of 2 TT. If -1 is zero, the equation e* = 0 leads to an impossibility. 
Hence the eguation ^ = .1, where A is not zero, has an infinite numr 
her of roofs given hy the expressioti log p -f- i(w + 2A:7r); the equation 
e* — 0 has no roots, real or imaginary. 


Xote. We might also define e* as the limit approached by the poly- 
nomial (1 -h z/my' when m becomes infinite. The method used in 
algebra to prove that the limit of this polynomial is the series e* can 
be used even when z is complex. 

12. Trigonometric functions. In order to define sin z and cos z 
when z is complex, we shall extend directly to complex values the 
series established for these functions when the variable is real. 
Thus we shall have 


( 20 ) 


2® 

s,n2 = .--+- 


1 

cos 2=1 — 


— A- — 

2 ! ”^ 4 ! 


These are integral transcendental functions which have all the 
properties of the trigonometric functions. Thus we see from the 
formulm (20) that the derivative of sin z is cos z, that the derivative 
of cos 2 is — sin z, and that sin z becomes — sin z, while cos z does 
not change at all when z is changed to — z. 

These new transcendental functions can be brought into very close 
relation with the exponential function. In fact, if we write the ex- 
pansion of e'\ collecting separately the terms with and without the 

factor i, 


.21 


2 * Z* 

1 _ i- + . 

2 !^ 4 !^ 




we find that that equality can be written, by (20), in the form 

e*' = cos 2 -f i sin z. 


Changing 2 to — 2 , we have again 

= cos 2 — i sin 2 , 

and from these two relations we derive 
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( 21 ) 


cos z = :: J 


siiiz — 


eV — e 




These are the well-known fonniihe of Euler which exiu-ess the 
trigonometric functions in terms of the exponential fiini;tion. Thc^y 
show plainly the periodicity of these functions, for the right-liand 
sides do not change when we replace k l>y r; + 2 7 r, S(|uaring and 
adding them, we have 

cos*^ -h siii^« = 1. 

Let us take again the addition formula e^* + ='>' = «*•«='', or 

cos (z z')-\- i sin {z + z’) 

— (cos z + t sin ^)(cos z' i sin z‘) 

= cos z cos «' — sin z sin z' -J- <(sin z cos z' + sin cos r:), 
and let us change « to — z, z' to — z'. It then l>ecomes 
cos (z -j- z^ — i sin (z + z') 

:= cos 2 cos z' — siii 2 sin z' — /(sin 2^ cos z' + sin z' cos 2), 

and from these two formulae we derive 

cos (2 -|- 2') = cos 2 cos 2' — sin 2 sin 2' 
sin (2 -{- 2') = sin 2 cos 2' -f- sin 2 cos z'. 

The addition formulae and therefore all their consequences apply for 
complex values of the independent variables. Let us determine, for 
example, the real part and the coefficient of i in cos (./• -{- ///) and 
sin (x -h yi). We have first, by Euler’s formulae, 

cos yi = — = cosh y, sm yt = — — — = i sinh y ; 

Z Z i 

whence, by the addition formulae, 

cos (x -h yi) = cos x cos yi — sin x sin yi = cos x cosh y — i sin x sinh y, 
sin(a: + yi) =: sin x cos yi + cos x sin yi = sin x cosh y + i cos x sinh y. 

The other trigonometric functions can be expressed by means of 
the preceding. For example, 

. sin 2 — 

tan 2 = = — , 

cos 2 t e~ 

which may be written in the form 

tan 2 = - 


t e 


.2ti 


+ 1 


The right-hand side is a rational function of e* ^ j the period of the 
tangent is therefore tt. 
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13. Logarithms. Given ;i eoinple.K quantity Zj diiferent from zero, 
we have already seen (§ 11 ) that the equation 6 '“ = z has an infinite 
number of roots. Let « = x* + y/, and let p and u> denote the absolute 
value and angle of z, respectively. Then we must have 


= p, // = Ci> + 2 /.'TT. 

Any one of these roots is called the logarithm of z and will be 
denoted by Log (.t). We can write, then, 


Log = log p -f- i (o) + 2 /-tt), 


the symbol log being reserved for the ordinary natural, or Napierian, 
logitrithm of a real positive nunil>er. 

Every (quantity, real or complex, different from zero, has an 
infinite number of logarithms, which form an arithmetic progres- 
sion whose consecutive terms differ by 2 7 r/. In particular, if z is a 
real positive number .r, we have w — 0. Taking h = 0, we find again 
the ordinary logarithm ; but there are also an infinite number of 
complex values for the logarithm, of the form logo; + 2 kiri If z is 
real and negative, we can take o) = tt; hence all the determinations 
of the logarithm are imaginary. 

Let z' be another imaginary quantity with the absolute value />' 
and the angle a>'. We have 

Log(‘-') = log p 4- + - /iV). 

Adding tlie two logarithms, we obtain 

Log(.';)4- Log ( 5 ;')= log pp' +/'[« + w' + 2(/.' -h 


Since pp' is etjual to the al)Solute value oi^z\ and o) -j- o)' is equal to 
its angle, this formula can be written in the form 

Log(.“)+ Log( 5 :')= Log(s.t:'), 

which shows that, when we add any one whatever of the values of 
Log(s) to any one whatever of the values of Log the sum is one 

of the determinations of 1jOg(zz'). 

Let us suppose now that the variable z describes in its plane any 
continuous curve whatever not passing through the origin ; along 
this curve p and <0 vary continuously, and the same thing is true of 
the different determinations of the logarithm. 15ut two quite distinct 
cases may present tliemselves when the variable z traces a closed 
curve. When z starts from a point and returns to that point after 
having described a closed curve not containing the origin within it, 
the angle w of takes on again its original value and the different 
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determinations of the logarithm come hack to their initial valm-s. If 
we represent each value of tlie logivritlim hy a point, cacli (jf (Iicse 
points traces out a closed curve. On the contrary, if the varialile 
describes a closed curve such as the curve (I'ig- tlic 

angle increases hy ^tt, and eacli dcterniination of tlic logaritlnn 
returns to its initial value increased hy 2 7ri. In general, wlien s; 
describes any closed (uirvc whatever, the final value of tin* logarithm 
is equal to its initial value increased hy 2K-7ri, when* /• d(*notes a 
positive or negative integer which gives the !inml)cr of revolutions 
and the direction through which the radius vector jjiining the origin 
to the point z has turned. It is, tlien, impossible to consider the ilif- 
ferent determinations of Log(«) as so many di.stinct functions of 
if we do not jdace any restriction on the variation of that vai iahle, 
since we can pass continuously from one to the other. They arc so 
many branches of the same fun(*tion, which are permuted among 
themselves about the critical point s; = 0. 

In the interior of a region whieli is hounded hy a single closed curve 
and whicli does not contain the, origin, eacli of the determinations of 
Log (a:) is a continuous single-valued function of z. To show that it 
is an analytic function it is sufficient to sliow that it possesses a 
unique derivative at each point. Let z and he two neiglihoring 
values of the variable, and Log(«), Log(,v,) the corresponding values 
of the chosen determination of the logarithm. When approaches 
Zy the absolute value of Log(a:,) — Log(s) approaches zero. Let us put 
Log (5:)= iq Log(,Vj)= tlien 

Log — Log Cg) _ >/, — It 


c"i — 


When 1 /, approaches n, the (juotient 


c"i — 

"1 - " 

approaches as its limit the derivative of c" ; that is, <■“ or z. Hence 
the logarithm has a uniquely determined derivative at each point, 
and that derivative is equal to l/.v. In general, Log(« - a) has aii 
infinite numlier of determinations which permute themselves about 
the critical point z = a, and its derivative is l/(z — a). 

The function s’", where m is any number whatever, real or complex, 
is defined by means of the equality 


gm _ 
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Unless w be a real rational number, this function possesses, just as 
does the logarithm, an infinite number of determinations, which per- 
mute themselves when the variable turns about the point s = 0. It is 
sufficient to make an infinite cut along a ray from the origin in 
order to make each branch an analytic function in the whole plane. 

The derivative is given by the expression 


^mLog(5) 

Z 




and it is clear that we ought to take the same value for the angle 
of z in the function and in its derivative. 


14. Inverse functions : arc sin 2 , arc tan z. The inverse functions 
of sin «, cos z, tan z are defined in a similar way. Thus, the function 
u = arc sin z is defined by the equation 


z = sm u. 


In order to solve this equation for w, we write 


— e~ 


z = 




2 ie' 


and we are led to an equation of the second degree, 

(22) 6r*-2isf/-l=0, 

to determine the auxiliary unknown quantity U = e“'. 
from this equation 

U = iz ± Vl - 


We obtain 


(23) 


or 


(24) 


u = arc sin 


in 2 : — T Log(iS ± Vl — ^) 


The equation z = sin tt has therefore two sequences of roots , which 
arise, on the one hand, from the two values of the radical Vl z, 
and, on the other hand, from the infinite number of determinations 
of the logarithm. But if one of these determinations is known, 
all the others can easily be determined from it. Let V' = p e'" and 
U" = be the two roots of the equation (22) ; between these 

two roots exists the relation — 1, und therefore pp = 1, 

0 ,'+ a)" = (2n + l)7r. It is clear that we may suppose w 
and we have then 

Log (L") = log p' + i(J + 2 A-'tt), 

Log {U’’) = - log p' -f- i' + 2 A-'V). 


'' = 7r- 
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Hence all the determinations of arc sins are given hy the two 
formulae 

arc sin s = <*»' + 2 /c'tt — i log p', 
arc sin s = tt + 2 /» "tt — to' + i log p', 
and we may write 

(A) arc sin 2 — «' + 2 /.-'tt, 

(B) arc sins = (2 k" -f l)7r — 
where u' = m' — i log p'. 

"When the variable z describes a continuous curve, the various 
determinations of the logarithm in the formula (24) vary in general 
in a continuous manner. The only critical points that are possible 
are the jjoints « = ±1, around which the two values of the radical 
VT^ 2 ^ ai-e permuted; there cannot be a value of z that causes 
iz ± Vl— to vanish, for, if there were, on squaring the two sides 
of the equation iz = ± Vl — we should obtain 1=0. 

Let us suppose that two cuts are made along tlie axis of reals, one 
going from — co to the point — 1, the other from the point + 1 to 
-f CO . If the path described by the variable is not allowed to cross 
these cuts, the different determinations of arc sin z are single-valued 
functions of z. In fact, when the variable z describes a closed curve 
not crossing any of these cuts, the two roots U', U" of equation (22) 
also describe closed curves. None of these curves contains the 
origin in its interior. If, for example, the curve described by the 
root U' contained the origin in its interior, it would cut the axis Oi/ 
in a point above Ox at least once. Corresponding to a value of U of 
the form m(a > 0), the relation (22) determines a value (1 + a^/2 a 
for 2 , and this value is real and > 1, The curve described by the 
point z would therefore have to cross the cut which goes from 
+ 1 to -f- 00 . 

The different determinations of arc sin z are, moreover, analytic 
functions of z.* For let u and be two neighboring values of 


If we choose in iz + Vl-sfl the determiaation of the radical which reduces to 
1 when 2 = 0 , the real part of U remains positive wheu the variable * does not cross 
the cuts, and we can put U=lie'*, where * lies between -■»r/2 and +ir/2. The cor- 
responding yalue of (1/t) Log C7, namelyi 

arc sin 7 Log R, 

is Mmetimc« caUed the principal value of arc sin 2 . It reduces to the ordinary deter- 
mination when 2 IS real and lies between -- 1 and + 1. 
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arc sin z, corresponding to two neighboring values z and z^ of the 
variable. We have 

J/j — If l(^ — u 

z^-— z sin — sin u 

When the absolute value of — u approaches zero, the preceding 
(juotient has for its limit 

1 ±1 

cos U Vl — z^ 


The two values of the derivative correspond to the two sequences 
of values (A) and (B) of arc sin z. 

If we do not impose any restriction on the variation of z, we can 
pass from a given initial value of arc sin z to any one of the deter- 
minations whatever, by causing the variable z to describe a suitable 
closed curve. In fact, we see first that when z describes about the 
point s = 1 a closed curve to which the point z = — 1 is exterior, 
the two values of the radical Vl — are permuted and so we pass 
from a determination of the seciuence (A) to one of the sequence (B). 
Suppose next that we cause z to describe a circle of radius Ii{It > 1) 
about the origin as center; then each of the two points U', V” describes 
a closed curve. To the point z = + It the equation (22) assigns two 
values of U, V = Ik, V” — where a and ^ are positive; to the 
j)oint z =— It there correspond by means of the same equation the 
values U’ — — wr', C = — i/i', where a' and jS' are again positive. 
Hence the closed curv'es described by these two points U', C" cut the 
axis Of/ in two points, one above and the other below the point 0; 
each of the logarithms Log(r'), Log (6”') increases or diminishes 
by 2 TTi. 

In the same way the function arc tan s is defined by means of 
the relation tan u — z, or 

1 »*■ _ 1 
^ = 7 -fl ’ 


whence we have 


and consequently 



This expression shows the two logarithmic critical points ± i of the 
function arc tan z. When the variable z passes around one of these 
points, Log [(i — 2=)/(* + 2!)] increases or diminishes by 2 Tri, and 
arc tan z increases or diminishes by tt. 
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15. Application to the integral calculus, Tlu- deriv:itiv<*s of tin- Iuik!- 
tioiis which we Imve just dehned have tlie same form as when lh«*. 
variable is real, ('onversely, the rules for finding primitive funelhms 
apply also to the elementary fimetioiis of eomidex variables. Thus, 
denoting by jf{z)dz a function of the complex variable whose; 
derivative is ./’(-)» we hav(; 

. I (hi - f 1 


/ 


{z - a)"* 


/ 


III — «)"*■* 

Adz 


(in >1), 


» — a 


= d Log(.-: — «). 


These two formula enable us to find a primitive function of any 
i-ational function whatever, witli real or imaginary cotdiieients, j>ro- 
vided the roots of t!)e denominator are known. Consider as a special 
case a rational function of the real variable x with real coetfieients. 
If the denominator has imaginary roots, they occur in conjugate 
pairs, and each root has the same multiplicity as its conjug;ite. 
Let a 4- iSi and a — fit be two conjugate roots of multiplicity p. In 
the decomposition into simple fractions, if we proceed witli the 
imaginary roots just as with the real roots, the root a + /3t will 
fui’iiish a sum of simple fractions 


My + Xyi 


'. + 




:vi 


+ 


M„ + X,.i 


X — a — /3i (x — or — fii)'* ' ‘ (x — « ~ 

and the root a — will furnish a similar sum, but with numerators 
that are conjugates of the former ones. Combining in the primitive 
function the terms which come from the corresponding fractions, we 
shall have, if j7>l, 

J (x - « - ' + J (x - « -p I3!y ' 

= — L- - a ;- 1 

- 1 |_(x - a - /3iy-‘ ^ (x - « + /80"”'J 
__ .. J; (.v,, + N'J) (x — (Z + . . . 


P-1 


[(X - «:)= + 


and the numerator is evidently the sum of two conjugate imaginary 
polynomials. If ^ 1, we have 


J X- a -pi X- a A- 

= (M, + .V,t) Log[(a: - a) - pq + ^ 
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If we replace the logarithms by their developed expressions, there 
remains on tlie right-hand side 

jl/j log [(x — a)- + ;8"] + 2 arc tan — ^ — 

•C Of 

It suffices to replace 

. ^ , TT ^ X — a 

arc tan — - — by — — arc tan — 

in order to express the result in the form in which it is obtained 
when imaginary symbols are not used. 

Again, consider the indefinite integral 



dx 

V.Ix^ + 2 Z^x + 



which has two essentially different forms, according to the sign of 
A. The introduction of complex variables reduces the two forms to a 
single one. In fact, if in the formula 


= Log(x + Vl + ar) 


we change x to tx, there results 

J-^^=Uog(«;+vr3^), 

and the right-hand side represents precisely arc sinx. 

The introduction of imaginary symbols in the integral calculus 
enables us, then, to reduce one formula to another even when the 
relationship between them might not be at all apparent if we were 
to remain always in the domain of real numbers. 

We shall give another example of the simplification which comes 
from the use of imaginaries. If a and- b are real, we have 



/ 


^(<1 + 60 ^ ^ 

(a + ^ e" (cos lx + i sin bx). 

a + A-b' 


E(iuating the real parts and the coefficients of /, we have at one stroke 
two integrals already calculated (I, § 109, 2d ed. ; § 119, 1st ed.): 


/ 

/ 


cos bx dx — 


e^(a cos bx A- ^ sin bx) 

e^^ia sin bx — b cos bx) 
sin bx dx = — * 
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In the same way we may reduce the integrals 

to the integral which can be calculated by a succession 

of integiations by parts, where m is any integer. 


16. DecompOBition of a rational function of sinz and cosz into 
simple elements. Given a rational function of sin z and co.s 
i'(siuz, cosz), if in it we replace siiiz and cos z by their expressions 
given by Euler’s formula, it becomes a national funi-tion Ji(t) of 
t — e*‘. This function 7? (/), decomposed into simple elements, will be 
made up of an integral part and a sum of fractions coming from 
the roots of the denominator of If tliat denominator has the 

loot 7 = 0, we shall combine with tlie integral j)ai‘t the fractions aris- 
ing from that root, which will give a polynomial or a rational function 
■^i(0 “ where the exponent m may have negative values. 

Let 7 = a be a root of the denominator different from zero. That 
root will give rise to a sum of simple fractions 


m =T^ + 


A 


z 4* 


+ 


.1 


n 


t~a {f-af ■ ' {f-ay 

The root a not being zero, let or be a root of the equation e«' = a ; 

then 1/ (7 — a) can be expressed very simply by means of etn [(z — a) 721* 
We have, in fact, 


ctn 


z 


e*‘ — e«' \ ^ e*' — €“•/ » 


whence it follows that 


J_ __ 1 _ 1 / 

“ a e*' — e*”' ~ 2 e*‘V 


z — 




Hence the rational fraction f(t) changes to a polynomial of deg 

niiictn[(z-a)/2], ^ 


ree 


^ ; + d ; etn ^ ^ ' Ct n'- (^) + . . . + j ; etn” . 

The sueeessive powers of the cotongent up to the «th can be ex 

pressed rn turn in terms of its suecessive^^derivatives Tp to th, 
(n — l)th; we have first ^ 

d ctn z 1 


dz 




= — 1 — Ctll*Z, 
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which enables us to express ctir^: in terms of di(itx^z)/dz, and it is 
easy to show, by mathematical induction, that if the law is true up 
to ctn'‘z, it wiU also be true for ctn’' + ^5:. The preceding polynomial 
of degree n in ctu[(s — a)/2] wiH change to a linear expression in 
etn [(3 - «)/2] and its derivatives, 

- — ft d i z ~ n\ . « — «\ 

A + A ct " + A — ) +■■■+ A. . (I't!' 2 ) ■ 

Let us proceed in the same way with all the roots A, c, ■ • • , ^ of the 
denominator of li (t) different from zero, and let us add the results 
obtained after having replaced t by e*‘ in The given rational 

function F{sinz, cos 3 ) will be composed of two parts. 


(25) 


F(sin s:, cos js) = ^ (s) + (s). 


The function which corresponds to the integral part of a 

rational function of the variable, is of the form 


(26) 


(-) = C + 2 («„, cos mz + )9,„ sin inz)j 


where m is an integer not zero. On the other hand, 'I' (s), which cor- 
responds to the fractional part of a rational function, is an expression 

of the form ^ 

= A ctn + X £ ctn + • • • -h A ctn ) 

+ ® , Ctn ^ ctn + • • • 4- 3„ ctn 



It is the function ctn [(;. - «)/2] whicli here plays the role of the 
simple element, just as the fraction 1/(2 -«) does for a rationa 
function. The result of this decomposition of i’Xsin s, cos z) is easily 

integrated ; we have, in fact. 


/ 


iy2) ,lz = 2 Log [sin (^)] 


(27) 

and the other terms are integrable at once. In order Hiat 
tive function may be periodic, it is necessary and sufficient that 

the coefficients C, 3., • ■ • be zero. 

In practice it is not always necessary to go througd. all hes s^ 

cessive transformations in order to put the function -f ^ ) 

its final form (25). Let ,r be a value of . which 
F infinite. We can always calculate, by a simple 
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coefticieiits of (« — «) (■■= — «J 't * ■ ■ > fluit is iiiliiiito 

for z = n{l, § 188, Ud ud.; § 188, 1st ud.). fl“* othor hand, wi; Itavo 

ctn(-^)=^^ + n.-.0, 

where P(z — a) is a power series; equating the <MM*fHeients of tlie 
successive powers of (“ — sides ol tla* equation 

we shall then obtain easily y/,, • • •, 

Consider, for example, the funetion l/(eos — cos a). S»*iting 

e*' = b t?*' = (f, it takes the form 

2 (ft 

^r(>-+i)-/cr"-riV 

The denominator has the two siniiile roots f ^ o, t = l/e, and the 
numerator is of lower degree tiiaii the denominator. IVe shall liave, 
then, a decoinposition of tlie form 

1 .■' — ^ + ff 

= <' + »/^etn — h 3 ctn - . — • 

In order to determine h*t us multiply the two sitles by *; — a, and 
let us then put t: = a. This gives ^ = — 1/(2 sin «). In a similar 
manner, we. find (Q = 1/(2 sin a). Kephu-ing ^aiid 3 hy these values 
and setting z = 0, it is seen that (' = 0, and the formula takes the form 

+ a 

= T^-: \ < U1 

COS 


1 1 (, z a , z — <i\ 

= ;t— : ( <-tn — - — — etn — - — ) 

ss; — cosft 2sin«\ 2 2 / 


Let us now apiJly the general inethoil to 'the integral pnwei's of sin z and 
of cosz. We have, for example, 

( /CJ 4. ziVrri 

— 2 ) ' 

Combining the terms at equal distances from the extremities of the expansion 
of the numerator, and then applying Euler’s fornmhe, we lind at once 

(2 cosz)"* = 2 cos mz + 2 m cos (m - 2) z + 2 cos (m - 4) z + . . . . 

If m is odd, the last term contains cosz ; if m is even, the term which ends the 
expansion is independent of z and is equal to m !/[(m/2) !]C In the same way, 
if m is odd, 

(2 i sin z)"* = 2 i sin mz - 2 im sin (m - 2) z + 2 i sin (m _ 4) z . . . ; 

and if m is even, 


(2 1 sin z)"* = 2 cos mz — 2 m cos (m — 2) z + n a 


ni I 

TT m 


m 


These formula* show at once that the primitive functions of (sin z)”» and of 
(cosz)"* are periodic functions of z wl.eu m is odd, and only then. 


38 


ELEMENTS OF THE THEORY 


[I, § 16 


Note. When the function F(sin z, cos z) has the period tt, we can 
express it rationall}" in terms of and can take for the simple 
elements ctn (z ~ a), ctn(3 — j8), • • 


17. Expansion of Log (1 z). The ti-anscendental functions which 
we have defined are of two kinds : those which, like e*, sin z, cos are 
analytic in the whole plane, and those which, like Log z, arc tan «,•••, 
have singular points and cannot be represented by developments in 
power series convergent in the whole plane. Nevertheless, such 
functions may have developments holding for certain parts of the 
plane. We shall now show this for the logarithmic function. 

Simple division leads to the elementary formula 


_=1_, + 


.n+l 


1 + 




and if |s|<l, the remainder «'‘+Y(l + s) approaches zero when n 
increases indefinitely. Hence, in the interior of a circle C of radius 1 
we have -t 

l-\- z 

Let F(z) be the series obtained by integrating this series term by term : 




n-) = Y| + T-T + 


+ (- 1 )” 


+l 


n + 1 


+ 


this new series is convergent inside the unit circle and represents 
an analytic function whose derivative F'{z) is 1/(1 + We know, 
however, a function which has the same derivative, Log (1 + «). It 
follows that the difference Log (1 + s:) — Fiz) reduces to a constant.* 
In order to determine this constant it will be necessary to fix pre- 
cisely the determination chosen for the logarithm. If we take the 
one which becomes zero for « = 0, we have for every point inside C 


z ^ ^ ^ 

(28) Log(l + s) = 3;-2 + 3“4'*"*’*’ 

Let us join the point A to the point M, which represents z (Fig. 8). 
The absolute value of 1 + « is represented by the length r = A A/. 
For the angle of 1 + z we can take the angle a which AAf makes 
with A O, an angle which lies between — 7r/2 and + 7r/2 as long as 
the point M remains inside the circle C. That determination of the 

» In order that the derivative of an analytic function X+ p ^e/ero. 
sary that we have (§3) dX/dx = 0, dr/dx = 0, and consequently a l/2y = = 0, 

Xand Yare therefore constants. 


I, §17] POWER SERIES WITH COMPLEX TERMS 


39 


logaritlim wliich becomes zero for » = 0 is logr-f-wr; lienee tlio 
formula (28) is not ambiguous. 



Changing z to — z in this formula and then subtracting the two 
expressions, we obtain 




aic tan ^ i Log(^^^'\ = 5 _ l' f 

1 3+5 • 

eac?p: rJpoiMTl'f’otLT nTpr:' convergence 

e poini ^ (lootnote, p. 19), and consequently tlie two series 

cos ^ cos4^ 

2^3 

sin 0 — ^ ^ _L sin 4 0 

2 3 

a point .V ae Cpt:! kL V 'llolirtlrS' O f r" H *“ 

between — tt and + tt thp {LntrXt^ ^ i j • If we suppose $ always 

value ^ JT „ave tar ita limit Zl 

log ^2005^= onaA— COS 2 ^ COS 8 ^ COS 4 ^ 

\ V 2 ~3 4~ ‘ ’ 


- = sin « - + «■" S 9 

2 2^3 


(— «■< <7r). 


If in the last formula we replace 0 hv 0 * ua . 

viously established (I, § 204, 2d ed.; H98, ul ed ) 
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18. Extension of the binomial formula. In a fundamental paper on 
power series, Abel set for himself the problem of determining the 
sum of tlie convergent series 


(29) 


<fi(m,z)= 1 H- -h 


)n m{m — 1 ) 2 


1.2 




■h 


m {m —!)•»• (ni — p ■\-V) 


V 


+ 


for all the values of m and real or imaginary, provided we 
have z < 1. We might accomplish this by means of a differential 
equation, in the manner indicated in the case of real variables 
(I, § 183, 2d ed. ; § 179, Isted.). The following method, which gives 
an aijplication of § 11, is more closely related to the method fol- 
lowed by Abel. We shall suppose z fixed and \z\ < 1, and we 
shall study the properties of z) considered as a function of m. 
If 7w is a positive integer, the function evidently reduces to the 
polynomial (1+ If m uiid m' are ajit/ two values whatever of 
the jtarameter m, we have always 

(30) z)<^{m \ z)— + m', z). 

In fact, let us multiply the two series z)^ •^) by the ordi- 

nary rule. The coefficient of z** in the product is ecjual to 

(31) 4- ■ • • -h 

where we have set for abbreviation 

m {in — 1) • • • {ni — A: -F 1) 

A;! 


The proposed functional relation will be established if we show 
that the expression (31) is identical with the coefficient of z^ in 
^ /n'j z)y that is, with {m -f w'),,. We could easily verify directly 

the identity 

(32) (m + m')p = 7«p + 4 )- K* 

but the computation is unnecessai'y if we notice that the relation 
(30) is always satisfied whenever m and m’ are positive integers. 
The two sides of the equation (32) are polynomials in /« and m 
which ai*e equal whenever m and in' are positive integers ; they 

are therefore identical. 

On the other hand, ^(ni,z) can be expanded in a power senes 
of increasing powers of in. In fact, if we cany out the in icate 
products, <^(m, z) can be considered as the sum of a double series 
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</>(?«, s) = l + jz~ — 


f**' A , tfl a 
-V -^*4 jZ* 

^3 




\ 



if wc sum it b^' columns. This double series is absolutely (ronvei-Rent. 
For, let | 5 :| = p and j/» =<r; if w(^ replace each t<‘rni ])y its absolute 
value, the sum of the terms of the new seric^s included in the 
(jj 4 - l)th column is equal to 

fr(fT -h 1 ) ••• (a- -h /f — 1 ) 




P'’> 


which is the general term of a convergent series. We can therefore 
sum the double series by rows, and we thus obtain for z) a 

development in power series 




f/i" + 


From the relation (30) and the results esbiblished above (§ 11), 
this series must be identical with that for Now for the coefti- 
cient of m we have 


hence 



^ + Log(l4-£); 



z) = 


^ } 


where the determination of the logarithm to be understood is that 
one which becomes zero when s = 0. AVe can again represent the 
last expression by (1 + £)"' ; but in order to know witbout ambiguity 
the value in question, it is convenient to make use of the expression 

Log (14 i) ^ 

Let in = vi ; if r and « have the same meanings as in the 
preceding paragraph, we have 

Log (I -f «) _ ^($1 4 i'0< W ^ + *•»> 

_ gM os *" [^cos (/!.« 4 - V log /•) 4 - i sin (fia 4 - v log r)]. 

In conclusion, let us study the series on the circle of convergence. Let 
be the absolute value of the general teiro for a point z on the circle. The ratio of 
two con^cutive terms of the series of absolute values is equal to I (m^n 4 n/nl 
that IS, If m = p + w, to 

^ + 1 - n)^ 4 ^ ^ ^ a 4 1 ^ (n) 

^ n n* ’ 
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where the function ^(«) remains finite wlien n increases indefinitely. By a 
known rule for convergence (I, § 103) this series is convergent when m + 1 > 1 
and divergent in every other case. The series (29) is therefore absoMely con- 
vergent at all the points on the circle of convergence when p is positive. 

If M + 1 is negative or zero, the absolute value of the general term never 
decreases, since the ratio U„+^/U„ Is never less than unity. The series is diver- 
gent at all the points on the circle when p^—l. 

It remains to study the case where — 1 < m = 0. Let us consider the series 
whose general term is ; the ratio of two consecutive terms is equal to 

r, _M +1 , 0 («)n^_, P(/* + l) . 4>^(n) 

L 7. J 

and if we choose p large enough so that;>(M + 1 ) > 1 , this series will be conver- 
gent. It follows that and consequently the absolute value of the general 
term U„y approaches zero. This being the case, in the identity 

0 (m, 2 )(l-|- 2 ) = 0 (m + l, 2 ) 

let us retain on each side only the terms of degree le.ss than or equal to n ; 
there remains the relation 

S, (1 + z) = s; + 

u ! 

where Sn and S' indicate respectively the sum of the first (n + 1) terms of 
0 (w, 2 ) and of 0 (m + 1, 2 ). If the real part of m lies between — 1 and 0, the 
real part of wi -|- 1 is positive. Suppose | 2 | = 1 ; w’hen the number n increases 
indefinitely, .S^ apjuoaches a limit, and the last term on the right approaches 
zero ; it follows that iS„ also approaches a limit, unless 1 + 2 = 0. Therefore, 
lohen — 1 < M = 0 , the series is convergent at all the points on the circle of conver- 
gence, except at the point 2 = — 1 . 


in. CONFORMAL REPRESENTATION 

19. Geometric interpretation of the derivative. Let 71 = AT + Kt be a 
function of the comjilex variable z, analytic within a closed curve C. 
Wc shall represent the value of u by the point whose coordinates are 
A', 1' with respect to a s^’stem of rectangular axes. To simplify the 
following statements we shall suppose tlmt the axes OX, OY are par- 
allel resjjectively to the axes Ox and Ot/ and arranged in the same order 
of rotation in the same plane or in a plane parallel to the plane xOtj. 

When the i)oint z describes the region A bounded by the closed 
curve C, the point u with the coordinates (A', Y) describes in its 
plane a region -I'; the relation n defines then a certain corre- 

spondence between the points of the two planes or of two portions of 
a plane. On account of the relations which connect the derivatives of 
the functions X, Y, it is clear that this correspondence should possess 
special properties. We shall now show that the angles ctre unchanged. 
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Let s and be two neigliboring points of tlie region .l,and // and 
«j the corresponding points of the region .1'. J^y the original ih lini- 
tion of the derivative the quotient (//j — — z) lias for its limit 

J^(z) when the absolute value of — z aiiproaclies z<‘ro in any 
manner whatever. Suppose that the point approaches tiie point 
z along a curve C, whose tangent at the point z makes an angle a 
with the parallel to the direction Oj-] the point u^ will itself de- 
scribe a curve C passing through u. Let us discard the ease in 
which /'(s) is zero, and let p and a> be tlm absolute value and tin* 
angle otf(z) respectively. Likewise let r and r' lx* tin* distances 
zz^ and ?/w,, «' the angle which the direction zz^ makes with the 
parallel zx' to Oxj and the angle whieh the direction makes 
with the parallel uX’ to OX, The absolute value of the (piotient 





Fio.Da ' 



Flo. \)b 


(w, «)/(«, -■s) is equal to r^/r, and the angle of the quotient is 

equal to AVe have then the two relations 


(35) 


lim ^ = 


r 


P7 


lim (/Q'-a') = «,-f-2Z-7r. 


Let us consider only the second of these relations. W'c .nay su,v 
pose k 0, since a change in k simply causes an increase in the 
angle a, by a multiple of 2 ,r. When the point .. approaches the 

pmnt z along the curve C, a' approaches the limit «, 0' approaches a 

limit ft and we have 0 = a + .. That is to say, In order to ohtnin the 
dtr^tu>n ofthe tanyent to the curve described by the point u, it suffices 
turn the directwn of the tanyent to the curve described by z thZ.yh 

ZZT T"" % that 

Torres correspond which 

correspond to the same sense of motion of the points ^ and u. 

tt Ld kt The rh through the point 

. and let D be the corresponding curve of the plane \or If th« 

e ters y and 8 denote respectively the angles which the corresponding 
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directions of the tangents to these two curves make with ^x' and 
iiX' (Figs. 9« and 9 A), we have 

P = a (1), 8 = y -}- OJ, 

and conseciuently B — p ~ y — a. I'he curres C utuI D' cut each 
other In the same amjle as the vnrres C and D. ]\Ioreover, we see that 
the sense of rotation is preserved. It should be noticed that if 
f\z) = 0, the demonstration no longer applies. 

If, in particular, we consider, in one of the two planes xOy or XOY, 
two families of orthogonal curves, the corresponding curves in the 
other plane also will form two families of orthogonal curves. For 
example, the two families of curves A' = C, 1”= C\ and the two 
families of curves 


(36) |/(■-)|=^’. angle /(.v)=c; 

form orthogonal nets in the plane .rO//, for the corres[)onding curves 
in the plane AV> )' are, in the first case, two systems of parallels to the 
axes of coordinates, and, in the otlier, circles having the origin for 
center and straight lines proceeding from the origin. 


Example 1. Let z' — where <r Is a real positive number. Indicating by 
r and 6 the ijolar coordinates of z. ajid l)y r' and 9' the i)f)lar coib'dinates of z\ 
the preceding relation becoine.s eiiuivalent to tlie two relations r' = )•“, S' = (x9. 


■\Ve pass then from the poitit z to the point z' by raising the radius vector to 
the power <r and by multiplying the angle by a. The angles are preserved, ex- 
cept those which liave their vertices at the origin, and these arc multiplied by 
the constant factor <r. 

Example 2. Let us consider the general linear transformation 



, az -f- h 

Z = 

cz + d 


where a, 6, c, d are any constants whatever. In certain partievdar cases it is 
easily .seen how to pass from the point z to the point z . Take for example the 
transformation 2 ' = z + 6 ; let z = * + yi, z' = x' + y'l, h-= a + the preced- 
ing relation gives x' = x ix, y' = y which shows that we pass from the 

point z to the point 2 ' by a translation. 

Let now z' = az ; if p and w indicate the absolute value and angle of a respec- 
tively, tlien we have r' = pr, 6' = ta + 9. Hence we pass from the point z to the 
point z' by multiplying the radius vector by the constant factor p and then turning 
this new radius vector through a constant angle <d. We obtain then the transfor- 
mation detinecl by the formula z' = az by combining an expansion with a rotation. 

Finally, let us consider the relation 



where r, )•', 9' have the same meanings as above. We must have rr' — h 
p _ 0. The product of the radii vectores is therefore etpial to unity, while 
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tlie polar angles are cijual and of op{>nsite signs. fJiven a circle C with center 
A and radius ff, we .shall use the exju'c.ssion invention with renperl to the tjhen 
circle to denote the traiisfoniiatioii by which the |M)lar angle is niichaiiged hut 
the radius vector of the new jHjint is We obtain then the transfortiialion 

defined by the relation z'z = 1 by carrj’itig otit first an inversifin with respect to 
a circle of unit radius and with the origin as center, and then taking the syni- 
inctric point to the point obtaitted with resia-ct to the axis Oj. 

The most general transfiu-ination of the forjii (37) can be obtaiin-d by com- 
bining the tran.sforinations which we have ju.vt studiecl. If c = 0, we can replace 
the transformation (37) by the succe.ssion of trairsforniations 


<i , h 

If c is not zero, we can carry out the indicated divi.sion ami w'ritc 

^ a fir — ad 
z' = ~ ^ , 

c C'Z -f cd 

and the transformation can be replaced by the succcssloi» of tnvnsforinatlons 


II 

C 


= C^Zi , 





z. 


^ = (V - od) , z' = z^ + 

All these special transformations leave the angles and the «en.se of rotation 

unchanged, and change circles Into circle.s. Hence the same thing is then true 

of the general transforniatl.m (37), which is therefi.re often calle.l a rircular 

tran^ormalion. In the above statement straight lines should be rogarde<l as 
circles with infinite radii. ^ 

Example 3. Let 

-(t— C,)"', (2 - . . . (2 c,.Y"i-y 

where e^, . . c^, arc any (inantities whatever, ami where the exponents m 

"‘•2. •••, M»;. are any real number.s, positive or negative. Let 3/ E E .. E 

be the points which represent the .inantities z, c„ c„, • • c. • let JL r' r ' 

Tp denote the distances .Vi:, V.^ nud 6 ' d f) ti 

theang e of z are rc.spectively . . . r,-«p and -p + . . . -f ^ 

Then the two families of curves ' ^ 

r^'. . . . r;;i. = c, m, + jn„9. + - ■ • + = C' 

form an orthogonal system. When the oxi>onriif« »,» 

alUhe curves a. 

of the fanuhes ,5 composed of Cassinian ovals with two foci and the second 
family ,s a system of equilateral hyperbolas. 


20. Confomal transformatioim in general. The examinatiot, of the 

wTL‘1 >«“■' -e have just established leads us to 

treat a more general problem. Two surfaces, 2, 2' beimr uiven 

us set up between them any poinbto-point correspo’ndence Whatever 
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(except for certain broad restrictions -which will be made later), 
and let us examine the cases in which the angles are unaltered in 
that transformation. Let a:, y, « be the rectangular coordinates of 
a point of 2, and let x'j y\ z' be the rectangular coordinates of a 
point of 2'. We shall suppose the six coordinates x, z, x\ y\ z' 
expressed as functions of two variable parameters w, v in such a way 
that corresponding points of the two sui'faces correspond to the same 
pair of values of the parameters w, v : 



{x=f{u, r), 

2 J// = r), 

\z = r), 


j-x' = /'(?/, v), 
tW=<f>Xu, v), 

U' = ^’{u, u). 


Moreover, we shall suppose that the functions together with 

their partial derivatives of the first order, are continuous when the 
points (x, y, z) and (x', y‘, z^ remain in certain regions of the two 
surfaces 2 and 2'. We shall employ the usual notations (I, § 131): 


(39) 


E 


E' 




„ „dx dx 

cu ov 


G 


■ff 


-■(£)' 
) 




= Edid + 2Fdu dv + Gdv% 
ds’^ = E'du- + 2 F'du dv + G'dvK 


Let C and D (Figs. 10 a and 10^) be two curves on the surface 2, 
passing through a point m of that surface, and C and 1)' the corre- 
sponding cui’ves on the surface 2’ passing through the point m'. 


Fig. 10a 




Along the curve C the ])araincters v are functions of a single 
auxiliary variable t, and we shall indicate their differentials by dti 
and dv. Likewise, along Z>, n and v are functions of a variable t , and 
we shall denote their differentials here by and Bv. In general, we 
shall distinguish by the letters d and 8 the differentials relative to 
a displacement on the curve C and to one on the curve D. The 
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following total differentials arc proportional to the direction cosines 
of the tangent to the curve C, 





and the following are proportional to the direction oosin(‘s of the 
tangent to the curve 7>, 



Let 01 be the angle between the tangents to tlic two «*urves C and 
D. The value of cos<d is given by the expression 

CQ. — dxSx-{- (It/ St/ + <lz Bz 

-s/da? V^+ S// + ’ 

which can be written, making use of the notation (39), in tlie form 

(40) - - ^ + P{du ho + f/c Bu) + Gdv Sv 

Ve du^-\- 2 Fdu dv + Odi? + 2 1-'Bu + ' 

If we let «' denote the angle between the tangents to the two 
curves C' and Z)', we have also 


(41) cos a.' = _ + F'(dti 8if d- dv Bu) -H r;*dv Bo 

-s/e’ du^~[.2E'dudv-\- G'dv^ V 2 Sc + G’Bv ^ ' 

In order tnat the transformation considered shall not change the 
value of the angles, it is necessary that cos = cos u, whatever du, 
dv, Bu, Bv may be. The two sides of the equality 

COS*<u' =s COS*a) 


must be equal whatever the values of these ratios. Hence the corre- 

(42) £ = £_£'_ >2 

E F G 

V ^ of the parameters «, v These 

conditions are evidently also sufficient, for cos for example 1 a 

homogeneous function of E, F, G, of degree aero. ^ ’ 

The conditions (42)can be replaced by a single relation &«=XVs», or 

*' = A*. 
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This relation stotes that the ratio of two corresponding infinitesimal 
arcs approach a limit independent of du and of dv, when these two 
arcs approach zero. This condition makes the reasoning almost 
intuitive. For, let abc be an infinitesimal triangle on the first surface, 
and n'b'c' the corresponding triangle on the second surface. Imagine 
these two curvilinear triangles replaced by rectilinear triangles that 
approximate them. Since the ratios a'h'/nb, a'c'lac, b'c' Jhc approach 
the same limit X(f/, <•), these two triangles approach similarity and 
the corresponding angles approach equality. 

We see that any two corresponding infinitesimal figures on the 
two surfaces can l)e considered as similar, since the lengths of the 
arcs are proportional and the angles ecjual ; it is on this account that 
the term confurmtd rvpresentatwn is often given to every correspond- 
ence which does not alter the angles. 

(liven two surfaces 2, 2' and a definite relation which establishes 
a point-to-point correspondence between these two surfaces, we can 
always determine whether the conditions (42) are satisfied or not, 
and therefore whether we have a conformal representation of one 


of the surfaces on the other. 

But we may consider other problems. For example, given the sui*- 
faces 2 and 2', we may propose the ju-oblem of determining all the 
correspondences l>etween the points of the two suiTaces which ju'e- 
serve the angles. Suppose that the coordinates (ar, y, «) of a point 
of 2 are exi)ressed as functions of two parameters (», c), and that 
the coordinates (.r', y\ z’) of a point of 2' are expressed as functions 

of two other parameters (td, v'). Let 


ds^ = E did -h 2 F di( dv -h G did^ da'^ = E' du'- +2F' du' dv' + G' do'^ 

be the expressions for the squares of the linear elements. The prol> 
lem in question amounts to this : To fimi fwofarudwns u' = 7rj(», c)> 
y' = 7 r..(«, c) such that we have identivalbj 

E' din 4- 2 E' diT. dir., O' dir\ = >c{E d id 2 F du dv + G dv% 


X heinif am/ funct'umofthe variables u, v. The general theory of dif- 
ferential equations shows that this problem always admits an infinite 
number of solutions ; we shall consider only certain special cases. 


21. Conformal representation of one plane on another plane. Eveiy 
correspondence between the points of two planes is defined y 

relations such as 


.V= V)y F= y), 
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where the two planes are referred to systems of rctdanpular eooidi- 
iiates (j*, y) and (A*, 1'). From what we have just s(M-ii,in tirder that this 
tiaiisforniation sliall preserve the angles, it is necessary and suflicient 
that we have „ „ „ . 

where X is an}' function whatever of x, y indejiendent of tlie dilfer- 
entials. Developing the differentials dX, dY and comparing the tw«) 
sides, we find that the two functions P{x^ y) and (lix, y) must 
satisfy the two relations 


(45) 


-(g)' 


\cx 


Cx Ctj bx by 


The partial derivatives cP/dy, dQ/dy cannot hoth he zero, for the 
first of the relations (45) would give also CQfdx = cP jcx = 0, and 
the functions P and would lx* <*onst;ints. Consequently we can 
write according to the last relation, 




CQ 

it > 


bq bp 

= -/x — , 


Cx ' Cy 

where is an auxiliary unknown. Putting these values in the first 
condition (45), it l)ecomes 




and from it we derive tlie result = ± 1. Me must then liavc 
either 


(46) 


vOr 


(47) 


BJ^ 

Bq 

Bp 

Bx 

I 


CP 

Bq 

Bp _ 

Bx 


<^!/ ~ 


£a 

i/X 


dji 

dx 


The first set of conditions state that P + Qi is an analytic func- 
tion of a: + y,. As for the second set, we can reduce it to the first 
by changing Qio-Q, that is, by taking the figure sy.nniotric to the 
transformed figure with respect to the axis OA'. Thus we see, finally 
that to every conformal representation of a plane on a plane there 
correjonds a solntmn of the system (46), and consequently an 
aljdic function. If we suppose the axes OX and OY parallel re- 
pectively to the axes Ox and Oy, the sense of rotation of the angles 
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22. Riemann's theorem. Given in the plane of the variable z a region A 
bounded by a single curve (or simple boundary), and in the plane of the vari- 
able u a circle C, Riemann proved that there exists an analytic function u =/( 2 ), 
analytic in the region -ti, such that to each point of the region A corresponds 
a point of the circle, and that, conversely, to a point of the circle corresponds 
one and only one point of A. The function /(z) depends also upon three 
arbiti-ary real constants, which we can dispose of in such a way that the center 
of the circle corresponds to a given point of the region A^ while an arbitrarily 
chosen point on the circumference corresponds to a given point of the boundary 
of A. We shall not give here the demonstration of this theorem, of which we 
shall indicate only some examples. 

We shall point out only that the circle can be replaced by a half-plane. 
Thus, let us suppose that, in the plane of u, the circumference passes through the 
origin ; the transformation u' = I/u replaces that circumference by a straight 
line, and the circle itself by the portion of the u'-plane situated on one side of 
the straight line extended indefinitely in both directions. 

Example 1. Let u = z^/*, where a is real and positive. Consider the portion 
A of the plane included between the direction Ox and a ray through the origin 
making an angle of av with Ox {a ^ 2). Let z = re*«,.u = i?e'" ; we have. 



a 


When the point z describes the portion A of the plane, r varies from 0 to 
-I- CO and 0 from 0 to air ; hence R varies from 0 to + co and u from 0 to tt. 




The point u therefore describes the half-plane situated above the axis OX, and 
to a point of that half-plane corresponds only one point of A, for we have, 
inversely, r = 0 = au. 

Let us next take the portion li of the z-plane bounded by two arcs of circles 
which intersect. Let Zq, z, be the points of intersection ; if we carry out first the 
transformation 

Z-Zi 

the region B goes over into a portion A of the z'-plane included between two 
rays from the origin, for along the arc of a circle passing through the points 
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«oi the angle of (z — Zq)/{z — z^) remains constant. Applying now the pro 
ceding transformation u = we see that the function 


"(S;) 


enables us to realize the conformal representation of the region If on a Jialf- 
plane by suitably choosing a. 

Example 2. Let u = cosz. Let us cause 2 to describe the inlinite half-strip 
it, or AOBA' (Fig. 11), defined by the inequalitie.s 0 ^ x ^ tt, 1 / ^ 0, and let 
us examine the region described by the point u= Vi. We liuve Iiere {§ 12) 


(48) 


A' s= cos X 


tf + €-« 


y = — sin X 


e!> — c~v 


half ^ negative and the poiiit u remains in 

the haif.p ane below the axis X OX. Henee, to every point of the region It 

corresponds a point of tlie u half-plane, and when tlie point z is on tlie bound 

ary of R we have Y = 0, for one of tlie two factors sin x or (ev - c- v) /2 is zero 

Conversely, to every point of the i, half-plaiie below OX corresponds one'rd 

ly one point of tlie strip R m tlie z-plaiie. In fact, if z' is a root of tlie equa- 

tTe e! r ‘I'*-' fxpressioii 2kw ± z' If 

Strip it, for all the points 2A.‘ir — z' are belnw Hr • i 

thetef:; ^ positive. The point i! 

portiJ^ o“a pa'^'l" jrOz"ln'r,“‘“ ^ 

the abscissas + l and — 1 . P C, C of the axis OX, with 

Examples. Let 


(49) 


u = 


£-<*- 1 


C2« + 1 


rirto“ ^ow thaut f "" - 

varies from - a to + «)] > o. If ^ 

two straight lines y = -a y^ + n enrr ‘nclucied between the 

described about the origin’ll center witrunk^ the u-plane the circle C 
point of this circle corresponds one and nni to every 

the values of z which correspond to a given 

eression with the constant difference of 4 at Hence the^” pro- 

one value of 2 in the strip considered Hence there cannot be more than 

roots in Which the coefficient of . ui between - a 1 d V® one of these 

cannot He between a and 3 a for the corrs.®^" T- ^ ^ coefficient 

greater than unity. ’ P“"“P«“<l-g value of | n | would then he 
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23. Geographic maps. To make a conformal map of a surface 
means to make the points of the surface correspond to those of a 
plane in such a way that the angles are unaltered. Suppose that the 
coordinates of a point of the surface 2 under consideration be ex- 
pressed as functions of two variable parameters («, c), and let 

= E tin- + 2 Fdu dr + (i dr^ 


be the square of the linear element for this surface. Let (a, be 
the rectangular {*obrdinates of the point of the plane P which cor- 
responds to the point (,/, V) of the surface. The problem here is to 

find two functions 

« = 7r^(«, ^), v = 7r,(a, 

of such a nature that we have identically 

E dit^ 2 Fdu do + do^ = \{da^ + (^(^), 

where A. is any function whatever of a, (i not containing the differ- 
entials. This problem admits an infinite number of solutions, which 
can all be deduced from one of them by means of the conformal 
transformations, already studied, of one plane on another. Suppose 
that we actually have at the same time 

= \{da^ d^), ds^ = X'ida"- + d^''^ ; 

then we shall also have ^ 

da- -f ^ ((/«'= + d^% 

so that « + pi, 01- « - pi, will be an analytic function of «' + P'i. 
The converse is evident. 

Fxamjde 1. MercatoPs projecthn. We can always make a map of a 
surface of revolution in such a way that tlie meridians and the paral- 
lels of latitude correspond to the parallels to the axes of coordinates. 

Thus, let 

a; = pC0Sa), y = pSin(D, ^—J\P) 

be the coordinates of a point of a surface of revolution about the 
axis Or. ; we have ^ . n 

which can be written ^ ^ 


X- 


} 



I, § 2.'J] 


CONFOUMAL UKFItlCSKN'rATlON 


53 


In the case of a sphere of radius It we can writ(^ tlie coin jlinates in 
the form 

x = U sill 0 cos <f>, y = li sill 9 sin <^, = U cos 

ih^ = }i;^{d0- + sin-^^//,/,- -f 

and we shall set 

A- = ) 




We obtain thus what is called pmjrrtum, in which tlic 

meridians are represented by jiarallcls to the axis o)', and tin* ]»aral- 
lels of latitude by segments of straiglit lines iiarallel to (t\. To 
obtain tlie whole surface of the sphere it is sulheient to let vary 
from 0 to 2 TT, and 9 from 0 to tt ; then A' varies from 0 to 2 tt ami )’ 
from — cc to -h CO. The map has then the aiijjcnrancc of an iiilinitc 
strip of breadth 2 7r. The curves on the surface of tlie sidicrc which 
cut the meridians at a constant angle* are called loxo<li'o,nic cunu-n 
or rhund) lines, and are represented on the map hy straight lines. 

Ktavijile 2. Stcreogi-aphlc in'ojfvlion. Again, we may write the 
square of the linear element of the sphere in the foi-m 

dir = 4 eos* - j + tair - ) , 


or 


4 COS^ ;r 
0 


if we set 


ds* = 4 cos^ “ (dp® + p®d«®), 


0 


P = /^tan-, 


But 4 - reinesents tlie square of the linear elenu-nt of tlu 
p ane in polar coordinates (p, „) ; hence it is sufficient, in order t< 
obtain a conformal representation of the sphere, to make a point ol 
the plane with polar coordinates (p, <„) correspond to the point (fi, ,*) 
of the surface of the sphere. It is seen immediately, on draivii4 the 
hgme that p and <„ are the polar eoiirdinates of the stereographic 
projection of the point («, of the sphere on the plane of ‘ t!.e 
equator, the center of projection being one of tlie poles.* 


• riie center of projection is the south pole if / « 

to the radius. Using the north i>o!« n« ti. * . •“ensured from the north pole 
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Example 3. Map of an anchor ring. Consider the anchor ring generated by 
the revolution of a circle of radius R about an axis situated in its own -plane at 
a distance a from its center, where a>R. Taking the axis of revolution for the 
axis of z, and the median plane of the anchor ring for the xy-plane, we can 
write the coordinates of a point of the surface in the form 


X = (a + i? cos^)cos^, y = {a + R cos^)sin^, 

and it is sufficient to let $ and <f> vary from — tt to + ir. 
we deduce 

+ 


= (a + R cos d<fy^ 


R^d$^ 


(a + i? cos 6) 
and, to obtain a map of the surface, we may set 


z = Rsin 9y 
From these formulae 



where 



Thus the total surface of the anchor ring cor respon ds point by point to that 
of a rectangle whose sides are 2 7r and 27re/Vl — 


24. Isothermal curves. Let U{x^ y) be a solution of Laplace’s equation 



ax* ay* 


the curves represented by the equation 

(50) U (X, y) = C, 

where C is an arbitrary constant, form a family of isothermal curves. With every 
solution U’(x, y) of Laplace’s equation we can associate another solution, 
^^(x, y), such that U + IT is an analytic function of x + yi. The relations 

a^aF 

dx dy dy ax 
show that the two families of isothermal curves 


U(x,y) = C, V(x,y) = C' 


are orthogonal, for the slopes of the tangents to the two curves C and C are 


respectively 


dU dU dV dV 

dx dy dx dy 


Thus the orthogonal trajectories of a family of isothermal curves form another 
family of isothermal curves. We obtain all the conjugate systems of isothermal 
curves by con.sidering all analytic functions f{z) and taking the curves for 
which the real part of /(z) and the coefficient of i have constant values. The 
curves for which the absolute value R and the angle Q of /(z) remain constant 
also form two conjugate isothermal systems ; for the real part of the analytic 
function Log [/(r)] is log 1?, and the coefficient of i is fi. 

Likewise we obtain conjugate isothermal systems by considering the curves 
described by the point whose coordinates are X, Y, where /(z) = X + Yi, when 
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we give to X and y constant values. This is seen hy regarding x + as an 
analytic function of A' + More generally, eveiy transfiiruiatinn of the 
points of one plane on the fither, which preserves the angles, changes one family 
of isothermal curves into a new family of isutheniial curves. Let 


he equations defining a transformation which jireserves angles, and letf*(x', y') 
be the result obtained on suhstitutingpfx', y’) and r/fx', y') for x and y in U{j,y). 
The proof consisUs in showing that F{x\ y') is a solution of Laplace's eijuatifiri, 
provided that U (x, //) is a soluti<m. The verlllcaii«m of this fact d.jes not offer 
any difficulty (see Vol. I, Chap. Ill, Kx. 8, 2d ed.; Chap. II, Kx. », 1st cil.), 
but the theorem can he established without any caleulatjoii. 'J’hus, we can sup- 
pose that the functions p(x', y') and </(x', /) .silisfy the relations 


a/’ ex' 


for a symmetric transformation evidently changes a family of isothermal curves 
into a new family of Isothonnal curves. Tlie funclhm x + yi =: p + yi is then 
an analytic function of z' = x' + y'i, and, after the substitution, U -f. Vi also 
becomes an analytic function F{z\ y') + i* (j:', of tl.e name variable z' 

(§ 5). Hence the two families of curves 


F{x', /)=:C, «(x', = 

give a new orthogonal net formed by two conjugate isothermal families. 

For example, concentric circles ami the ray.s from the center form two con- 
jugate isothermal families, as we see at once hy considering the analytic func- 
tion Log z. Carrying out an Invei-sion, we have the result that the circles 

pacing through two fixed points also form an isothermal system. The conjugate 
system is also composed of circles. ^ ® 

abo^v'e'“thir;r'’'“^'''' InJecd, we have seen 

describes confocal ellipses wi.en tbe point z is 

r^f ^ntr'i' systeni is made 

up of confocal and orthogonal hyperbolas. 

NoU In order that a family of curves represented by an equation P(x y'i- C 
may be .sotbermal, it is not necessary tl.at the fnnetio" P,z p, bo a s^uVotTo^ 

-1— ‘ed aiso by tb“tlon 

S[(S)’*©>g(g*5)-»^ 

hence it is necessary that the quotient 

ex2 


+ 


dy^- 


s* ©■ 
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1. Deteriiiine the analytic function f{z) = X + Yi whose real part X is 
equal to 2 sin 2 x 

e- 2 v + e-2y- 2cos2x‘ 

Consider the same question, given that X + T is equal to the preceding 
function. 


2. Let 4 >{m,p) = 0 be the tangential equation of areal algebraic curve, that 
is to say, the condition that the straight line y = mx + p be tangent to that 
curve. The roots of the equation ^(i, *- zi) = 0 are the real foci of the curve. 

3. If p and_r/ are two integers prime to each other, the two expressions 
(V^y and \zp are equivalent. What happens when p and q have a greatest 
common divisor d > 1 ? 


4. Find the aUsolute value and the angle of e*’+*'* by considering it as 
the limit of the polynomial [1 + (x + yi)/m]"* when the integer in increases 
indefinitely. 



Prove the formulae 

cos a + cos (rt + b) + • • • + cos (a + nb) = 


sin a + sin (a + 6) + • • • + sin (a + nJ)) = 



6. What is the final value of arc sin z when the variable z describes the seg- 
ment of a straight line from the origin to the point 1 i, if the initial value of 
arc sin z is taken as 0 ? 

7. Prove the continuity of a power series by means of the formula (12) (§ 8) 

[Take a suitable dominant function for the series of the right-hand side.] 

8. Calculate the integrals 


J*x"'€^ cos bxdx, sin bxdx^ 

J " ctn (x — a) ctn (x — 6) • ■ ■ ctn (x — 0 dx. 


9. Given in the plane xOij a closed curve C having any number whatever of 
double points and described in a determined sense, a numerical coefficient is 
a-sshmed to each region of the plane determined by the curve according to the rule 
of Volume I (§ 07, 2d ed. ; § 06, 1st ed). Thus, let R, R' be two contiguous regions 
separated by the arc ab of the curve described in the sense of a to 6 ; the coeffi- 
cient of the region to the left is greater by unity than the coefficient of the 
region to the right, and the region exterior to the curve has the coefficient 0. 
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KXKRCISKS 



Lot Zf, be a point taken in one of tlie ret'ions ami tlic correspnmiin;' rdcni- 
cient. J’rove that 2 -Vw represenf.s the variatie»n of the aiii'li* of 2 — wlieii 
the point 2 describes the curve C in the sense chosen. 

10. By stuilyin^? tlie developinent of Lo''[(l + 2 )/(l ~ 2 )] on the circh? of 
convergence, prove that the sum of the series 


sin 0 ^ sin + 


1 


3 


sin (2 n + 1 )^ 
2m + 1 


is equal to ± 7 r/ 4 , according as sin ^ 5 0. (Cf. Vol. I, § 204, 2il cd.; § l!iH, Istctl.) 

11. Study the curves tlcscribed by the point Z = z'^ when tlie point 2 ih'.scrilies 
a straight line or a circle. 

12. The relation 2Z ~ z + r-/z effects Ihe conformal represontation of the 

region inchjsetl between two confocal ellijxscs on the ring-shaped region bonmied 
by two concentric circles. 

[Take, for examj)le, 2 = Z VZ* — make in the Z-))lanc a straight-line 
cut (~ c. c), and choose for the radical a positive value when Z is real ainl 
greater than c.] 

13. Every circular transformation z' = (02 -|- li)/{rz + d) can be obtained hy 
the combination of an even number of inversions. Trove also the c<uiverse, 

14. Every tran.sformation defined by the relation z' = (<iZq+ h}/{rz„ + d), 
where indicates the conjugate of 2 , re.sults from an odd number of inversions. 
Prove also the converse. 


15. Fuebsian transformations. Every linear transformation (§ 10, E.x. 2) 
z' = {az + ^)/(C 2 + d), where «, ft, c, d are real numbers sati.sfying the relation 
mf — ftc = l, Is called a Fuefutian tranaformulion. Such a traii.sforjnalion sets 
up a correspondence such that to every point z situated above Ox corresponds a 
point z' situated on tlic same side of Ox'. 

The two definite integrals 


I 


(Ix^ + dy^ 


If 


dxdy 


y jj y 

are invariants with respect to all these transformations. 

The preceding tran.sformation has two double points which correspond to 
the roots 0 -, ^ of the equation C 2 * -j- (d - 0)2 _ ft = 0 . If « and p are real and 
distinct, we can write the equation 2 ' = (az -p 6 )/(c 2 -p d) in the equivalent form 

z' — a 


-k 


z — <r 


z'-p 2-/5 

where k ivS real. Such a transformation is called hyperbolic. 

If a and p are conjugate imaginaries, we can write the equation 

z' — a . z— (t 
^-P z~p‘ 

where w is real. Such a transformation is called ettiptic. 

If /3 = a, we can w'rite 

1 _ 1 

2'— rt 2— 

where ct and k are real. Such a transformation is called parabolic. 
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16. Let 2 '=z/( 2 ) be a Fuclisian transformation. Put 

2l=/(2), Z-Z-fi-l)-, 2n=/(2n-l). 

Prove that all the points 2 , 2 , , z.,., • • • , 2 „ are on the circumference of a circle. 
Does the point 2 „ approach a limiting position as n increases indefinitely ? 

17. Given a circle C with the center O and radius R, two points M, M' 

situated on a ray from the center 0 are ssiid to be symmetric with respect to 
that circle if 0^f x O.ir = R2, 

Let now C, C' be two circles in the same plane and M any point whatever 
in that plane. Take the point symmetric to J/ with respect to the circle C, 
then the point ^f[ symmetric to ^f^ with respect to C\ then the point sym- 
metric to Ml with respect to C, and so on forever. Study the distribution of the 
points jVi , , Mj , M' , • • . . 

18. Find the analytic function Z=f(z) which enables us to pass from 
Mercator’s projection to the stereographic projection. 

19*. All the isothermal families composed of circles are made up of circles 
passing through two fixed points, distinct or coincident, real or imaginary. 

[Setting z = X + }/i, Zq — X — yi, the equation of a family of circles depending 
upon a single parameter X may be written in the fonn 


zZq + az-^-bzQ + c = 0, 

where a, 6 , c are functions of the parameter X. In order that this family be 
isothermal, it is nece.ssary that c^X/? 2 ? 2 p = 0. Making the calculation, the 
theorem stated is proved.] 


20*. If I 7 I < 1, we have the Identity 




1 


[Euler.] 

[In order to prove thi.s, transform the infinite product on the left into an infinite 
product with two Indices by putting in the first row the factors I -f- 1 -h 

1 + ''/^j • • • , 1 + < 7 '", • • • ; in the second row the factors 1 + g*, 1 +g*, • • • * 
1 +( 7 ^)^", • • • ; and then apply the formula (16) of the text.] 

21. Develop in powers of 2 the infinite products 

Fiz) = (1-1- xz) (1 -I- x^z) • . . (1 -I- x”z ) . . . , 

4 >( 2 ) = (1 + xz) (1 + 2 * 2 ) • • • (1 -i- x'^” + ^z) • • • . 

[It is possible, for example, to make use of the relation 

F(j;2)(1 -1- XZ)= F(2), 4'(j2z)(1 + X2) = 4>{2).] 

22*. Supposing |x| < 1, prove Euler’s formula 
(1 - X) (I - x2) (1 - x*) • . • (1 - X") . . . 

S n* n 8 n* + n 

= 1 — X — X*-|-x5 — x’-hx^*— .■•+x 3 2 +.... 

(See J. Bektkand, Calcul diff^rentiel, p. 328.) 
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23*. Given a sphere of unit radius, the stereographic projection of that spfjere 
is made on the plane of the equator, the center of projection being one of the 
poles. To a point M of the sphere is made to correspond the complex number 
s = a: + 2 /i, where x and y are the rectangular coonlinates of the projection m of 
if with respect to two rectangular axes of the plane of tlie equator, the origin 
being the center of the sphere. To two diametrically opjw.site points of the 
sphere correspond two complex numbers, a, — l/s^, where Sq is the conjugate 
imaginary to s. Every linear transformation of the form 



s'— n: 
s'-fi 


. s — a 

c'« , 


5-/3 


where + 1 = 0, defines a rotation of the sphere alwut a diameter. To groups 
of rotations which make a regular polyhedron coincide with itself corre.^pond 
the groups of finite order of linear substitutions of the form (A). (See Ki-ni.s, 
Das Ikosacder.) 


CHAPTER II 


THE GENERAL THEORY OF ANALYTIC FUNCTIONS 

ACCORDING TO CAUCHY 



DEFINITE INTEGRALS TAKEN BETWEEN 

IMAGINARY LIMITS 


25. Definitions and general principles. The results presented in the 
preceding chapter arc independent of the work of Cauchy and, for 
the most part, prior to that work. We shall now make a systein- 
ati(; study of analytic functions, and determine the logical conse- 
quences of the definition of such functions. Let us recall that a 
function f{z) is analytic in a region A : 1) if to every point taken 
in the region .1 corresponds a definite value of f{z ) ; 2) if that 
value varies continuously with z\ 3) if for every point z taken in A 


the quotient 


h 


approaclies a limit when the absolute value of h api)roaches zero. 

The consideration of definite integrals, when the variable ])asses 
througli a succession of complex values, is due to Caucliy * ; it was 
the origin of new and fruitful methods. 

Let ./■(•') ^ continuous function of z along the curve AMB 

(Fig. 12). Let us mark off on this curve a certain number of points 
of division z^, s,, • • ■, wliicli follow each other in the order 

of increasing indices when the arc is traversed from A to B, the 
points z^ and coinciding with the extremities A and B. 

Let us take next a second series of points on the arc 

AB, the point being situated on the arc and let us consider 

the sum 

-S - ^o) +/(Q (^2 - • 

When the number of points of division increases indefi- 

nitely in such a way that the absolute values of all the differences 


• M^moire .sur lea integrities iiejinies, prises entre ties limUes imagimtires, 182.^. 
This memoir is reprinte.l in Volumes VII and VIII of the Bulletin ties Sciences mathe- 
mafiques (1st series). 
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— ... become and remain smaller than any positive 

number arbitrarily chosen, the sum S approaches a limit, which is 
called the definite integral ot f(z) taken along AMJJ and which is 
represented by the symbol 



To prove this, let us separate the real part and the coefficient of i 
in Sf and let us set 


f(z) = A' + Yi, 


+ Ukh L = ik + 



where A and V are continuous functions along Uniting the 

similar terms, we can write the sum S in the form 


’?i) H 

+ - a:,._,)+ . . . +A(^„ rj,)(x' ~~ 

~[^(^» — I/q)-\ Vk)(!/k-' t/k-i)-^ ] 

+ — 2/o)-\ ]+ — 3*^)H ]. 

When the number of divisions increases indefinitely, the sum of the 
terms in the same row has for its limit a line integral taken along 
AMB, and the limit of S is equal to the sum of four line integrals;* 

= r (Xdx - Krfy) + t r ( Ydx + Arfy). 
JiAMB) JlAMBy 


• In order to avoid useless complications in the proofs, we sunoose that tha 
dinatos *. j, Of a point of the are are continuo^us function ) (^01 

wlicf arTl T mtegratioo into a finite number of arcl 

*n e«e th, cu„e AMB U tten «o.iaaWeT«n~3; W edT ' 
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From the definition it results immediately that 

f f(z) dz+ f f(z) dz = 0. 

It is often important to know an upper bound for the absolute value 
of an integral. Let s be the length of the arc AM, L the length of 
the arc AB, s^., the lengths of the arcs Az^^i, Az^., A^^ of 
the path of integration. Setting F(s) = |/(s)|, we have 

|/(^r)(^t- - ^k-i) I = - z^._^\ ^ F(a-t){st - 

for \zt — represents the length of the chord, and s^. — the 

length of the are. Hence the absolute value of S is less than or at 
most equal to the sum 2 F(<ri.) (S|. — Sj_j) ; whence, passing to the 
limit, we find , - \ /*l 

f f{z)dz\-^ I F(s)ds. 

\ Jo 


Let M be an upper bound for the absolute value of f(z) along the 
curve AB. It is clear that the absolute value of the integral on the 
right is less than ML, and we have, a fortiori, 



< ML. 


26. Change of variables. Let us consider the case that occurs fre< 
quently in applications, in which the coordinates a:, y of a point of 
the arc AB are continuous functions of a variable parameter t, 
X — y — (0> possessing continuous derivatives 
let us suppose that the point {x, y) describes the path of integra- 
tion from A to B t varies from a to y3. Let P(t) and Q{t) be the 
functions of t obtained by substituting «^(^) and ^(<), respectively, 
for X and y in A' and Y. 

By the formula established for line integrals (I, § 96, 2d ed.; § 93, 
1st ed.) we have 


r Xdx-Ydy= - Q(0 

f XdyA- Ydx = C [P(?) ^'(0 + ^ W 
JiAD) 

Adding these two relations, after having multiplied the two sides 
of the second by i, we obtain 

C f{z)dz = f\p(t) -b tQ(0] [^'(0 + ^\t)-]dt. 

JiAD) Ja 


( 1 ) 
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This is precisely tlie result obtained by applying to tlie integral 
ff{z)(h the formula established for definite integrals in the case of 
real functions of real variables; that is, in order to calculate the 
integral Jf(z)dz we need only substitute <f> (t) + (t) for % and 

[*^'(0 + ^'(0]^^ f(^)dz. The evaluation of Jf{z)ih is 

thus reduced to the evaluation of two ordinary definite integrals. If 
the path AMB is composed of sevei-al pieces of distinct curves, the 
formula should l)e apjdied to each of tliese ])ieces se 2 )arately. 

Let us consider, for example, the definite integral 


r't 


We cannot integrate along the axis of reals, since the function to i»c 

integrated becomes infinite for s = 0, but we can follow any patli 

whatever which does not pass tlirougli the origin. Let describe a 

semicircle of imit radius about the origin as center. This ])ath is 

pven by setting « = c'* and letting t vary from tt to 0. Then the 
integral takes the form 




This IS precisely the result that would be obtained by substituting 
the limits of integration directly in the primitive function - 1 h, 

according to the fundamental formula of the integral calculus 
(I) § 78, 2d ed.; § 76, 1st ed.). 

vaSe = a continuous function of a new complex 

vanab e u = { + „ sucli tliat, when u describes in its plane a patli CiVja tl.e 
vanablc t describes the curve AUB. To the points of divi.sbm of the e’u 
AMB correspond on the curve CNB the points of division 

we’ write ^ Possesses a derivative <p'{u) along tlie curve CNd\ 

^ 1 * — 1 

+ ve, 

Takw'^ u, approaches «r.., along the curve CND. 

laamg and replacing z* - by the expression derived from the 

preceding equality, the sum 5, considered above, becomes 

II 

S = Ob- - 'b-O +Tvr-/(re_,) K- 

1=1 

The first part of the rigUl^hand side has for its limit the definite integral 
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As for tlie remaining term, its absolute value is smaller than tjML', where 77 Isa 
positive number greater than each of the absolute values | f* jaiid where L' is the 
length of the curve CND. If the points of division can be taken so close that 
all the absolute values |<* [ will be less than an arbitrarily chosen positive num- 
ber, the remaining term will approach zero, and the general formula for the 
change of variable will be 

(2) f /{z)dz=f /[0(u)]^'{u)du. 

Juit/i) d(cyj}) 

This formula is always applicable when <P{u) is an analytic function ; in fact, 
it will be shown later that the derivative of an analytic function is also an 
analytic function* (see § 34 ). 

27. The formula of Weierstrass and Darboux. The proof of the law 
of the mean for integrals (I, § 76, 2tl ed. ; § 74, 1st ed.) rests upon 
certain inetpialities which cease to have a i)recise meaning when 
applied to complex (quantities. Weierstrass and Darboux, however, 
have obtained some interesting results in this connection by con- 
sidering integrals taken along a segment of the axis of reals. We 
have seen above that the case of any path whatever can be reduced 
to this q)articular case, provided certain mild restrictions are placed 
ui)on the path of integration. 

Let /■ be a definite integral of the following form : 

rV(0[<#>(0+''A(0]*. 


• If this pr«»iK;rty is a<linitted, the following proposition <-an easily be proved. 
Lftf{z) be an anahjtic function in a. finite region A of the plane. For every posir 
live ninnber e another positive number rj can he found such (hat 


f{z + h)-f(z) 


-nz) 


< e, 


when z andz^-h are two point-H of A whose dhtance from each other |A| is less than 1). 

Fur, let/(z) = F (x, »/) + iQix, y), /t = Aj- + i^y■ From the calculation made m § S. to 
find the conditi«)ns for the existence of a unique derivative, we can write 

[P'^ {X + 9Ax, y) - P'r (y. ?/)] Ar 


/(z+/i) -/(z) 


h 


-nt) = 


+ 

+ 


Aj; + »A'/ 

[/*,; (X + Aj-, y + tfA.v) - P'y (r., y)] A?/ 

Az + lAy 


Since the derivatives />;, Oi Q', are oontiimons in tlie recion . 1 , wc can 

her V such that the absolute values of the coefficients of A/- and of Ay are less 

when VAj-^ + Aj/^ is less than t,- Hence the inequality written down above will be 

satisfied if we have \h\<v. This being the ease, if the function ^(«) is ^ 
the re«Mon A, all the abs.dute values | | will be .smaller than a given positive number e. 

provided the distance between two consecutive points of division of the cur^e . 
fs less than the corresponding number 17, and the formula (2) will be established. 
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where /(f), V'(f) ai’e three real functions of the real variable t 

continuous in tlie interval (cr, jS). From the very definition of the 
integral we evidently have 

I =£ V(o <!> (0 dt + “m '!'(() dt. 

Let us suppose, for definiteness, that « < j8; then t~ais the length 
of the path of integration measured from a, and tlie general formula 
which gives an upper bound for the absolute value of a definite 
integral becomes 


X 




71 ^ 


or, supposing that/(/) is positive between a and 

Applying the law of the mean to this new integral, and indicating 
by ^ a value of t lying between « and y3, we have also 

Setting F(t) = <^(f) + this result may also be written in the 
form 

( 3 ) 


'X 


where A is a complex number whose absolute value is less than or 
equal to unitij ; this is Darboux’s formula. 

To Weierstrass is due a more precise expression, which has a rela- 
tion to some elementary facts of statics. When f varies from atoQ 
the point with the coordinates x = 0(f), y = 0(f) describes a certain 

T 1 ■ u ’ * * » • be the points of 

A winch correspond to the values , f,_„ . - . of f ; and let 

- 1 ) - 1 ) 

2 /( 7 * - 1 ) ih ~ ^k~x) 

^ ooerdinates of the 

renter of gravity of a system of masses placed at the points (x « 1 

poiLt’fa ’ ’ ’ ■ ■ ■ f at the 

P (a^i-i, yi-O being equal to /(<,_,) ft. - where /ft is 


G6 


THE GENERAL CAUCHY THEORY 


[U,§27 


still supposed to be positive. It is clear that the center of gravity 
lies within every closed convex curve C that envelops the curve L. 
When the number of intervals increases indefinitely, the point (Y, Y) 
will have for its limit a point whose coordinates (u, v) are given by 
the equations 

u = 

which is itself within the cui’ve C. We can state these two formulae 
as one by writing 

(4) / = (» + iV) f At) dt = z r V(0 

%J <x 

where Z is a point of the complex plane situated within every closed 
convex curve enveloping the curve L. It is clear that, in the general 
case, the factor Z of Weierstrass is limited to a much more restricted 
region than the factor \F(f) of Darboux. 


" If /(()<!( 


28. Integrals taken along a closed curve. In the preceding para- 
graphs, it suffices to suppose tliat f(z) is a continuous function of 
the complex variable z along the path of integration. We shall now 
suppose also that/(«) is an analytic function, and we shall first con- 
sider how the value of the definite integral is affected by the path 
followed by the variable in going from A to B. 

If a function f{z) is analytic within a closed curve and also on the 
curve itself the integral Jf{z)dzj taken around that curve, is equal 
to zero. 

In order to demonstrate this fundamental theorem, which is due 
to Cauchy, we shall first establish several lemmas : 

1) The integrals ^dz, fz dz, taken along any closed curve what- 

ever, are zero. In fact, by definition, the integral fdz, taken along 
any path whatever between the two points a, b, is equal to — a, 
and the integral is zero if the path is closed, since then h a. As 
for the integral jz dz, taken along any curve whatever joining two 
points a, h, if we take successively = t^en = (§25), 

we see that the integral is also the limit of the sum 

+ \ ~ + ~~ gi) = 

2 

hence it is equal to zero if the curve is closed. j 

2) If the region bounded by any curve C whatever be divided 

into smaller parts by transversal curves drawn arbitrarily, the sum 
of the integrals fA^)dz taken in the same sense along the lioimdary 




II. § 28] 


DEFINITE INTEGHALS 


07 


of each of these parts is equal to tlie integral taken along 

the complete boundary C. It is clear that each j)ortion of the auxil- 
iary curves separates two contiguous regions and must be descril)ed 
twice in integration in opposite senses. Adding all these inte- 
grals, there will remain then only tlie integi*als taken along the 
boundary curve, whose sum is the integral j[o/(~) 

Let us now suppose that the region A is divided up, partly in 
smaller regular pai’ts, which shall be squares having their sides 
parallel to the axes Ox, Oi/; partly in irregular parts, wliieli shall he 
portions of squares of which the remaining ])art lies beyond the 
boundary C. These squares need not necessarily be equal. For ex- 
ample, we might suppose that two sets of parallels to Ox and O,/ 
have been diuwn, the distance between two neigliboring parallels 
being constant and equal to I ; then some of tlie squares thus obtiined 
might be divided up into smaller squares by new parallels to the 
axes. Whatever may be tlie manner of sulxlivision adopt'd, let ns 
suppose that there are .V regular parts and .Y' irregular parts ; let 
us number the regular parts in any order whatever from 1 to X, and 
the irregular parts from 1 to .V. Let /, 1 h* the length of the side of 
the ith square and that of the square to which the A-tli irregular 
part belongs, L the lengtli of the boundary C, and ^ the area of a 
polygon which contains within it the curve C. 

Let aicd be the tth square (Fig. 13), let be a point taken in its 

interior or on one of its sides, and let e be any point on its boundary, 
inen we have 

(5) 



where 

small. 


/(‘) = V(^.-) +/(^,) - +£,(*_ 
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f f r r ej(z-zi)dz, 

J(Ci) J(C0 J(C,) 

where the integrals are to be taken along the perimeter c,- of the 

square. By the first lemma stated above, this reduces to the form 


( 6 ) 


f A^) = f 

AJicA %J it 


Again, let iiqrst be the A-th ii‘regular part, let z'^ be a point taken 
in its interior or on its perimeter, and let z be any point of its 
perimeter. Then we have, as above, 


( 7 ) 




where is infinitesimal at the same time as ; whence we find 


( 8 ) 


f f(,^)dz= f 

A/feA Jit. 


\Z. 


Let 17 be a positive number greater than the absolute values of 
all the factors t,- and cj'. The absolute value of a — s:,- is less than 
-v^ ; hence, by (6), we find 






< 4 /?j; V2 = 4 17 V2 w.-, 


where w,- denotes the area of the ith regular part. From (8) we find, 
in the same way. 


A 


f{z)dz 


< 77/t V2 (4 + arc rs) = 4 17 V2 <o[. + 17//. V2 arc rs, 


where is the area of the square which contains the Ath irregular 
part. Adding all these integrals, we obtain, a fortiori, the inequality 


( 9 ) 




where A is an upper bound for the sides When the number of 
squares is increased indefinitely in such a way that all the sides /, 
and approach zero, the sum S<«. + 2a,l. finally becomes less than A 
On the right-hand side of the inequality ( 9 ) we have, then, the product 
of a factor which remains finite and another factor , which can be 
supposed smaller than any given positive number. This can be true 
only if the left-hand side is zero ; we have then 




/(.r) dz = 0. 
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29 . In order that tlie precodiii" conclusion niaj’ In* legitiniafo, w<* must maki! 
sure that wc can take the s*|uares so ssiiall that (lie absolute values of all llie 
quantities fj, ei will be less than a jtosiiivtt miuibcT 17 yivi-ii iti advatiee, if tin; 
points Zf and are suitably clu)sen.* We shall say for brevity that a ii-yiou 
bouiuied by a closed curve y, situated in a re;;i(»n of the jjlatie inclosed l)y the 
curve C, satisfies the condition («) wdlli iesi»ect t<» (he nninber 1) if it is ]>()ssibh! 
to find in tl»e interior of the curve 7 or oji the curve Itself a points' such that 
we always have 

(«) |/(;) -/( 2 ') - (2 - l^lz-z'Jv, 


wlien 2 dcscriber. I'oc curve 7. The proof depcjulsou sliowiu;,' that trr ran rli<,„sr 
Ific Xf/«<ires so ainall t/utl nil Ihc purts roii.'tuUral^ rii/iilur and irm/uinr. snli.'ifi/ Un: 
conJitivn («) with rcApcrt to (he nitm/wr 17 . 

We sliull establish this new letiiiua by tin* well-k)u»wn pnxess of siu eessive 
subdivisions. Suppose that we have first «lrawii two sets of parallels to the axes 
Oj, Oy, the distance between two adjacent i)iirallels beini; ccuislanl and equal 
to 1 . Of the parts obtained, some may witisfy tin* condition (<r), while oIIuts 
do not. Witlumt changing the parts which doKilisfy the C(mditioi» (<r), we shall 
divide the olliers into .smaller parts by j.iining the mhhile points of tin- opj),i>ii(» 
side.s of llie scpiares which form these parts or which inclose lliem. If, after 
this new operation, there are still parts which do not s;Uisfy the condition (o), 
we will repeat the ojieration on tht»se jiarls, ami so on, Cunlinning in tliis way, 
there can be only two cases : either we shall end by having only reirions wliieli 
satisfy the condition (ft), in wliich c.ise the lemma is i»njved ; c»r, liowever far 
we go in the succession of operations, we shall ahvay.s find some parts which tio 
not satisfy that cotnlithm. 

In the latter c:usc, in at least one of the r(‘gular or irregular jiarts obtained 
by the first divi.sion, the process of subtlivision just <lcscri)ied never l«-:uls us to 
a set of regions all of which satisfy the tauidition (o) ; let A, be wudi a i-art. 
After the second subdivision, the part A, contains at least one subdivision J„ 
which cannot be subdivided into regions all of wlneli ssuisfy tlie condition (a)! 

Since it is possible to continue this reasoning indefinitely, we shall have a, sjic- 
cessiou of regiotis 

A j , ..Ij, A^, . . . , ^l„, . . . 

which are squares, or portions of sfiuares, such that each is included in the pre- 
ceding, and whoso (llmemsions approach zci-o as n becomes iidinite. 'riien* Is, 
therefore, a limit point situated in the interior of the curve or on the eurvJ 
Itself. Since, by hypothesis, tho function /{z) iiossesses a derivative y’(2 ) for 
z = Zq, we can find a number p such that 

I /(’) - / (^o) -{Z- 2«) fiz^) I ^ , 7 1 2 - I . 

provided that \z-z ^\ is less than p. Let c be the circle with radins/j described 
a out the point as center. For large enough values of n, the region A„ will 
lie withm the circle c, and we shall have for all the points of the boundary of 

1 /( 2 ) - /(2o) - (2 - 2o)/(2c) I a I 2 - 2« I 7,. 


• Gouesat, Tran3ac(i07is 0 / the American Mathematical Society, 1900, Vol. I. p. H. 
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Moreover, it is clear tliat the point is in the interior of or on the boundary ; 
hence that region must satisfy the condition (a) with respect to 7. We are 
therefore led to a contradiction in supposing that the lemma is not true. 


30. By means of a suitable convention as to the sense of integra- 
tion tlie theorem can be extended also to boundaries formed by 
several distinct closed curves. Let us consider, for example, a func- 
tion /(™) analytic tvitliiii the region .1 bounded by the closed curve C 
and the two interior curves C', C", and on these curves themselves 


(Fig. 14). Tlie complete boundary T of the region A is formed by 
these three distinct curves, and we shall say tliat that boundary is 

deseril)ed in the positive sense if the region 



A is on tlie left hand with respect to this 
sense of motion ; the arrows on the figure 
indicate tlie positive sense of description 
for each of the curves. With this agree- 
ment, we have always 



Fic;. 14 the integral being taken along the complete 

boundary in the positive sense. The proof 
given for a region with a simple boundary can be applied again 
here ; we can also redm^e this case to the in-eceding by drawing the 
transversals «//, cd and by applying the theorem to the closed curve 
ahmhandcjicdqa (I, § 153). 

It is sometimes convenient in the applications to write the preced- 
ing formula in the form 





where the three integrals are now taken in the same sense ; that is, 
the last two must be taken in the reverse direction to that indicated 
by the arrows. 

Let us return to the question proposed at the beginning of § 28 ; 
the answer is now very easy. Let f{z) be an analytic function in a 
region Jl of the plane. Given two paths A MB, ANB, having the same 
extremities and lying entirely in that region, they will give the same 
value for the integral f f{z)dz if the function /"(a) is analytic ^vithin 
the closed curve formed by the path AMB followed by the path 
BN A. We shall suppose, for definiteness, that that closed curve 



11, § 30] 


DEFINITE INTEIiKALS 


71 


does not have any double points. Indeed, siiu'c the siiiii of the two 
integrals along ami alongyj.V.l is zero, the two integrals along 
AMB and along ylA'ZJ must be equal, ^^'e ean stat(' this result again 
as follows: Tu'o paths AMB t/nd AX/i, Jun'hif/ thn sftmi- 
give the same value fov the integral if >rc ran pass froni tmr 

to the other by a continuous <leforiiniti»ii irithoiit envountcring any 
point where the function ceases to he analytic. 

This statement holds true even when the two ])aths have anv num- 
ber whatever of common points besides the two extremith^s (I, § lo2). 
From this we conclude that, when /(-) is analytic in a region 
bounded by a single closed curve, the integral f /{'■:) dr: is equal to 
zero when taken along any closed curve whatever situated in that 
region. Dut we must not apply this result to tin* case of a region 
bounded by several distinct closed curves. Let us <'onsider, for exam- 
ple, a function f(x) analytic in the ring-.sluqK*d region Indween two 
concentric circles C, C'. Let <'*" Ije a (urcle having the same centi*r 
and lying between C and the integral Jf{^)dzy taken along 
is not in general zero. Caudiy^s theorem shows only tlmt tlie value 
of that integral remains the same when the radius of the circle ('” 
is varied.* 


•Cauchy’s theorem rein.nins true witliout any liyi>othcsis iiimui the existence of 
the function/( 2 ) heyoncl the regiiui .1 liiiiiteil hy the curve (.\ or upon tlu* existeiico 
of a derivative at each point of the curve t’ itself. It is sulHcicnt tiiat the fuucti»iii /(z) 
shall be analytic at every point of the region . 1 , and continuous oh the honmlary 
that is, that the value/(Z) of the function in a imint Z of (' varies contiiuiously with 
the position of Z on that b<uuulary, aiul that the difTerence/(Z> -/(z), whore z is an 
interior point, approaches zero uuifornily with \ Z-z\. In fiiet. let us first suppose 
that every straight line from a fixed iwliit o of A meets tin- houiuiary iii a single 
point. ^Vhen the point z describes C, the point n + (z - «) (where ^ is a real number 
between 0 and 1) describes a closed curve C‘ situated in -1. The difference between 
the two integrals, along the curves C’aiul C", is equal to 

« - (Z - O) (1 - 6)1 } dz, 

and we can take the difference 1-^ so small that |;| will bo less than any given 
positive number, for we can write the function under the integnil sign in the form 

/(z) -/[z- (z - «) (1 - 6)1 + (1 - e)/[z - (z- a) (1 - $)■]. 

Since the integral along C' is zero, we have, then, also 

r /(z)c7z=0. 

‘'(C) 

In the case of a boundary of any form whatever, we c.an replace this bomidan' by a 

succe^ion of closed curves that fulfill the preceding condition by drawing suitably 
placed transversals. ^ ^ j 
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31. Generalization of the formuUe of the integral calculus. Let f{z) 
be an analytic function in the region .1 limited by a simple boundary 
curve C. The definite integral 


taken from a fixed iioint up to a variable point Z along a path 
Iving in the region .1, is, from what we have just seen, a definite 
function of the upper limit Z. We shall now show that this function 
^{Z) is also an analytic function of Z whose derivative is /(^T). 
Tor let Z h be a point near Z ; then we have 

^i,Z + h) -^(Z)= J 


and we may suppose that this last integral is taken along the seg- 
ment of a straight line joining the two points Z and Z -p h. If the 
two points are very close together, /(«) differs very little from/(Z) 
along that path, and we can write 


/(,-)=/(Z) + S, 


where |8| is less than any given positive number 77, provided that 
is small enough. Hence we have, after dividing by //, 





Z^h 




The absolute value of the last integral is less than ri\h\^ and there- 
fore the left-hand side has for its limit /(Z) when h approaches zero. 

If a function '^vhose derivative is/(Z) is alreatly known, the 

two functions 4>(Z) and F{Z) differ only by a constant (footnote, 
p. 38), and we see that the fundamental formula of integral cfilculus 
can be extended to the case of complex variables : 


( 10 ) r\f(z)dz = F{z;)~F{z,). 

This formula, established by su]iposing that the two functions /(s), 
F{z) were analytic in the region A, is applicable in more geneial 
cases. It may happen that the function F{z)y or both /(a:) and I- (s) 
at the same time, are multiple-valued; the integral has a precise 
meaning if the path of integration does not pass through any of the 
critical points of these functions. In the application of the formula 
it will be necessary to pick out an initial determination F{z^ of t e 
primitive function, and to follow the continuous variation of that 
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function when tlie variable u describes the path of intc-gration. 
Moreover, if /(«) is itself a multiple-valued function, it will Ikj neces- 
sary to choose, among the determinations of F(«), that one whose 
derivative is equal to the determination chosen fovf(z). 

Whenever the path of integration can l)e inclosed within a region 
with a simple boundary, in whicli the branches of the two functions 
/(a), F(.r) under considemtion are analytic, the formula may be 
regarded as demonstrated. Now in any case, whatever may be the 
path of integration, we can break it up into several pieces for whicli 
the preceding condition is satisfied, ajid apply the formula (10) to 
each of them sepai-ately. Adding the results, we see that tlie for- 
mula is true in general, provided that we apply it with the necessary 
precautions. 

Let us, for example, calculate the definite integral dzy Liken 
along any path whatever not passing through the origin, wliere m is 
a real or a complex number different from — 1. One primitive func- 
tion is -f- 1), and the general formula (10) gives 



+ 1 AfIM + I 

4^1 


VI 


+ 1 


In order to remove the ambiguity present in this formula when w 
is not an integer, let us write it in the form : 



^(m + l)Lc;U|) _ + 1) 

7iL -f 1 


The initial value Log(sQ) having been chosen, the value of z"* is 
thereby fixed along the whole path of integration, as is also the final 
value Log («,). The value of the integml depends both upon the 
initial value chosen for Log(«^) and upon the path of integration. 
Similarly, the formula 


does not present any difldculty in interpretation if the function f(z) 
is continuous and does not vanish along the path of integration. 
The point u =f{z) describes in its plane an arc of a curve not pass- 
ing through the origin, and the right-hand side is equal to the vari- 
ation of Log(?/) along this arc. Finally, we may remark in passing 
that the formula for integration by imrts, since it is a consequence 

of the formula (10), can be extended to integrals of functions of a 
complex variable. 
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32. Another proof of the preceding results. The properties of the 
integi-al //(■=) present a great analogy to the properties of line 
integrals when the condition for iiitegrability is fulfilled (I, § 152). 
Rieinann has sliown, in fact, that Cauchy’s theorem results im- 
mediately from the analogous theorem relative to line integrals. 
Let — X + )’< be an analytic function of z within a region A 
with a simple boundary; the integral taken along a closed cui’ve C 
lying in that region is the’sum of two line integrals: 


r = f Xdx — Y(h/ + I C 

J(C\ Jic-^ J(C 


(C) ^(O 

and, from the relations which connect the derivatives of the func- 
tions A', 1', 


aA 

ex 


cY 


c\ 

¥ 


ar 




dy dy dx 

we see that both of these line integrals are zero * (I, § 152). 

It follows that the integral j* f{z)<hj taken from a fixed point 
to a variable jMjint z, is a single-valued function 4>(t) in the region A. 
Let us separate the real part and the coefficient of i in that function : 

4) (-) = P (x, y) + in {x, y), 

Xdx - Ydy, 

The functions P and Q have partial derivatives, 


Q {X 


/ f 

£ 


<^t y) 


Ydx -p Xdy. 


a/ 


= -V, 


cl 


=- y, 


dx Cy 

which satisfy the conditions 

dP do 


djl 

dx 


= y, 


d_Q 


= A', 




dx dy 


dj^ 


d_a 

dx 


Consequently, P + Qi is an analytic function of s whose derivative 
is A'+ Yiovfiz). , . ■ . 

If the function /(.i;) is discontinuous at a certain number of points 

of .1, the same tiling will be true of one or more of the functions A, 
T, and the line integrals Pix,y), Q(x,y) will in general have periods 
that arise from loops described about jioints of discontinuity (I, § 153). 
The same thing will then lie true of the integral ® shall 

resume tlie study of these periods, after having investigated the natui-e 

of the singular iioints of/(5:). 


• It should he noted that Riemann’s proof assjiines the continuity of the deriva- 
tives a-v/c-r, c y/eif, • • • ; of/qz). 



U,§33] 


THE CAUCHY INTEGRAL TIIEORE]\IS 


75 


To give at least one example of this, let us consider the iiitcjiral f^'dz/z. 
After separating the real part and the coefficient of i, we have 

J -=(iz _ + wJy _ r v^ xdx + y dj/ ^ — f/<Lr. 

i z~Ja,o) X’^iy J(i.o) x'^ + y^ 

The real part is equal to [log(x* + j/*)]/2, whatever may In- llie i>:ith followed. 
As for the coefficient of i, we have seen that it has the period 2 tt ; it is equal 
to the angle through which the radius vector joining the origin to tlie point 
(x, y) has turned. We thus find again the various deterinination.s ()f Logfz). 


II. CAUCHY’S INTEGRAL. TAYLOR’S AND LAURENT’S 
SERIES. SINGULAR EOINTS. RESIDUES 

We shall now present a series of new and important results, wliicli 
Cauchy deduced from the consideration of definite integrals taken 
between imaginary limits. 


33. The fundamental formula. Let/(.t) bo an analytie function in 
the finite region .1 limited by a l)Oun(lary T, composed of one or of 
several distinct closed curves, and continuous on the boundary itself. 
If x is a point* of the region .1, the function 

/(£l 

z — X 

is analytie in the same region, except at the i)oint z = .r. 

With the point x as center, let us describe a circle y with the 
radius p, lying entirely in the region .1 ; the ])reoeding function is 
then analytic in the region of the plane limited liy the boundarv T 
and the circle y, and we can ajiidy to it the general theorem (§ 28). 
Suppose, for definiteness, that the boundary T is composed of two 
closed curves C, C (Fig. 15). Then we have 

f _ r fMilz f f(^ 

where the three integrals are taken in the sense indicated by the 
arrows. We can write this in the form 


r f(z) dz ^ r /(g) dz 


same tim^ W r., shall often have to consider several complex quantitie.s at the 
^e time. We shall denote them indifferently by the letters*, r, »/, • • - . Unless it is 
expressly stated, the letter * will no longer be reserved to denote a real variable. 
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where the integral denotes the integral taken along the total 
boundary T in the positive sense. If the radius p of the circle y is 
very small, the value of f{z) at any point of this circle differs very 
littief.o.u/(x): /(.)=/(.) + 8, 

where |8| is very small. Replacing /(.t) by this value, we find 



The first integral of the right-hand side is easily evaluated ; if we 
put z = .r -h pc®', it becomes 



The second integral — x) is therefore independent of the 

radius p of the circle y; on the other hand, if 18| remains less than 



a positive number the absolute value of this integral is less than 
{tj/p) 2 TTp = 2 TT-q. Now, siiice the function f{z) is continuous for 
z = .r, we can choose the radius p so small that q also will be as 
small as we wish. Hence this integral must be zero. Dividing the 
two sides of the etpiation (11) by 2 7r/, we obtiiin 


1 r f(z) <lz 

(12) = 

This is Cauchy’s fundamental formula. It expresses the value of the 
function ./■(••) at any iioint t whatever within the boundary hy means 
of the values of the same function taken only along that boundary. 

Let x H- A.r be a point near x, which, for example, we shall suppose 
lies in the interior of the circle y of radius p. Then we have also 


/(X + A.r) = 
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and consequently, subtracting the sides of (12) from the correspond- 
ing sides of this equation and dividing by Ax, we find 

fix + A.X) -f(x) 1 r .m dz 

Ax 2 TTt (z — x){z-x- Ax) 

When Ax approaches zero, the function under the integral sign ap- 
proaches the \\m\tf(z)/(z-xf. In order to prove rigorously that 
we have the right to apply the usual formula for differentiation, let 
us write the integral in the form 



y(*) 

(« — x) (« — X — Ax) 


J<r) (~ - 


Let -1/ be an upper bound for |/( 2 )| along r, L the length of the 
boundary, and 8 a lower bound for the distance of any point what- 
ever of the circle y to any point whatever of F. The absolute value 
of the last integral is less than *l/Z|Ax|/8* and consequently ap- 
proaches zero with [Ax]. Passing to the limit, we obtain the result 




j_ r 

27riX^(z-xr' 


It may be shown in the same way that the usual method of differ- 
entiation under the integral sign can be applied to this new integral * 
and to all those which can be deduced from it, and we obtain 
successively 

2 ’Ti - X)' W 2,r;X,(x-x)‘’ 

and, in general, 






nl r f(z)dz 
2 -*)’*'"** 


Hence, if a function /(s) is analytic in a certain region of the plane, 
the sequence of successive derivatives of that function is unlimited, 
and all these derivatives are also analytic functions in the same 
region. It is to be noticed that we have arrived at this result by 
assuming only the existence of the first derivative. 


yote. The reasoning of this paragraph leads to more general con- 
clusions. Let <f)(z) be a continuous function (but not necessarily 


• The general formula for differentiation under the integral sign will be established 

later (Chapter V). 
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analytic) of the complex variable z along the curve F, 
The integi-al 



closed or not. 


has a definite value for every value of x that does not lie on the 
path of integration. The evaluations just made prove that the limit 
of the quotient \_F{x Ax) — F(a’)]/Ax is the definite integral 



when |A.r| approaches zero. Hence Fix) is an analytic function for 
every value of x, except for the points of the curve F, which are in 
general singular points for that function (see § 90). Similarly, we 
find that the nth derivative F^”^{x) has for its value 



Morera’s theorem. A converse of Cauchy's fundamental theorem which 
was fii'st proved by Worera may be stated as follows: // a fuixlion f (z) of a 
complex variable z is coniinuous in a region A, and if the d^nite integral j^(>yf{z)dz^ 
iakai along any closed curve C lying in A, is zero, thenf{z) is an analytic func- 
tion in A . 

For the definite integral F( 2 ) = f.’f(l)dt, taken between the two points z 
of the region A along any path whatever lying in that region, has a definite 
value independent of the path. If the point z^ is supposed fixed, the integral 
is a function of z. The reasoning of §31 shows that the quotient AF/Az has 
/(z) for its limit when Az approaches zero. Hence the function F(z) is an 
analytic function of z having /(z) for its derivative, and that derivative is 

therefore also an analytic function. 


^35. Taylor’s series. Let f{z) be an anah/tk f miction in the interior 
of a circle leith the center a ; the value of that fmiotion at any point 
X within the circle is equal to the sum of the convergent series 


(15) 


/(a:)=/(a)+^/(«) 


.... 

' 2 ! ^ ^ n\ 


% 

In the demonstration we can suppose that the function f{z) is 
analytic on the circumference of the circle itself ; m fact, i x is any 
point in the interior of the circle C, we can always a circle C 
with center a and w'ith a radius less than that of C, w ic con 
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the point x within it, and we would reason with the circle C' just as 
we are about to do with the circle C. With this understanding, x 
being an interior point of C, we have, by the fundamental formula, 


( 12 -) 




Let us now wi'ite l/(« — x) in the following way : 


1 _ 1 

z — X z ^ a — {x — a) 



or, carrying out the division up to the remainder of degree n + 1 in 






Let us replace l/(« — a*) in the formula (12^ by this expression, 
and let us bring the factors x — a, (a: — a)*, • ■ independent of a, 
outside of the integral sign. This gives 


/W = (X - a) + . . . + (x - a)" + 


where the coefficients <7^, and the remainder have the 

values 

J_ J =-L 

J_ C J. _J_ r (x-a\^\f^dz 

^ — z~x' 

As n becomes infinite the remainder 7?„ approaches zero. For let 
3/ be an upper bound for the absolute value of f(z) along the circle 
C, R the radius of that circle, and r the absolute value of a: — a. We 
have \z - x| mR - r, and therefore | l/(z - x) | s i/(r _ r), when « 
describes the circle C. Hence the absolute value of is less than 




and the factor (r/i2)"+> approaches zero as n becomes infinite 
this It follows that/(x) is equal to the convergent series 

f(x) = + /|, (x — a) . -f- — a)" + . . .. 


From 
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Now, if wo put X = a in the fonnnla? (12), (13), (14), the boundary 
r lx‘iiig here the cirele C, we find 






/<»>(«) 


71 ! 


The series obtained is therefore identieal with the series (15) ; that 
is, with Taylor’s series. 

The cirele C is a circle with center n, in the intevior of which the 
function is analytic ; it is clear that we would obtain the greatest 
circle satisfying that condition by taking for radius the distance 
from the jioint a to that singular point of /(.~) nearest a. This is 
also the circle of convergence for the series on the right.* 

This important theorem brings out the identity of the two defini- 
tions for analytic functions which we have given (I, §197, 2ded. ; 
§ 191, 1st ed.; and II, § 3). In fact, every power series represents 
an analytic function inside of its circle of convergence (§ 8) ; and, 
conversely, as we have just seen, every function analytic iii a ciicle 
with the center a can be developed in a power series proceeding 
according to powers of x — a and convergent inside of that circle. 
Let us also notic*e that a certain number of results previously estab- 
lished U‘come now almost intuitive; for example, applying the 
theorem to the functions Log(l -|- s) and (1 -h -“)"*, which are ana- 
lytic inside of the circle of unit radius with the origin as center, 

we find again the formulje of §§17 and 18. 

Let us now consider the quotient of two power series /(•'r)/<^>(a:), 
each convergent in a circle of radius li. If the series <^.(x) does not 
vanish for a: = 0, since it is continuous we can describe a circle of 
radius r ^ R in the whole interior of which it does not vanish. The 
function f(x)/4,{x) is therefore analytic in this circle of radius r and 
can therefore be develoiied in a power series in the ncighborliood 
of the origin (I, § 188, 2d ed. ; § 183, 1st ed.). In the same way, the 
theorem relative to the substitution of one series in another senes 

can be proved, etc. 

Let f(z) be an analytic function in the inUn-ior of a ci.vlc C 

with the center a and the raclins r and eontinuons on the e.rde 

itself. The absolute value |/(.)| of the function on ^ 

continuous function, the niaxinunn value of ,3 

by ^(r). On the other hand, the coefficient «„ of (ai - a) 

. This last ro.K.lu.ion recuires so, no explanation „o the nafue ot singnlar points, 
which will be given in the chapter devoted to anaiyt.c extension. 
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development of f(z) is equal to fcluit is, to 


we have, then, 

(1^) 


_1_ r 


'K = 


a 


< 1 = m 

27r >■" + ' ?■" 


so that t5jr(r) is greater than all the products A„}^* 'NVe could use 
J^(r) instead of -1/ in the expression for tlie dominant function 
(I, i 18C, 2d od. ; § 181, 1st od.). 




36. Liouville’s theorem. If the function /"(.r) is analytic for every 
finite value of x, then Taylor’s expansion is valid, wliatever a may he, 
in the whole extent of the plane, and the function considered is called 
an integral function. From the expressions obtained for the coetti- 
cients we easily derive the following proposition, due to Liouvillc : 

Krerg integral functim irkose absolute raluc is aluurgs less than a 
fixed nunihcr M is n constant. 

For let us develop /(.r) in powers of a- — and let a^ be the 
coefficient of (x - //)”, It is clear that M(r) is less than M, wliat- 
ever may be the radius r, and therefore |f7„| is less than M/r”. But 
the radius r can be taken just as large as we wish ; we have, then, 
a„ = 0 if « ^ 1, and/(.7-) reduces to a constant /(«). 

More generally, let /(:r) be an integral function such that the 
absolute value of f{x)/x’^ remains less than a fixed number M for 
values of x whose absolute value is greater than a positive number 
then the function f(x) is a pohjtwmUd of degree not greater than 
m. For suppose we develop /(:r) in powers of and let r, be the 
coefficient of a:". If the radius r of the circle C is greater than R, we 
have .ar(r)< and consequently \a„\< If 

have then = 0, sinee d/r™- can be made smaller than any given 
number by choosing r large enough. 


v/. 


TivLv by which Cauchy derived 

Taj lor s series is capable of extended generalizations. Thus let 

/(^) be an analytic function in the riiig .shaped region between the 

magnitude of the function; J»C(r) is not in ffen-mi i ^ 

™ 

C.„chy.sl„nigra, (M^hxv, heron. ,10., 
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two concentric circles C, C' having the common center a. We shall 
show that the value /{pc') of the function at any point x taken in that 
region in egual to the sum of two convergent serieSy one proceeding in 
positive powers of x — a, the other in positive jiowers ofljix — a).* 
We can suppose, just as before, that the function f(z) is analytic 
on the circles r, C' themselves. Let /?, IV be the radii of these circles 
and r the absolute value of ar — « ; if C' is the interior circle, we have 
R' < r < R. About X as center let us describe a small circle y lying 
entirely between C and C. We have the equality 



the integrals being taken in a suitable sense ; the last integral, taken 
along y, is equal to 2 7ri/(x), and we can write tlie preceding relation 
in the form 



where the integrals are all taken in the same sense. 

Repeating the reasoning of § 35, we find again that we have 

+ ^.(X -«)" + • • •, 

where the coefficients J^y • - *, 7„, • • • are given by the formulse 
(16). In order to develop the second integral in a series, let us 
notice that 



and that the integral of the complementary term 




approaches zero when n increases indefinitely. In fact, if M' is the 
maximum of the absolute value of /(«) along C', the absolute value 

of this integral is less than 

r-R'^ -r-R’\r} 

. Compus rendu, de VAcudinue dee Sciences. Vol. XVII. See (Enures de Vnnchy. 
1st series, Vol. VIII, p. 115. 
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and the factor ^'/r is less than unity. We have, then, also 


( 20 ) 


r f{z)dz _ A, ^ 
Ic; a; - « x-a 


K. 


+ 


+ 


2 y a; — « x — a (x — a)* ’ ' (x — a)' 

where the coefficient is equal to the definite integral 




i * 


( 21 ) 


v'(C> 


IZ. 


Adding the two developments (19) and (20), we obtain the proposed 
development of f(x). 

In the formulae (16) and (21), which give the coc*ffi<-'ients and 
we can take the integrals along any circle T whatever lying Ijetween C 
and C' and having the point a for center, for the functions under tlie 
integral sign are analytic in the ring. Hence, if we agree to let the 
index n vary from — co to + oo, we can write the development of 
/(x) in the form 

(22) /(x) = ^ ./„ (x ~ a)% 




where the coefficient whatever the sign of 7i, is given by tlie 
formula 

j = C 

2 7rt L,(«-a)"+‘ 


(23) 


Example. The same fmiction/(x) can have developments which are entirely 

different, according to the region considered. Let us take, for example, a 

rational fraction /(x), of which the denominator has only simple roots witli 

different absolute values. Let a, 6, c, . ■ 1 be these roots arranged in the order 

of increasing absolute values. Disregarding the integral part, which does not 
interest us here, we have 


/(*) = 


+ 


B 


+ 


C 


X— a 2 — 6 X — c 


+ 




In the circl^e of radius a about the origin as center, each of the simple frac- 

In the ring between the two circles of radii | a | and It) the fractions l/(x - 6) 

IV.I A ' ■ 7 0 can be developed in positive powers of x, but l/(x - al 

must be developed in posiUve powers of 1/x, and we have ^ 


/(x) = -(f 


• • • 


f)-(i 


— la; — ., 

ly 


((,^+1 + ■ ■ • + + + 


Aa"-i 

X" 
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In the next ring we shall have ai» analogous development, and so on. Finally, 
exterior to the circle of radius | /[, we shall have only positive powers of \/x : 


_ -1 + • • ■ + L • • • + Xf 


X- 


I" 


38. other series. The proofs of Taylor's series and of Laurent’s series are 
based essentially on a particular development of the simple fraction 1 /( 2 — x) 
when the point x remains inside or outside a fixed circle. Appell has shown that 
w’e can again generalize these formulae by considering a function /(x) analytic 
in the interior of a region A bounded by any number whatever of arcs of 



circles or of entire circumferences.* Let us consider, for example, a function 
/(X) analytic in the curvilinear triangle PQR (Fig. 10) formed by the three 
arcs of circles PQ, Qlt, RP, belonging respectively to the three circumferences 
C C% C". Denoting by x any point within this curvilinear triangle, we have 


(24) fix) 


f 


f {z)dz _ 

- X 2 


/ 

JiQR) 


/(2)d: 
z — x 


i 


. . (x-a)" , 

+ -37^i + --- + — 


1 / x - a Y + * 

— X Vz — a/ 


Along the arc FQ we can write 
1 1 

wl.cre a is the center of C ■, but tthen r describes the arc PQ, the value 

li (X - «)/(z - «) is less than unity, and therefore the absolute value of the 

integral 


/ 


dz 


approaches aero as n becomes infinite. We have, therefore, 


'■JlPQ) 


_ a) + . . . + Jn (X - a)" + • "» 


• Ada mathematica, Vol. I, P- 145. 
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where the coefficients are constants whose expressions it would be easy to write 
out. Similarly, along the arc Qli we can write 




z-b 

{X - h)^ 




(2 — 6)"-^ 
{X - 6)" 




where b is the center of C'. Since the absolhte value of (z — b)’'/{x — b)” ap- 
proaches zero as ii becomes infinite, we ca!i deduce from the preceding equation 
a development for the second integral of the form 


W) 

'Z m. I 

Similarly, we find 


L r 


+ 


Kn 


{X - 6) 


+ 


( 7 ) — r +...+ +..., 

(j:-c)2 (x-c)« 

where c is the center of the circle C". Adding the three expressions (<t), (^), 
(7), w’e obtain for/(j) the sum of three series, proceeding respectively accord- 
ing to positive powers of x - a, of l/(x ~ f>), and of l/(x - c). It is clear that 
we can transform this sum into a series of which all the terms are rational func- 
tions of X, for example, by uniting all the terms of the same degree in x — a, 
l/(x — 6), l/(x — c). The preceding reasoning applies whatever may be the 
number of arcs of circles. 

It is seen in the preceding example that the three series, (a), (/ 9 ), (7), are 
still convergent when the point x is inside the triangle P'Q'R', and the sum of 
these three series is again equal to the integral 


r f(z)dz 

J 

taken along the boundary of the triangle PQR in the positive sense. Now, when 

the point X is in the triangle P'Q R\ the function /(z)/(z - x) -is analytic in 

the interior of the triangle PQR, and the preceding ijitegral is therefore zero. 

Hence we obtain in this way a series of rational fractions which is convergent 

when X is within one of the two triangles PQR, P'QfR', ajul for which the sum 

is equal to/(x) or to zero, according as the point x is in the triangle PQR or in the 
triangle P'Q^R'. 

Painlevd has obuined more general results along the same line.s.* Let us con- 
sider, in order to limit ourselves to a very simple case, a convex closed curve r 
having a tangent which changes contimiously and a radius of curvature which 
remains under a cerUain upper bound. It is easy to see that we can associate 
with each point of r a circle C tangent to r at that point and inclosing that 
curve entirely in its Interior, and this may be done in such a way that the center 
of the circle moves in a continuous manner with df. Let/(2) bo a function ana- 
lytic in the interior of the boundary V and continuous on the boundary itself 
Then, in the fundamental formula 


/(x) 


= J- Cm 


Az)^ 

X 


rouloZ.'imr"^ des/ 0 ,Klion 4 analytiques Unnak, de la FacaM de 
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where x is an interior point to F, we can write 


^ ^ + . . . + JiniffL + _J_ 

z — x z — a (z — a)’^ (z— a)« + i z-~x\z — 

where a denotes the center of the circle C which corresponds to the point z of 
tJie boundary ; a is no longer constant, as in the case already examined, but it 
is a continuous function of z when the point M describes the curve F. Never- 
theless, the absolute value of (i — a)/(z — a), which is a continuous function of 
z, remains less than a fixed number p less than unity, since it cannot reach the 
value unity, and therefore the integral of the last term approaches zero as n 
becomes infinite. Hence we have 


T' 




j_v r ~ 


/(z)dz, 


and it is clear that the general tenn of this series is a polynomial Pn{x) of 
degree not greater than n. The function f{x) is then developable in a series of 
polynomials in the interior of the boundary F. 

The theory of conformal transformations enables us to obtain another kind 
of series for the development of analytic functions. Let f(x) be an analytic 
function in the interior of the region A, which may extend to infinity. Suppose 
that we know how to represent the region A conformally on the region inclosed 


by a circle C such that to a point of the region A corresponds one and only 
one point of the circle, and conversely ; let u = 0 (z) be the analytic function 
which establishes a correspondence between the region .4 and the circle C hav- 
ing the point « = 0 for center in the u-plane. When the variable u describes 
this circle, the corresponding value of z is an analytic function of u. The same 
is true of /(z), which can therefore be developed in a convergent series of 
pow’ers of u, or of <p{z), when the variable z remains in the interior of A. 

Suppose, for example, that the region A consists of the infinite strip included 
between the two parallels to the. axis of reals y — ± a. We have seen (§ 22) 
that by putting u = - l)/(e-^=«« + 1) this strip is made to correspond to 

a circle of unit radius having its center at the point u = 0. Every function 
analytic in this strip can therefore be developed in this strip in a convergent 
series of the following form : 

/w=x^"(4^y' 

n = 0 \/ 


39. Series of analytic functions. The sum of a uniformly conver- 
gent series whose terms are analytic functions of is a continuous 
function of s, but we could not say without further proof that that 
sum is also an analytic function. It must be proved that the sum has 
a unique derivative at every point, and this is easy to do by means 

of Cauchy’s integral. ^ 

Let us first notice that a uniformly convergent series whose ter 

are continuous functions of a complex variable * ran be Integra 

term by term, as in the case of a real variable. The proof give 
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the case of the real variable (I, § 114, 2(1 ed. ; § 174, 1st ed.) apjdies 
here without change, provided the path of integration has a finite 
length. 

The theorem which we wish to prove is evidently included in tlie 
following more general proposition : 

Let 


(26) /l(®) + ■+-••• + /n («) + • • ■ 

he a series all of whose terms are anah/tic functions m a region A 
hounded by a closed curve F and continuous on the bomulanf. If the 
series (26) is uniformly convergent on F, it is convergent in every point 
of A, and its su7n is an analytic functum F{z) whose 2 tt\\ derivative 
is represented by the series fotmied by the y^th derivatives of the terms 
of the series (26). 


Let <#>(«) be the sum of (26) in’a point of F ; 0 («) is a continuous 
function of « along the bouiidary, and we have seen (§ 33, Note) 
that the definite integral 

(27) i.(») = ^ rf., 


Z — X 


where x is any point of A, represents an analytic function in the 
region A, whose j>th derivative is the expression 




X 




»'=:l 


dz. 


Since the series (26) is uniformly convergent on F, tlie same thing 
is true of the series obtained by dividing each of its terms hy z — x 
and we can write ’ 




/ 


or again, since f^{z) is an analytic function in the interior of F 
we have, by formula (12), ’ 


^(®)=/i(®)+/,(x)+ • • • +/.(»)+ - . .. 

Similarly, the expression (28) can be written in the form 

Hence, if the series (26) is uniformly convergent in a region A of 
the plane, a: being auy point of that region, it sufifices to apply the 
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preceding theorem to a closed curve T lying in A and surrounding 
the point .r. Tliis leads to the following proposition : 

ILvevij series uniformly convergent in a region A of the j)lanc, whose 
terms are all analytic functuins in Ay I’epresotts an analytic functioti 
/•'{z) in the same region. The pt\iderivative of F(z) is equal to the 
series obtained by differentiating p times each term of the series 
which rejn'csents 


40. Poles. Eveiy function analytic in a circle witli the center a is 
ecpial, in the interior of that circle, to the sum of a power series 

(29) f{z) =A^-\-Afz-a)A-'-' + d (z - a)"* • 

■\Ve shall say, for brevity, that the function is regular at the point a, 
or that a is an ordinary point for the given function. We shall call the 
interior of a circle C, described about a as a center witli the radius p, 
the neighborhood of the point rr, when the formula (29) is applicable. 
It is, moreover, not neeessaiy that this shall be the largest circle in the 
interior of which the formula (29) is true ; the radius p of the neigh- 
borhood will often be defined by some other particular proi>erty. 

If the first coefficient A^ is zero, we have f{a) = 0, and the point 
a is a zero of the function f{z). The order of a zero is defined in the 
same way as for polynomials ; if the development oi f{z) commences 
with a term of degree m in z — a, 

/( 2 ) = . 1 „, {z - ay + 1 - «)"' + ’+••■. ("' > 0 ), 

where .-I,,, is not zero, we have 

/(«) = 0 , /'(«) = ^> ^)(«) = 0 , f-\a)^0y 

and the point a is said to be a zero of order m. A\ e can also write 
the preceding formula in the form 

fiz)=^{z~ar<i>{z)y 

<4(2) being a power series wliieli does not vanisli when z = a. Since 
tliis series is a continuous function of 2 , we can clioose the radius p 
of the neigliborliood so small that <(,( 2 ) does not vanish 111 tliat 
neighborhood, and we see that the function f(z) will not have any 
other .ero thmi the point u in the interior of that neighborhood. 

TU., zeros of an an«hjtic fan^tian are Iherefore . 

Every point which is not an ordinary point for a ^ing e-i ah ed 
function /( 2 ) is said to be a singular point. A singular point a of 


• Tliis proposition is usually attribute.! to Weierstrass. 
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function /(;$:) is ^ pole if that point is an ordinary point for tlic re- 
ciprocal function l/f{z). The development of \lf{z) in powers of 
z — a cannot contain a constant term, for the i>oint u would thc*n be 
an ordinary point for the function fiz). Let us suppose that the 
development commences with a term of degree m in z — a, 


( 30 ) 


m 




where denotes a regular function in the neighborhood of the 
point a which is not zero when z = a. From this we derive 


( 31 ) 


1 ^{z) 


(--ar' 

where \p{z) denotes a regular function in the neighborhood of tlie 
lX)int a which is not zero when s = o. This formula can be written 
in the equivalent form 




• « 


+ 


y?. 


z — « 


+ - «)> 


where we denote by p(z — a)y as we shall often do hereafter, a 
regular function for s = a, and by li^ certain con- 
stants. Some of the coefficients . . . , may Iw zero, but 

the coefficient is surely different from zero. The integer vi is 
called the order of the pole. It is seen that a pole of order vi of f{z) 
is a zero of order m of l/f(z), and conversely. 

In the neighborhood of a pole a the development oif{z) is com- 
posed of a regular part P{z - a) and of a polynomial in X/{z - «); 
this polynomial is called the prlncijml part ol f{z) in the neighbor- 
hood of the pole. When the absolute value of z ~ a ajtjiroaches zero, 
the absolute value of f{z) becomes infinite in whatever way the point 
z approaches the pole. In fact, since the function ./.(s) is not zero for 
2 = fir, suppose the radius of the neighborhood so small that the 
absolute value of remains greater than a positive number M in 
this neighborhood. Denoting by r the absolute value of z - a we 

have 1/(2) I and therefore \f(z)\ becomes infinite when r 

approaches zero. Since the function ^},(z) is regular for ^ = «, there 
exists a circle C with the center a in the interior of which ,I,(z) is 
analytic. The quotient ^lf(z)/(z - «)"• is an analytic function for all 
the points of this circle except for the point a itself. In the neigh- 
borhood of a pole «, the function /(.) has therefore no other singiUai- 
poi^than the pole itself; in other words , isolated singular 
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41. Functions analytic except for poles. Every function which is 
analytic at all the i>oiuts of a region A, except only for singular 
points that are poles, is said to be analytic except for poles in that 
region* A function anal 3 'tic in the whole plane except for poles 
may have an infinite number of poles, but it can have only a finite 
number in any finite region of the plane. The proof depends on a 
general theorem, which we must now recall : Jf in a finite region A 
of the there exist an infinite number of poiiits possessing a 

particular projjertg, there exists at least one limit point in the region 
.1 or on its boundary. (^^ e mean b}’ limit point a point in every 
neighborhood of which there exist an infinite number of points 
possessing the given propert}'.) This proposition is proved by the 
process of successive subdivisions that we have emploj'ed so often. 
For brevity, let us indicate b}" (L’) the assemblage of points con- 
sidered, and let us suppose that the region A is divided into squares, 
or portions of squares, b}* parallels to the axes Ox^ Oy. There will 
be at least one region .1^ containing an infinite number of points of 
the assemblage {E'). B}’ subdividing the region in the same way, 
and 1 ) 3 ' continuing this process indefinitely, we can form an infinite 
sequence of regions .Ij, A.^, •••, ••• that become smaller and 

smaller, each of which is contained in the preceding and contains 
an infinite number of the points of the assemblage. All the points of 
A„ approach a limit point 2 lying in the interior of or on the bound- 
aiy of -1. The point Z is necessarily a limit point of (E), since there 
are alwa 3 ’S an infinite number of points of (E) in the interior of a 
circle having Z for center, however small the radius of that circle 
may be. 

Let us now suppose that the function /(«) is analytic except for 
poles in the interior of a finite region -1 and also on the boundary V 
of that region. If it has an infinite number of poles in the region, 
it will have, 1)3' the preceding theorem, at least one point Z situated 
in A or on T, in eveiy neighborhood of which it will have an infinite 
number of poles. Hence the point .ST can be neither a pole nor an 
ordinary point. It is seen in the same way that the function f(s) 
can have only a finite number of zeros in the same region. It follows 
that we can state the following theorem : 


Erery function analytic except for poles in a finite region A and on 
its boundary has in that region only a finite number of zeros and only 

a finite number of jtoles. 


* Such functions are said by some writers to be meronioryAic.— Tbans. 
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In the neighborhood of any point «, a function f(::) aiuilytic 
except for poles can be j>ut in the form 

(32) f{z) = {z-aY<^{z), 

where </>(«) is a regular function not zero for « = a. Tlie exponent 
fi is called the order oif{z) at the point a. Tlje f)rder is zero if the 
point a is neither a pole nor a zero for f(z)\ it is ecjual to m if 
the point a is a zero of order m for /(*.), and to — n if a is a pole 
of order n for /(«). 




:2. Essentially singular points. Every singular ])oint of a .single- 
valued analytic function, which is not a ]Jole, is cjilled an 
tiolly singular point. An essentially singular point n is isolated 
if it is possible to describe about « as a center a circle (' in the 
interior of which the function f{z) has no other singular i)oiiit 
than the point a itself; we shall limit ourselves for tlie moniont 
to such points. 

Laurent’s theorem furnishes at once a development of the fums 
tion/(«) that holds in the neighborhood of an essentially singular 
point. Let C be a circle, with the center in the interior of which 
the function /(s) has no other singular i)oint than a ; also let c he a 
circle concentric with and interior to C. In the circular ring included 
between the two circles C and c the function f{z) is analytic and 
is therefore equal to the sum of a series of positive and negative 
powers of « — a, 


(33) 


4- n 


/(«)= 2 


i;j ;S5 — ac 


This development holds true for all the points interior to the circle 
C except the point «, for we can always take the radius of the circle 
c less than - a\ for any ijoiiit sr whatever that is different from « 
and hes in C. Moreover, the coefficients do not depend on this 
i-adius (§ 37). The development (33) contains first a part regular 
at the point a, say p{z~a), formed by the terms with positive 
exponents, and then a series of terms in powers of l/(z — o), 


(34) 


1 


-I 


a 


+ 


-2 


(z - a)-^ 


■f" • • • + 


A 


— m 


(s-ff) 


m 


+ 


• • 


This is the principal paH of f{z) in the neighborhood of the singular 
point. This principal part does not reduce to a polviioiuial in 
(sr - a) \ for the point e = « would then be a pole, contrary to the 
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hypothesis.* It is an integral transcendental function of \/(z — a). 
In fact, let r l>e any positive iiuinber less than the radius of tlie 
circle tlie coethcient of the series (34) is given by the 

expression (§ 37) 


-I - = 


7^1 f (^ - «r “ 


the integral being taken along the circle C' with the center a and 
the radius r. ^Ve liavc, then, 


(35) 


.1 


— M 


< <5W(r) ?•"*, 

where <5W(y) denotes the maximum of the absolute value of f(z) 
along the circle C'. The series is then convergent, j)rovided that 
\z — a\ is greater than r, and since r is a number which we may 
suppose as small as we wish, the series (34) is convergent for every 
value of z different from a, and we can write 


/(.) = />(. - „) + (^) 


where P{z — a) is a regular function at tlie point a, and G\l/{z — a)] 
an integral transcendental functiont of l/(z — a). 

^Yhen the absolute value of z — a a])proaches zero, the value of 
f{z) does not approjich any definite limit. JMore precisely, if a circle 
C is described irith the point a as a center and with an arbitrary 
radius p, there alirays exists in the interior of this circle points z Jor 
which f(z) differs as little as we jd ease from any number given in 
advance (Wkierstk.vss). 

Let us first prove that, given any two positive numbers p and Mj 
there exist values of * for which botli the inequalities, \z «[ < p, 
\f{z)\ > M, hold. For, if the absolute value of f(z) were at most 
equal to .1/ when we have \ri — a\< p, ^{r) would be less than 
or equal to .1/ for r < p, and, from the inequality (35), all the coeffi- 
cients would be zero, for the product {r) d’' ^ M would 

approach zero with r. 

Let us consider now any value A whatever. If the equation 
^ has roots within the circle C, however small the radius p 


• To avoid ovorlookins any I.ypothe.sis, it would he nece.^^sary to cxani.nt also I 
case in whiel. the <levelopn.ent of /(z) in the interior of C' contains 
powers of z - «. the val..e/(«) of the function at the point a be.nK 

lerni independent of in the scries. The point z=« f 

timiity for/( 2 ). We shall disrejjard this kind of siiiuulanty, which is of an entirely 

artificial character (see below, Chapter IV). 

t We shall frequently denote an integral function of z by 0(x). 
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may be, the theorem is proved. If the equation /(.v) = .l does not 
have an infinite number of roots in the neighborliood of tlie point a, 
we can take the radius p so small tluit in the interior of tlie circle C 
wth the radius p and the center a tliis equation does not liavc any 
roots. The function <^>(«) =!/[/(«) — -I] is then analytic for every 
points within C except for tlie point a; this point a cannot be any- 
thing but an essentially singular point for <#>(«), for otherwise the 
point would l)e either a pole or an ordinary point for/(;5). There- 
fore, from what we have just proved, there exist values of z in the 
interior of the circle C for which we have 

l<#*(“)|>7 or l/(-)--M<^ 

however small the positive number « may l)e. 

This property sharjdy distinguishes poles from essentially singu- 
lar points. While the absolute value of the function f{z) becomes 
infinite in the neighborhood of a pole, the value of /(«) is completely 
indeterminate for an essentially singular point. 

Picard * has demonstrated a more precise proposition by showing 
that every equation f{z) = A has an infinite number of roots in the 
neighborhood of an essentially singular point, there being no excep- 
tion except for, at most, one particular value of .1 . 


Example. The point 2 = 0 is an essentially singular point for the function 


1 

e* 







• • • 


It is easy to prove that the equation = A has an infinite number of roots 
with absolute values less than p, however small p may be, provided that A is 
not zero. Setting .^1 = r (cos ^ + t sin ^), we derive from the preceding equation 

^ = logr + i(e + 2A:7r). 

We shall have \z\ < provided that 

(logr)*+(tf+2A-7r)2^1. 

There are evidently an infinite number of values of the integer k which satisfy 
this condition. In this example there is one exceptional value of that is, 
-1=0. But it may also happen that there are no exceptional values ; such is 
the case, for example, for the fimction 6in(l/z), near 2 = 0. 


•-Innafcs de I'Ecole Nomxalc supirieure, 1880. 
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'-^43. Residues. Let a be a pole or an isolated essentially singular 
point of a function /(x:). Let us consider the question of evaluating 
the integi-al ff{z)ilz along the circle C drawn in the neighborhood 
of the point a with the center a. The regular part P{z — a) gives 
zero in tlie integration. As for the principal part G{l/{z — ct)], we 
can integiate it term by term, for, even though the point a is an 
essentially singular point, this series is uniformly convergent. The 
integral of the general term 

r ^i-n,dz 

is zero if the exponent m is greater than unity, for the primitive 
function _„,/[(/« — 1)(3: — takes on again its original 

value after the variable has described a closed path. If, on the con- 
trary, /« = 1, tlie definite integral A_ifdz/(z — a) has the value 
2 as was shown by the previous evaluation made in § 34. We 


have then the result 



which is essentially only a particular case of the formula (23) for 
the coefficients of the Laurent development. The coefficient yl_, is 
called the residue of the function /(«) with respect to the singular 
point a. 

Let us consider now a function /(«) continuous on a closed 
boundary curve F and having in the interior of that curve F only a 
finite number of singular points «, b, c,- • •, 1. Let A, B, C, • • L be 
the corresponding residues; if we surround each of these singular 
points with a circle of very small radius, the integral J f(z')dzj taken 
along F in the positive sense, is equal to the sum of the integrals 
taken along the small curves in the same sense, and we have the 
very important formula 


(36) r f{^)dz = 2 TTi (A + B + C + h 

which says that the integral Jf{z)dz, taken along F in the positive 
sense, is equal to the product of2 7ri and the sum of the residues with 
respect to the singular 2 >oints of fif) within the curve F. 

It is clear that the theorem is also applicable to boundaries F com- 
posed of several distinct closed curves. The importance of residues 
is now evident, and it is useful to know how to calculate them rapidly. 
If a point a is a pole of order m for /(a:), the product (z — a) /(a) 
is regular at the point a, and the residue of f{z) is evidently the 
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coefficient of — in the development of that product. The 

rule becomes simple in tlie case of a simple pole ; the residue is then 
equal to the limit of the product (z — «)/(''] foi' Quite fre- 

quently the function /(«) appears under the form 





y 


■where the functions P(z) and Q(z) are regular for z — <i, and /*(«) 
is different from zero, while a is a simple zero for Let 

Q (s) = (« — rt) R (z) ; then the residue is ('(pial to the quotient 
P(a')/R(n)y or again, as it is easy to show, to I*(a)/Q' (a). 


III. APPLICATIONS OF THE GENERAL THEOREMS 


The applications of the last theorem are innuineralde. We shall 
now give some of them which are related particularly to the evalua- 
tion of definite integrals and to tlie theory of equations. 

44. Introductory remarks. Let f(z) be a function sucli that the 


product (z — approaches zero with \z — a\. The integral of 

this function along a circle y, with the center a and the radius p, 
approaches zero with the radius of that circle. Indeed, we can write 


f r 

»/(» ^(Y) 


If 1 / is the maximum of the absolute value of (z — a) f(z) along the 
circle y, the absolute value of the integi-al is less than 2 tttj, and con- 
sequently approaches zero, since i; itself is infinitesimal with p. We 
could show in the same way that, when the product {z — a) f{z) 
approaches zero as the absolute value oi z — a becomes infinite, the 
integral J^c,f{z)dz, taken along a circle C with the center a, ap- 
proaches zero as the radius of the circle becomes infinite. These 
statements arc still true if, instead of integrating along the entire 
circumference, we integrate along only a part of it, provided that 
the product {z — a)f{z) approaches zero along that part. 

Frequently we have to find an upper bound for the absolute value 
of a definite integral of the form j^f{or)dx, taken along the axis of 
reals. Let us suppose for definiteness « < h. We have seen above 
(§ 25) that the absolute value of that integral is at most equal to the 
integral | and, consequently, is less than M{b — a) if M 

is an upper bound of the absolute value of f(x\ 
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45. Evaluation of elementary definite integrals. The definite inte- 
gral F{.v)(h-, Uxken along the real axis, where F(x) is a rational 
function, has a sense, provided that the denominator does not vanish 
for any real value of a- and that the degree of the numerator is less 
than the degree of the denominator by at least two units. With the 
origin as center let us describe a circle C with a radius E large 
enough to include all the roots of the denominator of F(z), and let 
us consider a path of integration formed by the diameter BA, traced 
along the real axis, and the seinicircumference C, lying above the 
real axis. The only singular points of F(z) lying in the interior of 
this path are poles, which come from the roots of the denominator 
of F(z) for which the coefficient of I is positive. Indicating by 
2/.\. the sum of the residues relative to these poles, we can then write 

F(z) dz + / F{z) dz = 2 iri'S.Rk- 
n t/(C') 

As the radius U becomes infinite the integral along C' approaches 
zero, since the product zF{z) is zero for z infinite; and, taking the 
limit, we obtain 

+ « 

F(x')dx = 2 7r/2^4. 

We easily reduce to the preceding case the definite integrals 

'^(sin a*, cos x)dx, 

where F is a rational function of sin x and cos x that does not 
become infinite for any real value of x, and where the integral is to 
be taken along the axis of reals. Let us first notice that we do not 
change the value of this integral by taking for the limits x^ and 
2 TT, where x^ is any real number whatever. It follows that we 
can take for the limits - tt and + tt, for example. Now the classic 
(d.ange of variable tan {x/2)=t reduces the given integral to the 
integral of a rational function of t taken between the limits - co 
and + 00 , for tan (x/2) increases from — « to + co when x increases 

from — TT to -b TT. 

We can also proceed in another way. By putting we have 

dx = dz/iz, and Eulei-’s formula give 





«"4-l 

cos X = — -z > 

2z 
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so that the giveu integral takes the form 



•2z )iz‘ 


As for the new path of integration, when x increases from 0 to 2 tt 
the variable z describes in the positive sense the circle of unit radius 
about the origin as center. It will suffice, then, to calculate the resi- 
dues of the new rational function of z with respect to the poles 
whose absolute values are less than unity. 

Let us take for example the integral j^’"ctn[(x— a — /u')/2]r/ar, 
which has a finite value if h is not zero. We have 



Hence the change of variable e”' = z leads to the integral 


/ 

t /(0 


g -p e-b-¥oi ^ 

g _ + g 


The function to be integrated has two simple poles 






z — e 


7 


and the corresponding residues are — 1 and +2. If i is positive, 
the two poles are in the interior of the path of integration, and tlie 
integral is equal to 2 Tri ; if 6 is negative, the pole a = 0 is the only 
one within the path, and the integral is equal to — 2 ttI Tlie pro- 
posed integral is therefore equal to ± 2 tti, according as is posi- 
tive or negative. We shall now give some examples which are 
less elementary. 


46. Varioos definite integrals. Example 1. The function -f ««) has the 

two poles + i and - i, with the residues e- •»/2 i and ~ e”*/2 i. Let us suppose 
for definiteness that m is positive, and let us consider the boundary formed by 
a large semicircle of radius It about the origin as center and above tlie real 
axis, and by the diameter which falls along the axis of reals. In the interior of 
this boundary the function + z^) has the single pole z = i, and the integral 
taken along the total boimdary is equal to ire-"*. Now the integral along*the 
semicircle approaches zero as the radius R becomes infinite, for the absolute 
value of the product + z^) along that curve approaches zero. Indeed 

If we replace z by if (cos + 1 sin $), we have * 


98 


THE GENERAL CAUCHY THEORY 


[II. §46 


and the absolute value remains less than unity when ff varies from 0 

to TT. As for the absolute value of the factor 2/(1 + z^), it approaches zero as 
2 becomes infinite. We have, then, in the limit 


£ 




■'dx — ne-"*. 


I ^ I 

1 + 

If we replace by cos ttix + i sin mx; the coefficient of i on the left-hand side 
is evidently zero, for the elements of the integral cancel out in pairs. Since we 

have also cos (— twx) = cosj/u, we 
can write the preceding formula in 
the form 



£ 


+ * cos mx , w 

-di = - e-”*. 

0 1 + 2 


Example 2. The function e=/z is 
analytic in the interior of the bound- 
ary ABMB'A'NA (Fig. 17) formed 
by the two semicircles hMB\ A'NA, 
described about the origin as center 


with the radii 2? andir, and the straight lines AB, B'A'. 

We have, then, the relation 

f''^±dx+ f ^dz+ f~^-dx+ f -d2 = 0, 

Jr ^ JiBiTB') ^ J-H ® JiA-SAt ^ 


which we can write also in the form 

— . (T-ix 


Jr ® JlBJfB') * J(A’XA) * 

When r approaches zero, the last integral approaches — vi ; we have, in fact, 


1 

£: = i + p(2), 

2 2 


where P{z) is a regular function at the origin, so that 

r ^dz=f P{z)dz+ r J- 

The integral of the regular part P( 2 ) becomes infinitesimal with the len^h of 
the path of integration ; as for the last integral, it is equal to the variation o 

Log ( 2 ) along A'NA, that is, to - ttL . r, -o -t 

The integral along BMB' approaches zero as R becomes infinite. For 

put 2 = P (cos ^ + i sin &), we find 

J f' + 

(Bi/B’) ^ ° 

and the absolute value of this integral is less than 




-Rtioedff, 
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When 6 increases from 0 to ir/2, the quotient sin B/d decreases from 1 to 
2/ir, and we have 


hence 


Rsin ; 

TT 

•iR$ 


.Z -r r w 

^ _ [e' ^ = - (1 - e ^0 I 

which establishes the proposition stated above. 

Passing to the limit, we have, then (see I, § 100, 2d ed.), 


f. 


+ 


— e- 


tx 


dx = m, 


or 


X 


+ • 


sm X * TT 

dx = 


Example 3. The integral of the integral transcendental function e~** along 
the boundary OABO formed by the two radii OA and OR, making an angle of 
45®, and by the arc of a circle AB (Fig. 18), is 
equal to zero, and this fact can be expressed 
as follows : 

r e-^dz+ C e-**dz= C e~*'dz. 

*'0 AaB) J(0B) 

When the radius R of the circle to which 
the arc AB belongs becomes infinite, the in- 
tegral along the arc ylB approaches zero. In 
fact, if we put z = R[cos(0/2) -1- isin(^/2)], 
that integral becomes 

iR r- 

and its absolute value is less than the integral 

As in the previous example, we have 



The last integral has the value 




IT 


and approaches zero when R becomes infinite 
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Along the radius OB we can put z = p[cos{7r/4) + isin(7r/4)], which gives 
e~ = e- •>*, and as R becomes infinite we have at the limit (see I, § 135, 2d ed. ; 
§ 134, 1st ed.) 


or, again, 


(cos ^ + i sin dp = /^ ■" V = ^ , 


X 


e-'Pi}p= ' 


I cos 
2 \ 


TT . . 7r\ 

I sin — 1 

4 4/ 


Equating the real parts and the coefficients of i, we obtain tlie values of 
Fresnel’s integrals, 


(38) 


X 


+ * 0 7 1 

cosp-dp = --VT. 




47. Evaluation of r(^)r(l— />). The definite integral 

+ • 


X 


1 + -c 


where the variable a- and the exponent p are real, has a finite value, provided 
that p is positive and less than one ; it is equal to the product F (;>) F (1 - p).* 

In order to evaluate this integral, let 
ns consider the function ^/'-V(l + z), 
which has a pole at the point z = — 1 
and a branch point at the point 
z =: 0. Let us consider the boundary 
abmf/a'na (Fig. 19) formed by the 
two circles C and C\ described about 
the origin with the radii r and p re- 
spectively, and the two straight lines 
ab and a'b\ lying as near each other 
as w’e please above and below a cut 
along the axis Ox, The function 
2 P-i/(i-\. z) is single-valued within 
this boundary, wliich contains only 
one singular point, the pole z = 1. 

In order to calculate the value of the 

integral along this path, we shall agree to take for the angle of z that one 
which lies between 0 ami 2... ff It denotes the resulue with respect to 

pole 2 =— 1, we have then 



/ 


dz + 


S’ 


'-IJz 


+ 


/ 


dz + 


L 


= 2 jV/?. 


The integrals along the circles C and C' approach zero ^ r 

a,.d as p appro-aches zero respectively, tor the product z.y(l + z) approaches 

zero in either case, since 0 < p < 1. 


* Replace ( by 1/(1 + x) in the last formula of § 135, Vol. I. 2d ed afuart 

The fonmila (39), derived by supposing p to be real, is correct, provi e 

of p lies between 0 and 1. 
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Along ah, z is real. For simplicity let us replace z by i. Since tlie angle of 
z is zero along ah, zp-^ Is e<}ual to tlie numerical value of j-e-L Along a'b' 
also z is real, but since its angle Is 2?r, we have 

g]i—\ ~ f^p-\)(\ogx + 2n!) — (>2ni(p -l)^p - J ^ 

The sum of the two integrals along ah and along b'a' tlierefore has for its limit 




Jo 


(lx. 


The residue R is equal to (— 1)^'“*, that is, to if tt is taken as the 

angle of —1. M'e have, then, 


Jo r+ 


— TT 


+ 2 _ 27ri _ 

X 1 — » «in {p 1) TT 


or, finally, 




TT 

sin^iir 


48. Application to functions analytic except for poles. Given two 
functions, /(.z) and <^(.?), let us suppose tliat one of them,/(^;), is 
analytic except for poles in tlie interior of a closed curve C, that the 
other, <fi (z), is everywhere analytic within the same curve, and that the 
three functions /(«),/'(.t), <^(.;:) are continuous on the curve C; and 
let us try to find the singular points of the function ‘^> (-)/'(•?)//(«) 
within C. A point a which is neither a pole nor a zero for f(z) is 
evidently an ordinary point for the function /'(.")//(.■.) and conse- 
quently for the function If a point a is a pole or a 

zero of/(s:), we shall have, in the neighborhood of that point, 

f(z) = (z~a)>^4,(x), 

where denotes a positive or negative integer equal to the order of 
the function at that point (§ 41), and where ^{z) is*a regular func- 
tion which is not zero for 5: = «. Taking the logarithmic derivatives 
on both sides, we find 

f{z) z-a'^ ^(^r) 

Since, on the other hand, we have, in the neighborhood of the point a, 

<f>(z)=^(a)-^(z - «)<^'(«)+ • • ■, 

it follows that the jioint a is a pole of the first order for the product 

and its residue is equal to that is, to m^(aY 

if the point a is a zero of order ni for /(«), and to - n<f>(a) if the 
point a is a pole of order « for/(s). Hence, by the general theorem 


102 


THE GENERAL CAUCHY THEORY 


[n. § 48 


of residues, provided there are no roots of f{z) on the curve C, we 
have 




/w 


dz = 'Z<t>(a)~ ^<f>(b)y 


where a is any one of the zeros of f(z) inside the boundary C, b any 
one of the poles off(z) within C, and where each of the poles and 
zeros are counted a number of times equal to its degree of multi- 
j)licity. The formula (40) furnishes an infinite number of relations, 
since we may take for <f>{z) any analytic function. 

Let us take in particular (,?) = 1 ; then the preceding formxda 
becomes 



where N and P denote respectively the number of zeros and the 
number of poles of f(z) within the boundary C. This formula leads 
to an important theorem. In fact, /'(«)//(«) is the derivative of 
Log [./'(•’)] » calculate the definite integral on the right-hand side 
of the formula (41) it is therefore sufficient to know the variation of 


[/(^)] 

when the variable z describes the boundary C in the positive sense. 
But \f{z) \ returns to its initial value, while the angle otf{z) increases 
by 2 A’tt, K being a positive or negative integer. We have, therefore, 




2 K'iri 

2 TTt 



that is, the difference N ~ P is equal to the quotient obtained by the 
divUion of the mn-iation of the angle off(z) 2 tt when the variable 
z describes the boundary C in the positive sense. 

Let us sepai’ate the real part and the coefficient of i in /(a): 

fiz) = A -f- n 

When the point z = x-\-yi descrihes the curve C in the positive 
sense, the point whose coordinates are .Y, Y, with respect to a system 
of rectangular axes witli the same orientation as the first system, 
describes also a closed curve C,, and we need only draw the curve 
C approximately in order to deduce from it by simple inspection 
the integer K. In fact, it is only necessary to count the number ot 
revolutions which the radius vector joining the origin of coordinates 
to the point (A-, r) has turned through in one sense or the other. 
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We can also wi’ite the formula (42) in the form 


(43) iV - P = 

Since the function Y/X takes on the same value after » has described 
the closed curve C, the definite integral 



r XdY— YdX 

J<C, 

is equal to 7r7(}yA), where the symbol /(Y/X) means the index of 
the quotient Y/X along the boundary C, that is, tli(^ excess of the 
number of times that that quotient becomes infinite by passing from 
+ 00 to — 00 over the number of times that it becomes infinite by 
passing from — oo to + co (I, §§ 79, 154, 2d ed.; §§ 77, 154, Isted.). 
We can write the formula (43), then, in the equivalent form 


4 




49. Application to the theory of equations. Wlien the function /(z) 
is itself analytic within the curve C, and has neither poles nor zeros 
on the curve, the preceding formula contain only the roots of the 
equation f(z) = 0 which lie within the region bounded by C. The 
formulae (42), (43), and (44) show the number X of these roots by 
means of the variation of the angle of y(-?) along the curve or by 
means of the index of Y/X. 

If the function f(z) is a polynomial in with any coefficients 
whatever, and when the boundary C is composed of a finite number 
of segments of unicursal em-ves, this index can be calculated by ele- 
mentary operations, tliat is, by multiplications and divisions of 
polynomials. In fact, let A£ be an ai’c of the boundary which can be 
represented by the expressions 

where <^(f) and ^'(0 are rational functions of a pammeter t which 

varies from a to ^ as the point (xy y) describes the arc All in the 

positive sense. Eeplacing « by ,^(i)+ i^(i) in the polynomial /(s), 
we have ^ 

f(z)=R(t)A-iRfi)y 

where R(t) and R^(t) are rational functions of t with real coefficients 
Hence the index, of Y/X along the arc A B is equal to the index of 
the rational function RJR as t varies from a to which we abeadv 
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know how to calculate (I, § 79, 2d ed. ; § 77, 1st ed.). If the bound- 
ary C is composed of segments of unicursal curves, we need only 
calculate the index for each of these segments and take half of their 
sum, in order to have the number of roots of the equation /(.?) = 0 
within the boundary C. 


Xofe. D’Alembert’s theorem is easily deduced from the preceding 
results. Let us prove first a lemma which we shall have occasion to 
use several times. Let be two functions analytic in the 

interior of the c'losed curve C, continuous on the curve itself, and 
such that along the entire curve C we have |<i>(a) | < | E’(;5) | ; under 
these conditions the tiro equatioiis 

F{z) = 0, F{z) + d> (.-) = 0 

have the mine nnmhei' af roots hi the interior of C. For we have 




. 

F{z)_ 


As tiie point z describes the boundary C, the point Z = 1 + <l> (z)/F(z) ' 
descriU's a closed curve lying entirely within the circle of unit radius 
about the i)oint Z = 1 as center, since |Z — 1| < 1 along the entire 
curve C. Hence the angle of that factor returns to its initial value 
after the variable z has described the boundary C, and the variation 
of the angle of equal to the variation of the angle of 

F{z). Consequently the two etiuations have the same number of 
roots in the interior of C. 

Now let f{z) be a polynomial of degree in with any coefficients 
whatever, and let us set 

= ^{z)=^A^z’^-^ + • • /(-) = /■’(-) + ^(^)- 

Let us choose a positive number R so large that we have 





+ 


m 


n 


m 


<1 


Then along the entire circle C, described about the origin as center 
with a radius greater than II, it is clear that |4>/f’|<l. Hence tlie 
equation /(«) = 0 has the same number of roots in the interior ot 

the circle C as the equation F{z) = 0, that is, m. 


50. Jensen’s formula. Let /(e) be an analytic function except for poles in h 
iterior of the circle C with the radiu.s r about the origin as center, and ana- 
,tic and without zeros on C. Let o„ a,, he the zeros, and hi, ” 

lie poles, of f{z) in the interior of this circle, each being counted “ 

-s degree of nniltiplicity. We shall suppose, moreover, that the ongiii is n 
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a pole nor a zero for/(z). Let us evaluate the definite integral 



taken along C in the positive sense, supposing that the variable z starts, for 
example, from the point z = r on the real axis, and that a (loJinite determina- 
tion of the angle of f{z) has been selected in advai»ce. Integrating by parLs, 
we have 

(46) / = {Log(z)Log[/(r)]}(C)- r (z) dz, 

where the first part of the right-hand side denotes the inn-cincnt of the product 
Log ( 2 ) Log [/(z)] when the variable z describes the circle C. If we take zero 
for the initial value of the angle of z, that increment is e<iual to 

(logr + 2iri){Log[/(r)] + 2 jrifu — m)} — log r Log [/(r)] 

= 2 vi Log [/(r)] -f 2 ?ri (n — m) log r — 4 (n — in) tt-. 

In order to evaluate the new definite integral, let us consider the closed 
curve r, formed by the circumference C, by the circvimference c described 
about the origin with the infinitesimal radius p, and by the two borders nf), 
a'b' of a cut made along the real axis from the point z = p to the point z = r 
(Fig. 10). \Vc shall suppose for definiteness that /(z) has neither poles nor 
zeros on that portion of the axis of reals. If it Inis, we need only make a cut 
making an infinitesimal angle with the axis of reals. The function Logz is 
analytic in the interior of r, and according to the general formula (40) wc 
have the relation 



The integral along the cirele c approaches zero with p, for the product 
2 Logz is infinitesimal with p. On the other hand, if the angle of z is zero 
along ab, it is equal to 2 7 r along a'b\ and the sum of the two corresponding 
integrals has for limit 



= - 2jriLog [/(r)] -I- 2iri Log [/(O)]. 


The remaining portion is 


/ LoB(z)^<b = 2,rtLog(^l£lli:^)+2,riLog 



and the formula (46) becomes 


I = 2 m (n - m) log r + 2 ,ri Log [/(O)] - 2 Tri Log(gl ^ .. ~ ' ' M - 4 (n - m) 

In order to integrate along the circle O, we can put z = re** and let 0 vary 
from 0 to 2w. It follows that dz/z = td 0 . Let/(z) =: where R and are 
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continuous functions of * along C. Equating the coefficients of i in the preced- 
ing relation, we obtain Jensen’s fonnula* 






m 




On 


in wliich there appear only ordinary Napierian logarithms. 

When the function /{z) is analytic in the interior of C, it is clear that the 
product b^h „ . . . 6„ should be replaced by unity, and the formula becomes 


( 48 ) 


h = log 1/(0) I + log 


rn 


a, a. 


an 


This relation is interesting in that it contains only the absolute values of the 
roots of/( 2 ) within the circle C, and the absolute value of f{z) along that circle 
and for the center of the same circle. 


51 . Lagrange’s formula. Lagrange’s formula, which we have already 
estal.lislied by Laplace’s method (I, § 195, 2d ed.; § 189, 1st ed.), 
can be deinonsti-ated also very easily by means of the general 
theorems of Cauchy. The process which we shall use is due to 
Hermite. 

Let/(.") be an anal^dic function in a certain region D containing 
the point a. The equation 

(49) F(z) = ^ - af(z) = 0, 

where a is a variable parameter, has the root = a, for a = O.t Let 
us suppose that a 0, and let C be a circle with the center a and 
the radius r lying entirely in the region D and such that we have 
along tlie entire circumference \af{z)\<\z — a\. By the lemma 
proved in § 49 the equation F{z')= 0 has the same number of roots 
witliin the curve C as the equation « — a = 0, that is, a single root. 
Let ^ denote that root, and let n («) be an analytic function in the 
circle C. 

The function Tl{z)/F{z) has a single pole in the interior of C, at 
the j)oint z = I, and the corresponding residue is n(^)/F'(^). From 
tlie general theorem we have, then, 

u(o 1 r n(z)dz ^ 1 r u(z){h 

r'(0 ~ 2 TTi F(z) 2 7riX,^-a- af(z) ' 

In order to develop the integral on the right in powers of a, we 
shall proceed exactly as we did to derive the Taylor development, 


* Acta DinffiFniatica, Vol. XXII. 

t It i.s assnnu'd that/ (a) i.s not zero, for otherwise F(z) would vanish when z =» fl for 
a/ip value <i( a and the following developments would not yield any results of 
interest. — Tka.vs. 
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and we shall write 


«/(^) 

z — a — z — a ' (« — a) 


+ 


+ 


[«/(^)]- , 1 r5«2il""' 

{z — a)" + ^ z — a — af{z) \,z — aj 


Substituting this value in the integral, wc find 


where 




4- a"./,, + + 


j_ r i^ 

0 2'7TiX^z-a 


. = j_ r [/(-iiijiM 


)f/;5 


;; ^ J_ r E( 5 ) 

27 rt - a - Iz - a\ 

Let m be the maximum value of the absolute value of af(z') along 
the circumference of the circle C; then, by hypothesis, ?» is less 
than r. If M is the maximum value of the absolute value of IT (z) 
along C, we have /m\”+>2 7rn1/ 


R 


n + I 


< 


TT 


2 7rr 


7;i. 


which shows that approaches zero when n increases indefinitely. 
Moreover, we have, by the definition of the coefficients 7^, . . 7„, 
• • • and the formula (14), 

7 , = n(a), . . 7 „ == {[/(«)]" n (a)}; 

whence we obtain the following development in series : 

(50) ^ uia)+X^,£maXfW}. 




We can write this expression in a somewhat different form. If we 
take n(a)= $(«)[! - a/'( 2 )], where 4»(a) is an analytic function in 
the same region, the left-hand side of the equation (60) will no longer 
contain a and wUl reduce to As for the right-hand side, we 

observe that it contains two terms of degree n in cr, whose sum is 

= S {*’(“)[/(“)]" + »<I>(«)/(a)[/(«)]»-‘ 


108 


[ 11 . § 31 


THE GENERAL CAUCHY THEORY 


and we find again Lagrange’s formula in its usual form (see I, 
formula (52), § 195, 2d ed. ; § 189, 1st ed.) 


(51) 4>(C) = <t(<') + j<l.X„)/('0 + - • ■ + '££^^ {■!>'(")[/(«)]"} + 


We luive supposed that we liave |«/’(-)|<r along the circle C, 
whicli is true if j«| is small enough. In order to find the maximum 
value of |n|, let us limit ourselves to the case wliere /(s) is a poly- 
nomial or an integral function. Lett?!^‘(/') be tlie maximum value of 
[/(^:) I along the circle C described about tlie point a as center with tlie 


radius The proof will apply to this circle, provided |tf|JW(c) <r. 
We are thus led to seek the maximum value of the (piotient r/^(r), 
as r varies from 0 to + oc. This quotient is zero for /• = 0, for if 
<M(r) were to approach zero with r, the i)oint .i: = a would be a zero 
for /(«), and F(x) would vanisli for a; = a. Tlie same quotient is 
also zero for /• = cc, for otherwise /(^:) would be a polynomial of the 
first degree (§ 3()). Aside from these trivial cases, it follows tliat 
r/«5K“(r) passes through a maximum value for a value i\ of r. The 
reasoning shows that the equation (49) has one and only one root ^ 
such that 14^ — rt|<Cj, provided \<i\<fjL. Hence the developments 
(50) and (51) are applicable so long as |a| does not exceed pro- 
vided the functions 11 (.t) and 4>(-w) are themselves analytic in the 
circle of radius 


Example. Let/(z) = (s-— l)/2 ; the equation (40) has the root 


f = 


1 - Vl - 2 tux + 


ct 


which approache.s a when a approaches zero. Let us put n( 2 ) = 1. Then the 
formula (50) takes the fonn 

+ » + * 

(52) 


Vl —'Zaa + 


L 2'* J y 


where X„ is the 7ith Le-iendre's polynomial (sec I, §§ 00, 180, 2<1 od. ; §§ 88, 
184, 1st ed.). In order to find out between what limits the formula is valid, let 
us suppose that a is real and greater than imity. On the circle of radius r we 
have evidently JW(r) = [(a + r)’^ - l]/2, and wc are led to seek the maximum 
value of 2j*/r(fi -h r)2— l] as r increases from 0 to 4- cc . This maximum is 
found for r = Va- - 1, and it is e<iual to a - V«--l. If, however, a lies 
between - 1 and -f- 1, we find by a quite elementary calculation that 


,5»r(r) = 


r® + 1 - a 


2 Vl - ci2 


The maximum of 2 r Vl - + 1 - occurs when r = Vl - 0 =^, and it is 

equal to unity. 
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It is easy to verify these results. In fact, the radical Vl 2aa + cr’, con- 
sidered as a function of <r, has the two criti cal po ints a ± — 1. If a > 1, 

the critical point nearest the origin is a — Va- — 1. When « lies bet ween — 1 
and + 1, the absolute value of each of the two critical points a ± t Vl — is 
unity. 

In the fourth lithographed edition of Hennite’s lectures will be found (p. 185) 
a very complete discussion of Keplers equation z — a = sinz by this method. 
His process leads to the calculation of the root of the transcendental equation 
<;^(r — 1) = + 1) which lies between 1 and 2. Stieltjes ha.s obtained the 

values 

rj = 1.190C78040257734, m = 0.C6274341{)3492. 


52. Study of functions for infinite values of the variable. In order 
to study a function /(») for values of the variable for wliich the 
absolute value becomes infinite, we can put z ~l/z' and study tlio 
function /(l/^r') in the neighborhood of the origin. Hut it is easy to 
avoid this auxiliary transformation. We shall suppose first that we 
can find a positive number R such that evert/ Jinite vahte of z whose 
absolute value is greater than R is an ordinary point for/( 2 r). If we 
describe a circle C about the origin as center with a radius R, the 
function f(z) will be regular at every point « at a finite distance 
lying outside of C. We shall call the region of the plane exterior 
to C a ncUjhhorhood of the point at infinity. 

Let us consider, together with the circle C, a concentric circle C' 
with a radius R' > R. The function /(s), being analytic in the 
circular ring bounded by C and C', is equal, by Laurent’s theorem, 
to the sum of a series arranged according to integral positive and 
negative powers of 

./■(-)= 

m ae 


the coefficients of this series are independent of the radius 

and, since this radius can be taken as large as we wish, it follows 

that the formula (53) is valid for the entire neighborhood of the point 

at infinity, that is, for the whole region exterior to C. We shall now 
distinguish several cases : 

1) When the development of f(z) contains only negative powers 
of z, 



f(z) _ -f - -f 1 

^ Si 


m 



the function f(z) approaches .1, when |s| becomes infinite, and we 
say that the function f{z) is regular at the point at infinity, or 
again, that th^ point at infinity is an ordinary point for f(z). If the 


i 
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coefficients A^, . . . , are zero, but A^ is not zero, the point 

at injinity is a zero of the wth order for f(z). 

2) When the development of f{z) contains a finite number of 
positive powers of 

(55) f(z)=B^z"' + B„_^z"'-^ + . . . 

+ B^z + A^—-i- . • . , 


where the first coefficient B,„ is not zero, we shall say that the point 
at infinity is a pole of the wth order for f{z), and the polynomial 
B^z"^ + • • • + principal part relative to that pole. When 

\z\ becomes infinite, the same thing is true of |/(«)|, whatever may 
be the manner in which z moves. 

3) Finally, when the development of f{z) contains an infinite 
number of positive powers of 2 , the point at infinity is an essentially 
singular 2 >oint for fiz). The series formed by the positive powers of 
z represents an integral function G{z), which is the principal part 
in the neighborhood of the point at infinity. We see in particular 
that an integral transcendental function has the point at infinity as 
an essentially singular point. 

The preceding definitions were in a way necessitated by those 
which have already been adopted for a point at a finite distance. 
Indeed, if we put z = I/ 2 ', the function /(«) changes to a function of 
z\ ,^(^')=/(l/ 2 '), and it is seen at once that we have only carried 
over to the point at infinity the terms adopted for the point 2 ' = 0 
with respect to the function <^( 2 ;'). Reasoning by analogy, we might 
be tempted to call the coefficient of 2 , in the development (53), 
the residue^ but this would be unfortunate. In order to preserve the 
chai-acteristic property, we shall say that the residue with respect to 
the point at infinity is the coefficient of I /2 with its sign changed^ 
that is, — Aj. This number is equal to 



where the integral is taken in the positive sense along the boundary 
of the neighborhood of the point at infinity. But here, the neighbor- 
hood of the point at infinity being the part of the plane exterior to 
C, the corresponding positive sense is that opposite to the usual 

sense. Indeed, this integral reduces to 



A fiz 


Ax. 

%rri 


2 


(Log 2)(C), 
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and, when « describes the circle C in the desired sense, the angle of 
z diminishes by 2 7r, which gives — as the value of tlie integral. 

It is essential to observe that it is entirely possible for a function 
to be regular at the point at infinity witliout its residue being zero; 
for example, the function 1 + 1/;$; has this property. 

If the i)oint at infinity is a pole or a zero for /(sj), we can write, 
in the neighborhood of that point, 

where /x is a positive or negative integer equal to the order of the 
function with its sign changed, and where is a function whicli 
is regular at the point at infinity and which is not zero for z = co. 
From the i)receding equation we deduce 

/'(^) = if . ^ 

where the function 0'(c)/^(«) is regular at the point at infinity but 
has a development commencing with a term of the second or a higher 
degree in \/z. The residue olf{z)/f{z) is then equal to — that 
is, to the order of the function /(c) at the point at infinity. The state- 
ment is the same as for a pole or a zero at a finite distance. 

Let f(z) be a single-valued analytic function having only a finite 
number of singular points. The convention which lias just been 
made for the point at infinity enables us to state in a very simple 
form the following geneial theorem : 

The sum of the residues of the function f{z) in the entire planCj 
tile point at injiniti/ included, is zero. 

The demonstration is immediate. Describe with the origin as 
center a circle C containing all the singular points of/( 2 :) (except 
the point at infinity). The integral ff(z)dz, taken along this circle 
in the ordinary sense, is equal to the product of 2 iri and the sum 
of the residues with respect to all the singular points of f{z) at a 
finite distance. On the other hand, the same integral, taken along 
the same circle in the opposite sense, is equal to the product of 2 wt 
and the residue relative to the point at infinity. The sum of the two 
integrals l>eing zero, the same is true of the sura of the residues. 

Cauchy applied the term total residue (re'sidu integral) of a func- 
tion f{z) to the sum of the residues of that function for all the 
singular points at a finite distance. When there are only a finite 
number of singular points, we see that the total residue is equal to 
the residue relative to the point at infinity with its sign changed 
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Example. Let 



where P{.x) and Q(z) are two polynomials, the first of degree 7 ?, the 
second of even degree 2 (j. If Ji is a real number greater than the 
absolute value of any root of Q(z), the function is single-valued out- 
side of a circle C of radius lij and we can write 


where is a function which is regular at infinity, and which is 
not zero for 5 = 00 . The point at infinity is a pole for/(.t) if p > q, 
and an ordinary point if p s q. The residue will certainly be zero 
if is less than q —1. 


IV. PERIODS OF DEFINITE INTEGRALS 


53. Polar periods. The stud}’’ of line integrals revealed to us that 
sucli integrals possess periods under certain circumstances. Since 
every integral of a function /’(*) ^ complex variable « is a sum of 

line integrals, it is clear that these integrals also may have certain 
periods. Let us consider first an analytic function ^*( 5 ;) that has only 
a finite number of isolated singular points, poles, or essentially 
singular points, within a closed curve C. This case is absolutely 
analogous to the one which we studied for line integials (I, § 153), 
and the reasoning applies here without modification. Any path that 
can be drawn within the boundary C between the two points Z 
of that region, and not passing tlirough any of the singular points 
of /(^), is equivalent to one fixed patli joining these two points, 
preceded by a succession of loops starting from and surrounding 

one or more of the singular points -*i» '‘-i’ 

- . A„ be the corresponding residues of/( 2 :); the integral //(-)^, 
taken along the loop surrounding the point «j, is equal to ± 2 7rt.l , 
and similarly for tlie others. The different values of the integral 
jz therefore included in the expression 


( 


X 


• • « 




where F(Z) is one of the values of that integral corresponding to 
the determined path, and • • • are arbitrary positive or nega- 

tive integers ; the periods are 


2 ttIA 


2 ttLI 






2 TTl.-I.. 
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In most cases the points a„ are poles, and the periods 

result from infinitely small circuits described about these poles ; 
whence the term polar 2 ><^riods, which is ordinarily used to distin- 
guish them from periods of another kind mentioned later. 

Instead of a region of the plane interior to a closed curve, we may 
consider a portion of the plane extending to infinity ; the function 
f(z) can then have an infinite number of poles, and the integral an 
infinite number of periods. If the residue with respect to a singu- 
lar point a of /(«) is zero, the corresponding period is zero and the 
point a is also a pole or an essentially singular point for the integ)‘al. 
But if the residue is not zero, the point a is a logarithmic critical 
point for the integral. If, for example, the point a is a pole of the 
7/ith order for /(«), we have in the neighborhood of that point 


D 


B 


and therefore 





B 


. (m — l)(s — 

+ — a)+-l, - 2^^ » 



where C is a constant that depends on the lower limit of integration 
and on the path followed by the variable in integration. 


When we apply these general considerations to rational functions, 
many well-known results are at once apparent. Thus, in order that 
the integi-al of a rational function may be itself a rational function, 
it is necessary that that integml shall not have any periods ; that is, 

all its residues must be zero. That condition is, moreover, sutticient. 
The definite integral 

f (Iz 

J. « — a 


has a single critical point z = «, and the corresponding period is 
2 TTi ; it is, then, in the integral calculus that the true origin of the 
multiple values of Log(z — w) is to be found, as we have already 
pointed out in detail in the case of f^^dz/z (§ 31). 

Let us take, in the same way, the definite integral 




dz 




it has the two logarithmic critical points + i and - i, but it has only 
the single period w. If we limit ourselves to real values of the 


114 


THE GENERAL CAUCHY THEORY 


[n. § 53 


variable, the different determinations of arc tan x appear as so many 
distinct functions of the variable x. We see, on the contrary, how 
Cauchy’s work leads us to regard them as so many distinct blanches 
of the same analytic function. 


'Note. When there are more than three periods, the value of the definite 
integral at any point z may be entirely indetenninate. Let us recall first the 
following result, taken from the theory of continued fractions* : Given a real 
irrational number a, we can always find two integers p and 9 , positive or nega- 
tive, such that we have where e is an arbitrarily preassigned 

positive number. 

The numbers p and q having been selected in this way, let us suppose that 
the sequence of multiples of p + qa is formed. Any real number A Is equal to 
.one of these multiples, or lies between two consecutive multiples. We can 
therefore find two integers m and n such that | m -|- na — A| shall be less than c. 

With this in mind, let us now consider the function 









where a, 6, c, d are four distinct poles and a, /3 are real irrational numbers. 
The integral fJ/izydz has the four periods 1, a, i, ifi. Let I{z) be the value of 
the integral taken along a particular path from Zq to z, and let + Ni denote 
any complex number whatever. We can always find four integers m, n, m\ n' 
such that the absolute value of the difference 

/ (z) + + »(* + i — {M + Ni) 

will be less than any preassigned positive number e. We need only choose 
these integers so that 

I m + na — A\<-> ( m' + n'fi — ^ I 2 ’ 

where -b Ni — /(z) = A + Bi. Hence we can make the variable describe a 
path joining the two points given in advance, z„, z, so that the value of the inte- 
gral ff(z)dz Uken along this path differs as little as we wish from any pre- 
assigned number. Thus we see again the decisive influence of the path followed 
by The variable on the final value of an analytic function. 

54 . A study of the integral f/dz/y/l - The integral calculus 
explains the multiple values of the function arc sin s in the simplest 
manner by the preceding method. They arise from the different 

determinations of the definite integral 

j f * dz 

, vr^ 

according to the path followed by the variable. For definiteness we 
shall suppose that we start from the origin with the initial value + 


• A little fartlicr od a direct proof will be foiuid (§ 03). 
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for the radical, and we shall indicate by I the value of the integral 
taken along a determined path (or direct j)atli). For example, the 
path shall be along a straight line if the point % is not situated on 
the real axis or if it lies upon the real axis within the segment from 
— 1 to 4*1; but when z is real and |«| > 1, we shall take for the 
direct path a path lying above tlie real axis. 

Now, the points 5;=4-lj«= — 1 being the onlj' critical points of 
Vl - every path leading from the origin to the point z can be 
replaced by a succession of loops described about the two critical 
points 4- 1 and — 1, followed by the direct path. We are then led 
to study the value of the 
integral along a loop. Let 
us consider, for example, 
the loop OainaO, described 
about the point « 4 - 1 ; 

this loop is composed of the segment Oa passing from the origin to 
the point 1 — e, of the circle ama of radius c described about z = l 
as center, and of the segment a 0. Hence the integral along the loop 
is equal to the sum of the integrals 



f. 




dx 


Vl 


/ 

t/Cnmo) 


(h 


Vl 


1 


The integral along the small circle approaches zero with «, for the 
product {z-X)f(z) approaches zero. On the other hand, when « 
has described this small circle, the radical has changed sign and in 
the integra l along the segment aO the negative value should be 
taken for Vl — xK The integra l along the loop is therefore equal to 
e limit of 2 1 *^/Vi - a;-* as t approaches zero, that is, to tt. 
It should be observed that the value of this integral does not depend 

on the sense m which the loop is described, but we return to the 
origin with the value - 1 for the radical. 

If we were to describe the same loop around the point z= + l 
T - 1 ^ the initial value of the radical, the value of the integral 
along the loop would be equal to - tt, and we should return to the 
origin with + 1 as the value of the radical. In the same way it is 
seen that a loop described around the critical point z=~X gives 

or 4 - TT for the integral, according as the initial value 4 - 1 or 
1 IS taken for the radical on starting from the origin. 

If we let the variable describe two loops in succession, we return 
e origin with + 1 for the final value of the radical and the 
value of the integral taken along these two loops will be + 2 w 0 or 
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— 2 TT, according to the order in which these two loops are described. 
An even number of loops will give, then, 2 mir for the value of the 
integral, and will bring back the radical to its initial value + 1. 
An odd number of loops will give, on the contrar}', the value (2 /;i + l)7r 
to the integral, and the final value of the radical at the origin will 
be — 1. It follows from this that the value of the integral F{z) will 
be one of the two forms 


/ -h 2 m’TTy (2 m + 1) TT — 

according as the path described by the variable can be replaced by 
the direct path preceded by an even number or by an odd number 

of loops. 

55. Periods of hyperelliptic integrals, ^Ye can study, in a similar 
manner, the different values of the definite integral 


(58) 




■>=/ 


= P (.^) dz 


where P{z) and n{z) are two polynomials, of whicli the se(!ond, /?(«), 
of degree ?i, vanishes for n distinct values ot : 

{z) = A {z — C,) (•- - ••■(.-- <?„)• 

We sliall suppose tliat the point z^ is distinct from the points e,, 

. . . , c„ ; then the equation = 11 (s„) has two distinct roots + and 
- K We sliall select k, for the initial value ot the radical R(z). It 
we l°et the variable s describe a path of any form whatever not p^s- 
inn through any ot the critical points c,, «,,•••, <•„, the value o le 
radical at each point of the path will be determined by con- 

tinuity. Let us suppose that from each of the points e , e^, ■ • c„ 
we make an infinite cut in the plane in such a way that these cuts do 

not cross each other. The integral, taken from . up to P°“ * 

along a path that does not cross any of these cuts (which we sha 
call a direct path), has a completely determined value /(.) foi each 
;Iit of the 'plane. We have now to study the influence of a loo,, 
described from around any one of the critic.d jiointb c., 
line of the integral. Let 2 E, be the value of the Integra taken 

along a closed curve that starts from . and incloses 

cal point c,, the initial value of the radical 

this integral does not depend on the sense in winch the cu 

TsM but only on the initial value of the radical a the pointy. 

In fact, let us call 2 E- the value of the integral taken a ong 
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curve in the opposite sense, witli the same initial value of the 
radical. If we let the variable z describe the curve t\vi(te in succes- 
sion and in the opposite senses, it is clear that the sum of tin* int('- 
grals obtained is zero ; but the value of the integral for the first turn 
is 2 Is,-, and we return to the point with the value — for the radi- 
cal. Tlie integml along the curve described in the opposite sense is 
then e(iual to — 2 Is-, and consequently Is,- = Is,-. Tlie closed curve 
considered may be reduced to a loop formed by the straight line 
the circle c,-of infinitesimal mdius about c,-, and the straight line 
(Fig. 21); the integral along c,- is infinitesimal, since the product 
{z — c,-) P ( 2 )/Vl? (z) approaches zero with the absolute value of z — e^. 
If we add together the integrals 


along z^a and along az^ we find 



where the integral is taken along 
the straight line and the initial 
value of the radical is 
This being the case, the inte- 
gral taken along a path which 
reduces to a succession of two 
loops described about the points 
Ce, is equal to — 
for we return after the first loop 
to the jjoint with the value 



Fio. 21 


— for the radical, and the integral along the second loop is equal 
to — 2E^. After having described this new loop we return to the 


point s,, with the original initial value If the path described by 
the variable « can be reduced to an even number of loops described 
about the points e^, c^, successively, followed by the 

direct path from to g, where the indices a, A A are taken 

from among the numbei’s 1, 2, • ■ ti, the value of the integral along 
the path is, by what precedes. 


I + 2(£:„ - E^)+2{Ey -E,)^,..+2{E,- E^. 


If, on the contrary, the path followed by the variable can be reduced 
to an odd number of loops described successively around the critical 
points e„, , e„, e^j the value of the integral is 

2(E„ - E^')^ . . . + 2{E, - E^)+2E^ - /. 
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Hence the integral under consideration has as periods all the expres- 
sions 2(^,- — i?;.), but all these periods reduce to (n — 1) of them : 

"l = = ^{^2 - ^n)> • ■ •, = 2(E„_i - E„), 

for it is clear that we can write 


2{E, - E,)=.2{E, - E„)-2(E, - E„)=u>, - 

Since, on the other hand, 2 = tu^ 2 we see that all the values 

of the dehnite integral F(z) at the point z are given by the two 
expressions 

E(z) = I + -f- . . . + 

F{z)=. 2 E^ — I + TKjWj -f- • • ■ H- 

where Wj, are arbitrary integers. 

Tiiis result gives rise to a certain nmnber of important observa- 
tions. It is almost self-evident that the periods must be independent 
of the point chosen for the starting point, and it is easy to verify 
this. Consider, for example, the period 2 jE,- — 2 ; this period is 

equal to the value of the integral taken along a closed curve V pass- 
ing through the point z^ and containing only the two critical points 
e,-, e*. If, for definiteness, we suppose that there are no other critical 
points in the interior of the triangle whose vertices are e,-, e*, this 
closed curve can be replaced by the boundary bh'nc'cmh (Fig. 21) j 
whence, making the radii of the two small circles approach zero, we 
see that the period is equal to twice the integral 



P{z)dz 

Vr(7) 


taken along the straight line joining the two critical points 

It may haj)pen that the (ra — 1) periods co^, **)«_! are not 

independent. This occurs whenever the polynomial R(z) is of even 
degree, provided that the degree ofP{z) w less than n/2 - 1. With 
the point as center let us draw a circle C with a radius so large 
that the circle contains all the critical points ; and for simplicity let 
us suppose that the critical points have been numbered from 1 to n 
in tlie order in which they are encountered by a radius vector as it 


turns about z^ 
The integral 


in the positive sense. 



taken along the closed boundary z^AMAz^, formed by the radius z^A, 
by the circle C, and by the radius Az^ described in the negative sense, 
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is zero. The integrals along and. along cancel, for the circle 
C contains an ei‘^n number of critical points, and after having 
described this circle we return to the point .1 with the same value 
of the radical. On the other hand, the integral along C appro aches 
zero as the radius becomes infinite, since the product sP(z)/\'Ji(z) 
approaches zero by the hypothesis made on the degree of the poly- 
nomial P(»). Since the value of this integral does not depend on the 
mdius of C, it follows that that value must lie zero. 

Now the boundary z^AMAz^ considered above can !)e replaced by 
a succession of loops described around the critical points r^, • • • , c„ 

in the order of these indices. Hence we liave the relation 


2£.-2E^+2/..-2/-,+ 

which can be written in the form 



<0^ — o).^ -H — <D^ + • • ♦ + _ j = 0 ; 

and we see that tlie n — 1 periods of the integral reduce to ~ 2 
periods Wj, < 0 ^, • • • , 


Consider now the more general form of integral 



P(z)dz 

QizjVliiT)' 


where P, Q, R are three polynomials of which the last, i?(z), has only simple 
roots. Among the roots of Q(z) there may be some that belong to R (z) ; let a,, 
Og, • ■ or, be the roots of Q(z) which do not cause R(z) to vanish. The integral 
FIz) has, as above, the periods 2(Ei - i:*), where 2 P, denotes always the inte- 
gral taken along a closed curve starting from and inclosing none of the roots 
of either of the polynomials Q(z) and R(z) except e,-. But F(z) has also a cer- 
tain number of polar periods arising from the loops described about the poles 

^i» <^ 21 ' ‘ The total number of these periods is again diminished by unity 
if R (z) is of even degree «, and if 

where p and q are the degrees of the polynomials P and Q respectively. 


Example. Let R (z) be a polynomial of the fourth degree having a multiple 
root. Let us find the number of periods of the integral 


If Riz) has a double root Cj and two simple roots e,, Cg, the integral 



I 


dz 


*0 
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has the period 2E„~ 2 Eg, and also a polar period arising from a loop around 
the pole e^. By the remark made just above, these two periods are equal. If 
Ii{z) has two double roots, it is seen immediately that the integral has a single 
polar ]>eriod. 

If li 0) has a triple root, the integral 


F{z) = 


X (2 ~ 


dz 


)V(2-e,)(2-e2) 


has the period 2 Ej — 2 E^,, but, by the general remark made above, that period 
is zero. The same thing is true if R{z) has a (juadruple root. In r6sum6 we 
have : // R ( 2 ) haa one or two double roots, the inlcfjral has a period ; if R ( 2 ) has a 
triple or rjuadruple root, the integral does not have periods. All these results are 
easily verilied by direct integration. 


56. Periods of elliptic integrals of the first kind. The elliptic integral 
of the first kind, 

where is a polynomial of the third or the fourth degree, prime to 
its derivative, has two periods by the preceding general theory. We 
shall now show that f/ie ratio of these two periods is not real. 

We can suppose without loss of generality that R{z) is of the 
third degree. Indeed, if is a polynomial of the fourth degree, 

and if a is a root of this polynomial, we may write (I, § 105, note, 
2d ed. ; § 110, 1st ed.) 

r r/.i; _ r dy 

J ■>/Rfz) J V R {y) 

where z = a-\-\/t/ and where R{y) is a polynomial of the third 
degree. It is evident that the two integrals have the same periods. 
If R (z) is of the third degree, we may suppose that it lias the roots 
0 and 1, for we need only make a linear substitution z = a-\- ^t/ to 
reduce any other case to this one. Hence the proof reduces to 

showing that the integral 

J r* dz 

/ /i ^/ 

Wz(l-z){a-z) 

where « is different from zero and from unity, has two periods whose 
ratio is not real. 

If a is real, the property is evident. Thus, if a is greater than 
unity, for example, the integral has the two periods 

dz 2 r 

■\/z(1 — z)(a — z) j ■'^/z(X — z)(a — z) 
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of which the first is real, wliile the second is a pure imaginary. 
Moreover, none of these periods can be zero. 

Suppose now that a is complex, and, for example, that tlic coeffi- 
cient of i ill a is positive. We can again take for one of the periods 

dx 

V«(l — z){a — z) 



We shall apply Weierstrass’s formul a (§ 27) t o this intc*gral. When 
z varies from 0 to 1 , the factor 1 /V «(1 — «) remains positive, and 
the point representing Ifwa — z describes a curve A whose general 


nature is easily determined. Let A 
be the point representing a; when 
z varies from 0 to 1 , the point a — z 
describes the segment AB parallel 
to Ox and of unit length (Fig. 22). 
Let Op and Oq be the bisectors of 
the angles which the straight lines 
OA and OB make with Oxy and let 
Op' and Oq' be straight lines sym- 
metrical to them witli resjiect to Ox. 
I f we se lect that determination of 
va — z whose angle lies between 
0 and 7 r/ 2 , the point Va — z de- 



Fiu. 22 


scribes an arc aff from a point a on Op to a point /3 on Oq ; hence the 
point 1/Va — s descrilies an arc a'^' from a ])oint a' on Op' to a point 
of Oq^. It follows that Weierstrass’s formula gives 



^< 2.7 C 


= 2 ttZ^, 


where is the complex number corresponding to a point situated in 
the interior of every convex closed cmve containing the arc «'y3'. It 
is clear that this point Z^ is situated in the angle 7 / 0 * 7 ', and that it 
cannot be the origin ; hence the anqle of Z^ lies between - 7 r /2 and 0 . 

We can take for the second period 


n,=2 r — 2 r 

Joa"^^ (1 — s) (a — z) Jf, s/z (1 — z) (a — z') 
or, setting z = at, 




dt 

V<( 1 -«)(!_ 






122 


THK GENERAL CAUCHY THEORY 


[II. § 66 


In order to apply Weierstrass’s formula to this integral, let us notice 
that as t increases from 0 to 1 the point at describes the segment 
OA and the point 1 — describes the equal and parallel segment 
from s = 1 to the point C. Choosing suitably the value of the 
radical, we see, as before, that we may write 



dt 


= 2 


where is a complex number different from zero whose angle lies 
between 0 and 7r/2. The ratio of the two periods or ZjZ^ is 

therefore not a real niuuber. 


1 . Develop the function 


EXERCISES 


V = ^(x + Va:2 _ i)™ + l(x -V j:- - l) 


m 


in powers of i, m being any number. 

Find the radius of the circle of convergence. 

2. Find the different developments of the function + 1) (z — 2)] in posi- 
tive or negative powers of z, according to the position of the point z in the plane. 

3. Calculate the definite integral fz^Log[(z + l)/{z — l)]dz taken along a 
circle of radius 2 about the origin as center, tlie initial value of the logarithm at 
the point z = 2 being taken as real. 

Calculate the definite integral 

dz 


I 


Vz® -f z + 1 

taken over the same boundary. 

4. Let/(z) be an analytic function in the interior of a closed curve C con- 
taining the origin. Calculate the definite integral JJ^/'fzlLogzdz, taken along 
the curve C, starting with an initial value Zq. 

6. Derive the relation 


/ + « 


dt 


1 . 3 . 5 • • • (2 n “ 1) 
(1 + 4*)" + *” 2.4.C-*‘2n 

and deduce from it the definite integrals 

dt dt 


dt C 

6. Calculatethefollowingdefiniteiutegralsbymeansofthetheoryof residues: 


I 

X 


+ ® 


sinm^dx 
X (x® + a2)z 


m and a being real, 


+ ® 


COS ax 


dx. 


1 -1- X* 


a being real, 
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r + " dx 

(i2-2/3ii-^-a2jn+i 

X '*'" cosxdx 

(a:2 + i)(*-^ + 4)’ 

r 

Jo (1 + =')* 

J f* ^ * cos ax — cos te 
0 


a and fi being rcaU 


1 (1 + 


zdx 


^ * cos az — cos bx 


a and 6 being real and positive. 


(To evaluate the last integral, integrate the function (c«'* — c^'*)/Z“ along the 
boundary indicated by Fig. 17.) 

7. Tlie definite integral f*d<t>/[A + C - - C) cos^) is equal, when it 

has any finite value, to €7r/\MC, where € is equal to ± 1 and is chosen in 
such a way tliat the coefficient of i in eiVAC/A is positive. 

8. Let F{z) and G (z) be two analytic functions, and z = a a double root of 
G(z) = 0 that is not a root of F{z). Show that the corresponding residue of 
Flz)/G{z) is equal to 

6 F'{a) G"{a) - 2 E(a) G"'(a) 

3[G"(a)r 

In a similar manner show that the residue of F{z)/[G (z)]^ for a simple root 
a of G (z) = 0 is equal to 

F'{a) G'(a) - F{a) G"(a) 

[G'(fl)]» 

9. Derive the formula 


dx _ 

J_i (z — a)Vl — *2 Vl — 


the integral being taken along the real axis with the positive value of the 
radical, and a being a complex number or a real number whose absolute value 
is greater than unity. Determine the value that should be taken for Vl— a*. 

10. Consider the integrals JJ^^dz/Vl + z», /( 5 ,)dz/Vl + z^, where S and S, 
denote two boundaries formed as follows : The boundary S is composed of a 
straight-line segment OA on Oz (wiiich is made to expand indefinitely), of the 
circle of radius OA about 0 as center, and finally of the straight line AO. The 
boundary is the succession of three loops which inclose the points a, b, c 
which represent the roots of the equation z® + 1 = 0. 

Establish the relation that exists between the two integrals 

** dz dt 

vTTi»’ Jo Vi-t®’ 

which arise in the course of the preceding consideration. 

11. By integrating the function c-«* along the boundary of the rectangle 
formed by the straight lines y = 0, y = 6, * = + R, « = _ iJ, and then making 
R become infinite, establish the relation 

j* c-*’cos26z(iz =VTe-^*. 
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12. tlie function where n is real and positive, along a 

boundary formed by a radius OA placed along Ox, by an arc of a circle AB of 
radius about O as center, ami by a radius JiO such that the angle a = AOB 
lies between 0 and 7r/2. Making OA become intinite, deduce from the preced- 
ing the values of the definite integrals 

X + ® /» + » 

Hn - 1^- aw QOS j aw 

where <i and h are real and positive. The results obtained are valid for a = 7r/2, 
provided that we have n <1. 

13. Let m, m\ n be positive integers (m < 7i, m'< n). Establish the formula 

+ *f 2 m_^ 2 m' „ T /2 m -H \ ^ /2jn'+l y\ 

; — dt = — ctn( 7r|— ctn( ^tt) . 

2nL V 2n / \ 2n /J 


f. 


14. Deduce from the preceding re.sult Euler's formula 

+ ' r- *" dt TT 


X 


I -I- « 


„ . /2 m -f 1 \ 

2 n sinl ttI 

V 2n / 


16. If the real part of a is positive and less than unity, we have 

+ * TT 


f 

C / — <0 


1 4- sin air 


(This can be deduced from the formula (39) (§ 47) or by integrating the 
function c"V(l + c*) along the boundary of the rectangle formed by the straight 
lines = 0, >y = 2 TT, X = -I- i?, X = — R, and then making H become infinite.) 

16. Derive in the same way the relation 

+ * eflX _ 


/ 

V — ® 


1 - e* 


dx = 7r(ctn air — ctn &jr), 


where the real parts of a and b are positive and less than unity. 

('I'ake for the path of integration the rectangle formed by the straight lines 
1 / = 0, // = TT, X = /f, X = - R, and make use of the preceding exercise.) 

17. From the formula 


S' 

J(cy 


kl 


-t + i 


where n and k are po.sitive integers, and C is a circle having the origin as 
center, deduce the relations 

. (n + l)(n + 2)---{n + k) 

I (2 COS »)" + *’ COS (n— k)uau = ir — 

Jo 


i: 


Vl — X* 


= TT 


1. 3.5.--(2”-U 

2 . 4 . 0 . • • 2 n 


(Put 2 = c2>“, then co.s u = x, and replace n by n -b fc, and k by n.) 
18*. The definite integral 

dii> 

0 i_ a(x-i-Vx'-‘-l cos^) 
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when it has a finite value, is equal to ± tt/Vi— 2<rx + rr*, where tlio «i^ 
depends upon the relative positions of the two points a and x. Deduce from 
this the expression, due to Jacobi, for the nth Legendre’s polynomial, 


-T„ = i r (x + Vx- — 1 cos <pyd^ 
TT Jo 


19 . Study in the same way the definite integral 

d0 


I 


-p x — a + _ 1 cos 0 

and deduce from the result Laplace's formula 


A' = 


I 


r + Vx'’^ — 1 cos + 1 
where e = ± 1 , according as the real part of x Is positive or negative. 
20 *. Establish the last result by integrating the function 

1 


Z" + 'V1-2/2 + 22 

along a circle about the origin as center, W'hose radius is made to become infinite. 

21 *. Gauss's sums. Let TV s= whore n and ,s arc integers; and let 

Sn denote the sum + . . . + r„ _ , . Derive the formula 

A 

(Apply the theorem on residues to the function «t(2) = — 1 ), taking 

for the boundary of integration the sides of the rectangle formed by the straight 
lines X = 0, a: = «, y = + R, y =- 7?^ and inserting two semicircumferences of 
radius c about the points a; = 0, z = n as centers, in order to avoid the poles 
z = 0 and z = 71 of the function ^(2); then let 2? become infinite.) 

22 . Let/(z) be an analytic function in the interior of a closed curve r con- 
taining the points a, 6, c, . . If a, p, • . X are positive integers, show that 
the sum of the residues of the function 

with respect to the poles a, 6 , c, • • • , / is a polynomial F{x) of degree 

satisfying the relations « + P + • • ■ + X - 1 
^(«)=/(a), F' (a) =/(«), ...; 

F(ii)_/(6), F' (?!)=/ (6)^ FO-1)(6 )=/<s-I)(6)] 


• ■ 


(Make use of the relation F(z) =/(z) + tj;r)^{x)dz]/ 27 ri.) 

23 *. Let/(2) be an analytic function in the interior of a circle C with center 
a on he other hand, lot a„ a,, be an infinite sequence of potu 

finite Por'er ° ^ ” booomes in- 

ery point z within C there exists a development of the form 
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where 


Fn (Z) = {z- di) (z - • (Z - a„). 

[Laurent, Journal de math^matiqucs, 5th series, Vol. VIII, p. 326.] 

(Make use of the following formula, which is easily verified, 

1 1 X — a. 


+ 


+ 


z-x z-rt, (z-OiXz-a.) 


+ 


1 {j;_a,)...(x-a„) 


(z — a^) . (z — On-iXz — a„) ' z — x (z— Oj) 
and follow the method used in establishing Taylor's formula.) 


(Z-On) 


24. Let Zo = a + bi be a root of the equation /(z) = AT + Yi = 0 of multi- 
plicity n, where the function /(z) is analytic in its neighborhood. The point 
x = rt, J/ = 6 is a multiple point of order n for each of the two curves X = 0, 
y = 0. The tangents at this point to each of these curves form a set of lines 
ccjually inclined to each other, and each ray of the one bisects the angle between 
the two adjacent rays of the other. 


25. Let/(z) = X -f- Yi = A^^z™ + AjZ"-* + • • • + A„, be a polynomial of the 
mth degree whose coeflBcients are numbers of any kind. All the asymptotes of 
the two curves X = 0, Y=0 pass through the point — Aj/mAj, and are 
arranged like the tangents in the preceding exercise. 

26*. Barman's series. Given tw'o functions /(x), F{x) of a variable x, 
Burman's formula gives the development of one of them in powers of the other. 
To make the problem more definite, let us take a simple root a of the equation 
F(x) = 0, and let us suppose that the two functions /(x) and F{x) are analytic 
in the neighborhood of the point a. In this neighborhood we have 



X — a 
^(x) ’ 


the' function ^(x) being regular for x = a if <z is a simple root of F{x) — 0. 
Representing F{x) by y, the preceding relation is equivalent to 

X — a — (x) = 0, 


and we are led to develop /(x) in powers of y (Lagrange’s formula). 

27*. Kepler's equation. The equation z — « — e sin z = 0, where a and e are 
two positive numbers, d < tt, c < 1, has one real root lying between 0 and tt, 
and two roots whose real parts lie between mv and (?» -|- I)7r, where m is any 
positive even integer or any negative odd integer. If m is positive and odd, 
or negative and even, there are no roots whose real parts lie between mir and 

(m + l)7r. 

[Buiot et Bouquet, TMorie desfonctions elliplu/ueSy 2d ed., p. 199.] 

(Study the curve described by the point u = z — a — e sin z when the vari- 
able z describes the four sides of the rectangle formed by the straight lines 
X = lUTT, X = {m + l)7r, y = + It, y —— F, where R is very large.) 

28*. For very large values of m the two roots of the preceding exercise 
whose real parts lie between 2 m 7 r and (2 m + Ijir are approximately equal to 
2ma' + 7r/2 ± i[log(2/e) + log(2mw + 7r/2)]. 

[Gourier, Annales de VFcole Nonnale, 2d series, Vol. VII, p. .J 


CHAPTER III 


SINGLE-VALUED ANALYTIC FUNCTIONS 

The first pait of this chapter is devoted to the demonstration of 
the general theorems of Weierstrass* and of Mittag-Leffler on inte- 
gral functions and on single-valued analytic functions with an 
infinite number of singular points. We shall then make an applica- 
tion of them to elliptic functions. 

Since it seemed impossible to develop tlie theory of elliptic func- 
tions with any degree of completeness in a small number of pages, 
the treatment is limited to a general discussion of the fundamental 
principles, so as to give the reader some idea of the importance of 
these functions. For those who wish to make a thorough study of 
elliptic functions and their applications a simple course in Mathe- 
matical Analysis would never suffice ; they will always be compelled 
to turn to special treatises. 


I. WEIERSTRASS’S PRIMARY FUNCTIONS. MITTAG-LEFFLER'S 

THEOREM 


57. Expression of an integral function as a product of primary 
functions. Every polynomial of the wth degree is equal to the prod- 
uct of a constant and w equal or unequal factors of the form x~ a, 
and this decomposition display the roots of the polynomial. Euler 
was the first to obtain for sin 2 : an analogous development in an 
infinite product, but the factors of that product, as we shall see far- 
ther on, are of the second degree in 2 :. Cauchy had noticed that we 
are led in certain cases to adjoin a suitable exponential factor to 
each of the binomial factors such as a: - a. But Weierstrass was 
the first to treat the question with complete generality by showing 
that every integral function having an infinite number of roots can 
be expressed as the product of an infinite number of factors, each 
of which vanishes for only a single value of the variable. 


a f Weierstrass which arc to he presented here were first published 

^hh eindeutigen analytischen FunctioZn (Bert 

1876, p. 11 . werke. Vol. II. p. 77). Picard gave a trai^n of twt 
SmL* ^nnotea de PEcoIe Xormale superieure (1879). The coUected researches 
of ilittag-Leffler are to he found in a memoir in the Acta mathematica, Vol. II 
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We already know one integral function which does not vanish for 
any value of z, that is, The same thing is true of where y(z) 
is a polynomial or an integiul transcendental function. Conversely, 
every integral function which does not vanish for any value of g is 
expressible in that form. In fact, if the integral function G(z) does 
not vanish for any value of z, every point « = a is an ordinary point 
for G'(z)/G (z)f which is therefore another integral function g^^(z) : 


G(z) 



Integrating both sides between the limits z^, z, we find 


Log[^f^]=jr g,{z)dx-=g{z)-g{z^, 

where giz) is a new integral function of «, and we have 

G{z') = G(z 


The right-hand side is precisely in the desired form. 

If an integral function G{z) has only n roots a^, • • • , a„, distinct 

or not, the function G(z) is evidently of the form 


' G {z) = {z ~ a^{z ~ ‘ (z - a„) 

Let us consider now the case where the equation G{z')= 0 has an 
infinite number of roots. Since there can be only a finite number of 
roots whose absolute values are less than or equal to any given num- 
ber R (§ 41)> if ^ve ariange these roots in such a way that their 
absolute values never diminish as we proceed, each of these roots 
appears in a definite position in the sequence 


( 1 ) • * •» + ' • •> 

where |a„| ^ |a„ + i|, and where |a„| becomes infinite with the index n. 
We shall suppose that each root appears in this series as often as is 
required by its degi'ee of multiplicity, and that the root s = 0 is 
omitted from it if (7(0)= 0. We shall first show how to construct 
an integral function 0^{z) that has as its roots the numbers in the 

sequence (1) and no others. ^ , 

The product (1 - where Qy{z) denotes a polynomials 

an integral function which does not vanish except for ® ® 

shall take for Q,{z) a polynomial of degree v determined in the o- 

lowing maimer: write the preceding product in the form 
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and replace Log(l — «/»„) by its expansion in a power series ; then 
the development of the exponent will commence witli a term of 
degree v + 1, provided we take 




+ 




va\ 


The integer v is still undetermined. We shall show that this number v 
can be chosen as a function of n in such a way that the infinite product 


( 2 ) 


ij (‘ - i)-”"" 


will be absolutely and uniformly convergent in every circle C of 
ladius li about the origin as center, however large R may be. The 
radius R having been chosen, let a be a positive numlier less than 
unity. Let us consider separately, in the product (2), those factors 
corresponding to the roots a„ whose absolute values do not exceed 

R/a. If there are q roots satisfying this condition, the product of 
these q factors 

nsl \ ^n/ 

evidently represents an integral function of Consider now the 
product of the factors beginning with the (q + l)th : 

ns 9 f 1 \ ^n/ 

If « remains in the interior of the circle with the radius R, we 
have and since we have \a,\>R/a when n> 7 , it follows 

that we also have i^=| <ar|a,|. A factor of this product can then be 
written, from the manner in which we have taken Q,.(z), 

if we denote this factor hy 1 -|- we have 

_ _L_ /J.W + 1_ _1 / s W + 2 
= e *'+»W »’+2W 

Hence the proof reduces to showing that by a suitable choice of the 
number the series whose general term is = I is uniformly 
convergent in the circle of radius i2(I, § 176, 2d ed.). In general 
II VI IS any real or complex number, we have * 
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We have then, a fortiori, 

1 I £. I »’ + Vi a. I * I j. * 2 . \ 

< gV + lUnl v'*’*' + 2|a„|'^>' + 8 a„ ^ 

or, noticing that \z\<a a„|, when z\ is less than i2, 


1 I z Iv + l 1 


But if a; is a real positive number, e* — 1 is less than a;e*; hence 
we have 


U^< 


+ > 1 


1 I * iv + i 1 


+ 1 a, 


,»' + l a 


1-a 


I — 


« |‘'+i 


V + 1 1 — a 


In order that the series whose general term is shall be uni- 
formly convergent in the circle with the radius R, it is sufficient 
that the series whose general term is | 2 /a„|*'+^ converge uniformly 
in the same circle. If there exists an integer p such that the series 
2|l/a„|^ converges, we need only take v= p — 1. If there exists no 
integer p that has this property,* it is sxifficient to take v = n^l. 
For the series whose general term is |«/a„|" is uniformly convergent 
in the circle of radius R, since its terms are smaller than those of 
the series '2.\R/a^\^, and the nth root of the general term of this last 
series, or lf?/a„|, approaches zero as n increases indefinitely.t 

Therefore we can alwa^'S choose the integer v so that the infinite 
product FX^) he absolutely and uniformly convergent in the 
circle of radius R. Such a product can be I'eplaced by the sum of a 
uniformly convergent series (§ 176, 2d ed.) whose terms are all 
analytic. Hence the product is itself an analytic function 

within this circle (§39). Multiplying F^^^) by the product F^z), 
which contains only a finite number of analytic factors, we see that 

the infinite product 

(3) 

n s 1 


is itself absolutely and uniformly convergent in the interior of t le 
circle C with the radius R, and represents an analytic function within 
this circle. Since the radius 7? can be chosen arbitrarily, and since 


•For example, let a. = log a (n = 2). The series trhose pneral ' 

is divergent, whatever may be the positive number p, for the sum of the fl 

iv =£*" 

value of n. \a.\/R will be greater than e=, and the general term less tua 
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V does not depend on R, this product is an integral function 
which has as its roots precisely all the various numbers of the 
sequence (1) and no others. 

If the integral function 0(s) has also the point = 0 as a root of 
the jath order, the quotient 

g(^) 

is an analytic function which has neither poles nor zeros in the 
whole plane. Hence this quotient is an integral function of tlie form 
where is a polynomial or an integinl ti-anscendenhil fiiiH!- 
tion, and we have the following expression for the function G(z) : 






The integral function g(z) can in its turn l)e replacred in an intinite 
variety of wa^'s by the sum of a uniformly convergent series of 
polynomials 

giz) ~ g^(x)-^ * ’ • + '/n(®) + • ’ •» 

and the preceding formula can be written again 


G{z)^z>‘Y[{X-- j c + M-'). 

n s 1 n 

The factors of this product, each of which vanishes only for one 
value of z, are called in'imary functions. 

Since the product (4) is absolutely convergent, we can arrange the 
primary functions in an arbiti-ary order or group them together in 
any way that we please. In this product the polynomials 
depend only on the roots themselves when we have once made a 
choice of the law which determines the number v as a function of 71 . 
But the exponential factor cannot be determined if we know 
only the roots of the function G{z). Take, for example, the function 
sin TTs, which has all the positive and negative integers for simple 

roots. In this case the series is convergent; hence we can 

take V = 1, and the function 


where the accent placed to the right of n means that we are not to 
give the value zero* to the index n, has the same roots as sin nz. 


•When this exception is to be made in a formula, we sliall call attention to it 
by placmg an accent O after the symbol of the product or of Te si 
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We have then sinTr^ = but the reasoning does not tell us 

anything about the factor We shall sliow later that this factor 
reduces to the number tt. 




58. The class of an integral function. Given an infinite sequence 
• •> •• ‘j where |rt„| becomes infinite with n, we have just 

seen how to construct an infinite number of iutegi-al functions that 
have all the terms of that sequence for zeros and no others. When 
there exists an integer p such that the series 2|a„|“^ is convergent, 
we can take all the polynomials {z) of degree p — 1. 

Given an integral function of tlie form 

«(^)= (l - 

M=l'^ 


where ^*( 5 ;) is a polynomial of degree not higher than ^ — 1, the 
number /> — 1 is said to be the class of that function. Thus, the 
function . 

n(> - 5 

is of class zero ; the function (sin '7rz)/7r mentioned above is of class 
one. The study of the class of an integral function lias given rise in 
recent years to a large number of investigations.* 


59. Single-valued analytic functions with a finite number of singular 
points. When a single-valued analytic function F(z) has only a 
finite number of singular points in the whole plane, these singular 
jioints are necessarily isolated ; hence they are poles or isolated 
essentially singular points. The point z cc is itself an ordinary 
point or an isolated singular point (§ 52). Conversely, if a siwjle- 
valned anal ytk function has only isolated singular pomts in the entire 
plane (hicludiny the point at infinity), there can he only a finite 
number of them. In fact, the point at infinity is an ordinary point 
for the function or an isolated singular point. In either case we can 
describe a circle C with a radius so large that the function wdl have 
no other singular point outside this circle tlian the point at infinity 
itself. Within the circle C the function can liave only a finite number 
of singular points, for if it had an infinite number of them there 
would be at least one limit point (% 41), and this limit point would 
not be an isolated singular point. Thus a sinyle^valued amtlyUc 

• See Bore.. Lemons sur les /onctions entieres Oi«0) and tue recent work of 
Blumenthal, Sur les /onctions entieres de genre in/rnt (mo). 
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function which has only i)oles has necessarily only a finite number 
of theuiy for a x^ole is an isolated singular i)oint. 

Every siiujle-valued analytic function which is regular for every 
finite value of «, and for « = co , wf a constant. In fact, if the func- 
tion were not a constant, since it is regular for every finite value of 
s, it would be a polynomial or an integiul function, and the i)oint at 
infinit}’^ would be a pole or an essentially singular point. 

Now let F(5:) be a sirigle-valued analytic function with n distinct 
singular points «j, • • •, a„ in the finite portion of the plane, and 

let 0’,[]/(s — r/,)] be the principal i)art of the development of /•’(,:;) 
in the neighborhood of the i)oint Wj; then 6-'< is a i)ol 3 ’noniial or an 
integral transcendental function in — r/,). In either case this 
principal x>art is regular for every value of « (including z = oo) 
excejit z = Similarly, let P(z) be the principal part of the devel- 
opment of F{z) in the neighborhood of the point at infinity. P{z) 
is zero if the point at infinity is an ordinary point for F{z). The 
difference 




is evidently regular for every value of « including « = oo ; it is there- 
fore a constant C, and we have the equality* 


(5) F(z) = P (z) + c, 

which shows that the function F(z) is completely determined, except 
for an additive constant, when the principal part in the neighbor- 
hood of each of the singular points is known. These principal parts, 
as well as the singular points, may be assigned arbitrarily. 

When all the singular jioints are poles, the principal j)arts G,. are 
polynomials; P{z) is also a pol^uiomial, if it is not zero, and the 
right-hand side of (5) reduces to a lational fraction. Since, on tlie 
other hand, a single-valued analytic function which has only poles 
for its singular points can have only a finite number of them, we 
conclude from this that a sinyle-valued analytic function, all of whose 
singular points are poles, is a rational fraction. 


of formula by equating to zero the sum of the residues 

Fix) (~ Y 

*-2o/ 

where z and Zq are considered as constants and a: as the variable (see § 52). 



134 SINGLE-VALUED ANALYTIC FUNCTIONS [III, §60 

60. Single-valued analytic functions with an infinite number of singu- 
lar points. If a single-valued analytic function has an infinite num- 
ber of singular points in a finite region, it must have at least one 
limit point within or on the boundary of the region. For example, 
the function l/sm(l/z) has as poles all the roots of the equation 
sin(l/:^)= 0, that is, all the points z = l/kiTj where k is any integer 
whatever. The origin is a limit point of these poles. Siinilaily, the 
function - 



has for singular points all the roots of the equation sin (l/«) = l/(yt7r), 
among which are all the points 

1 

z = — 

2 A-'tt -f- arc sin 

where k and k' are two arbitrary integers. All the points 1/(2 ArV) 
are limit points, for if, k' remaining fixed, k increases indefinitely, 
the preceding expression has 1/(2 A'tt) for its limit. It would be 
easy to construct more and more complicated examples of the same 
kind by increasing the number of sin symbols. There also exist, as 
we shall see a little farther on, functions for which every point of a 
certain curve is a singular point. 

It may happen that a single-valued analytic function has only a 
finite number of singular points in every finite portion of the plane, 
although it has an infinite number of them in the entire plane. Then 
outside of any circle C, however great its radius may be, there are 
always an infinite number of singular points, and we shall say that 
the point at infinity is a limit point of these singular points. In the 
following paragraphs we shall examine single-valued analytic func- 
tions with an infinite number of isolated singular points which have 
the point at infinity as their only limit point. 

61. Mittag-Leffler’s theorem. If there are only a finite number of 
singular points in every finite portion of the plane, we can, as we 
have already noticed for the zeros of an integral function, arrange 

these singular points in a sequence 

( 6 ) 

in such a way that we have |a„| ^ |«„+i| and that |a„-| becomes infinite 
with 71 . We may suppose also that all the terms of this sequence 
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are different. To each term ai of the sequence (G) let us assign a 
polynomial or an integral function in l/(« — «,)j 0',[l/(« — a,)], 
taken in an entirely arbitrary manner. Mittag-Lefller’s theorem may 
be stated thus : 


There exists a single-valued analytic function which is regular for 
every finite value of z that does not occur in the sequence (G), uTid for 
which the principal part in the neighborhood of the point z = a^ is 
<?([!/(» - a,-)]. 

We shall prove this by showing that it is possible to assign to 
each function 6’, •[!/(« — a,-)] a polynomial Piif) such that the series 


defines an analytic function that has these properties. 

If the point x = 0 occurs in the sequence (6), we shall take the 
corresponding polynomial equal to zero. Let us assign a positive 
number e,- to each of the other points so that the series 2«,- shall be 
convergent, and let us denote by or a positive number less than unity. 
Let Cj be the circle about the origin as center passing through the 
point a,-, and C\ the circle concentric to the preceding with a radius 
equal to a\ai\. Since the function G, ■[!/(« — a,-)] is analytic in the 
circle we have for every point within C, 




(^) - - 


+ a nz + j- ai„z” + 


• • • 


The power series on the right is uniformly convergent in the circle 
Cl ; hence we can find an integer v so large that we have, in the 
interior of the circle Cl, 








— a,va‘ 


< 




Having determined the number v in this manner, we shall take for 
Pfz) the polynomial - 

Now let C be a circle of radius R about the point « = 0 as 
center. Let us consider separately the singular points in the 

sequence (6) whose absolute values do not exceed R/a. If there 
are q of them, we shall set 
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The remaining infinite series, 

f'M = 




is absolutely ami uniformly convergent in the cii'cle C, since for 
every point in this circle |^| < Ji < if the index i is greater 

than y. From the inequality (7), and from the manner in which we 
have taken the polynomials /•’,(«), the absolute value of the general 
term of the second series is less than c,- when s is within the circle C. 
Hence the function is an analytic function within this circle, 

and it is clear that if we add to it, the sum 


(«) 




will have the same singular points in the circle C, with the same 
principal parts, as These singular jjoints are precisely the 

terms of the sequence (6) whose absolute values are less than Ji, ami 
the principal part in the neighborhood of the point «,• is O / {z — a 
Since the radius Ji may be of any magnitude, it follows that the 
function J'{z) satisfies all the conditions of the theorem stated above. 

It is clear that if we add to I^{z) a polynomial or any integral 
function whatever (i{z), the sum a{z) will have the same 

singular points, with the same ])rincipal parts, as the function J'{z). 
Conversely, we have thus the general expression for single-valued 
analytic functions having given singular points with corresponding 
given principal parts; for the difference of two such functions, being 
regular for every finite value of z, is a polynomial or a transcendental 
integral function. Since it is possible to represent the function G{z) 
in turn by the sum of a series of polynomials, the function F(z) -{-Giz) 
can itself be represented by the sum of a series of which each term 
is obtained by adding a suitable polynomial to the principal part 

If all the principal parts 6',. are polynomials, the function is 
analytic except for poles in the whole finite region of the plane, and 
conversely. We see, then, that every function analytic except for 
poles can be represented by the sum of a series each of whose terms 
is a rational fraction which becomes infinite only for a single fini e 
value of the variable. This representation is analogous to the decom- 
position of a rational fraction into simple elements. 

Everv function that is analytic except for poles can a so 

represented by the <]Uotient of two integral functions. For suppose 
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that the poles of 4>(£) are the terms of tlie sequence (6), each being 
counted according to its degree of multiplicity. Let be an 

integral function having these zeros; then the product 4>(-i:) <■/(.*.') 
has no poles. It is therefore an integral function and wc have 

the equality . . 


62. Certain special cases. The preceding demonstration of tiie 
general theorem does not always give the simplest method of con- 
structing a single-valued analytic function satisfying the desired 
conditions. Suppose, for example, it is required to construct a func- 
tion having as poles of the first order all the points of the 
sequence (G), each residue being equal to unity; we shall suppose 
that s = 0 is not a pole. The principal part relative to the pole is 
l/(z — a,), and we can write 



the proof reduces to determining the integer v as a function of the 
index i in such a way that the series 



shall be absolutely and uniformly convergent in every circle de- 
scribed about the origin as center, neglecting a sufficient number of 
terms at the beginning. For this it is sufficient that the series 

t)e itself absolutely and uniformlj'^ convergent in the same 
region. If there exists a number/) such that the series 2|l/^q|^' is 
convergent, we need only take v = /> — 1. If there exists no such 
integer, we will take as above (§57) v = t - 1, or i/ + 1 > log L The 
number v having been thus chosen, the function 




+ - + ^-h 




+ 


a 



which is analytic except for poles, has all the points of the sequence 
(6) as poles of the first order with each residue equal to unity. 
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It is eas)' to deduce from this a new proof of Weierstrass’s theorem 
on the decomposition of an integral function into primary functions. 
In fact, we can integrate the series (9) term by term along any path 
whatever not passing through any of the poles ; for if the path lies 
in a circle having its center at the origin, the series (9) can be 
replaced by a series which is uniformly convergent in this circle, 
togetlier with the sum of a^'n/Ve number of functions analytic except 
for poles. This results from the demonstration of formula (9). If 
we integrate, taking the point z = 0 for the lower limit, we find 



and consequently 




Log/l 


«./ «,• 


-f 


>.2 


2 a? 




It is easy to verify the fact that the left-hand side of the equation 
(10) is an integral function of z. In the neighborhood of a value a 
of z that does not occur in the sequence (6) the integral 
is analytic ; hence the function 

is also analytic and different from zero for z ^ a. In the neighbor- 
hood of the point a, we have 

4> (^) = -^ + P (« - ff,), 

jf <I> (s) (Jz = Log (z — a,) + (2 - a,-), 

where the functions P and Q are analytic. It is seen that this inte- 
gral function has the terms of the sequence (6) for its roots, and the 
formula (10) is identical with the formula (3) established above. 

The same demonstration would apply also to integral functions hav- 
ing multiple roots. If a,- is a multiple root of order r, it would suflBce 
to suppose that 4>(s:) has the pole z = «,■ with a residue equal to r. 

Let us try again to form a function analytic except for poles of 
the second order at all the points of the sequence (6), the princi- 
pal part in the neighborhood of the point a,- being 1/(2 — «i) • 
shall suppose that s = 0 is an ordinary iioint, and that the series 
2|l/a, I® is convergent ; it is clear that the series 2jl/«,| 
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be convergent. Limiting the development of l/(» — aj* in powers 
of « to its first term, we can write 

1 1 _ 2 
iz — a^^ d\ — 

and the series 

+»r 1 11 

satisfies all the conditions, provided it is uniformly convergent in 
every circle C described about the origin as center, neglecting a 
sufficient number of terms at the beginning. Now if we take only 
those terms of the series coming from the poles <t,. for which we have 
\ai\'> R/a^ R being the radius of the circle C and a a positive num- 
ber less than unity, the absolute value of (1 — z/a,)~‘ will remain 
less than an upper bound, and the series whose general term is 
2z/a\ — z^/a\ is absolutely and uniformly convergent in the circle C, 
by the hypotheses made concerning the poles 

63. Cauchy's method. If F{z') is a function analytic except for poles, 
Mittag-Leffler’s theorem enables us to form a series of rational terms 
whose sum F^{z) has the same poles and the smne principal parts 
as F{z). But it still remains to find the integral function which is 
equal to the difference F{z) — F^(z'). Long before Weierstrass’s work, 
Cauchy had deduced from the theory of residues a method by which 
a function analytic except for poles may, under very general condi- 
tions on the function, be decomposed into a sum of an infinite number 
of rational terms. It is, moreover, easy to generalize his method. 

Let F{z) be a function analytic except for poles and regular in the 
neighborhood of the origin ; and let C,, • • •, • • • be an infinite 

succession of closed curves surrounding the point « = 0, not pass- 
ing through any of the poles, and such that, beginning with a value 
of n sufficiently large, the distance from the origin to any point what- 
ever of C„ remains greater than any given number. It is clear that 
any pole whatever of F(z) will finaUy be interior to all the curves 

C'*) . . ., provided the index n is taken large enough. The 

definite integral 

2 iri 

where a; is any point within C, different from the poles, is equal 
to F{x) increased by the sum of the residues of F{z)/(z — x) with 
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ivspet't to tho different poles of F{z) within (\. Let be one of 
these poles. Tlien the corresponding principal part — w^)] is 

a rational function, and we liave in the neighborhood of the point 


F{z) = 


.1 


+ 


* ^ m — 1 I . ' 1 1 


+ ^0 + «. (■= - a.) + ■ ■ ■ . 

In the neiglihorhood of this point we can also write 

^ 1 ^ s — fft (^— «t)^ 

•' - - ( -- - <h) ^ (x - {x - «i.)» ' 

Writing out the product we see that the residue of F{z)/{z-~x) 
witli respect to the pole a^. is equal to 


.1 


- ^ ni - 1 


ni 


a- — (.r - 

We have, then, the relation 
(12) =V,;/_ 




(.r - «*) 


m 


=- ov 


X — a,. 


i 


■)dz 


X 


where the syinliol 2 indicates a sunnnation extended to all the jioles rq. 
within the curve On the other hand, we can replace l/(z — x) by 

j' + i 


1 X 

b ^ + 


X* 

“b T/m r 




and write the preceding formula in the form 

F(z)dz 


(13) 


4- 


X 


x-aj 2 7nJ^^^ 

2 7riJ(C 


+ 


The integral 


X 


F(z)flz 

z 


is e(iual to F(0) increased by the sum of the residues of F{z)/z with 
respect to the poles of Fiz) within C\. More generally, the definite 


integral 


iz)d- 


2 fc., 

F<r-l>(0) 

('■-!)! 

plus the sum of the residues of z~’‘F'(z) with respect to tlie poles of 
F(z) witliin C„. If we represent by siT"'’ the residue of z /'(s) 
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relative to the pole we can write the equation (13) in the form 


(14) 


F(x)= F(0) + f F'(0)+ . . . + ^ Ft^>(0) 

1 w! 




+ . . . + 




X 




R 


(Iz 


In order to obtain an upper bound for the last term, let us write 
it in the form 

c m 

Let us suppose that along C„ the absolute value of z-f'F^z) remains 
less than M, and that the al)solute value of z is greater than 8. Since 
the number n is to become iniinite, we may suppose that we have 
already taken it so large that 8 may be taken greater than ja;|; hence 
along C„ we shall have 

111 1 

< 


z — X 


8-lx 


If is the length of the curve C,, we have then 


K\< 


X 


ll>+l 




27r 8(8 -|®|) 

We shall have proved that this term 7?„ approaches zero as n becomes 
infinite if we can find a sequence of closed curves Cj, C^, • • •, . • • 

and a positive integer p satisfying the following conditions : 

1) The absolute value of z-t^F(z) remains less than a fixed num- 
ber M along each of these curves. 

2) The ratio SJB of the length of the curve to the minimum 
distance S of the origin to a point of remains less than an upper 
bound L as n becomes infinite. 

If these conditions are satisfied, |if„| is less than a fixed number 
divided by a number 8 -|x| which becomes infinite with n. The term 
therefore approaches zero, and we have in the limit 


(16) 


F(a:)= F(0)-|- a:i^(0)H + ^ F'f>(0) 


Thus we have found a development of the function F(x) as a sum 
of an infinite series of rational terms. The order in which they occur 
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in the series is determined by the arrangement of the curves 
^ 2 ’ * ■ 'f • • • in their sequence. If the series obtained is abso- 
lutely convergent, we can write the terms in an arbiti-ary order. 

Xofe. If the point s = 0 were a pole for F(z) with the principal 
part G(l/z), it would suflBce to apply the preceding method to the 
function F{z)— G(l/z). 


64. Expansion of ctnjc and of sinx Let us apply this method to 
the function F(z) = ctn z — l/zy which has only poles of the first order 
at the points z = A-tt, where k is any integer different from zero, the 
residue at each pole being equal to unity. We shall take for the 
curve a square, such as BCB'G\ having the origin for center and 
having sides of length 2 7i7r + 7r parallel to the axes; none of the 
poles are on this boundary, and the ratio of the length to the 
minimum distance % from the origin to a point of the boundary 

The square of the absolute value of 
ctn {x + yi) is equal to 

egy-f-e-2y-|-2cos2a; 
gSi' e- 2 y — 2 cos 2 a:' 

■On the sides BC and B'C' we have 
cos 2 a: = — 1, and the absolute value 
is less than 1. On the sides BB' and 
CC'the square of this absolute value 
is less than 

e2i/ + e-*«' + 2 /l + e-“''V 

g2„_l_e-2„_2 ’ 


is constant and equal to 8. 



y 

D 




O 

^ 


0 

Uir 

{7iH)yr 

(f 



n 





Fig. 


We must replace 2 y in this formula by ± (2 n + l) 7 r, and the ex- 
pression thus obtained approaches unity when n becomes infinite. 
Since the absolute value of 1/z along C, approaches zero when n 
becomes infinite, it follows that the absolute value of the function 
ctn z- 1/z on the boundary C„ remains less than a fixed number 31, 
whatever n may be. Hence we can apply to this function the for- 
mula (15), taking/; = 0. We have here 


/a; cos a: — sin ^ 

hull : )— 

^ ' jr_oV a; smx / 


and 4, which represents the residue of (ctn 5= - l/z)/z for the pole 
kir, is equal to l/kir. We have, then, 





ni,§«] 


PRIMARY FUNCTIONS 


143 


where the value A: = 0 is excluded from the siunmation. The infinite 
series obtained by letting n become infinite is absolutely convergent, 
for the genei*al term can be written in the form 




X 

A*7r(/'7r — x) 



and the absolute value of the factor x/(l — x/A’tt) remains less than 
a certain upper bound, provided x is not a multiple of tt. We have, 
then, precisely 

(17) etnx = -+^Y f- — )* 

' ^ X ^ \x — kir kirf 


— 36 


Integrating the two members of this relation along a path start- 
ing from the origin and not passing through any of the poles, we find 


I (ctn * - i) rf:. = Log (^) = S 'Log ( 


from which we derive 
(18) smx = xJJ'(l 


+ <e 


— * 


kirr ' 



The factor is here equal to unity. If in the series (17) we combine the 
two terms which come from opposite values of Jfc, we obtain the formula 


(170 


1 '*’ * 1 

ctnx =s - + 2x'^ 

X 




Combining the two factors of the product (18) which correspond to opposite 
values of k, we have the new formula* 


(180 


or, substituting ttx for x, 



Notel. The last formula show plainly the periodicity of sinx, which does 
not appear from the power series development. We see, in fact, that (sin wx)/*- 
is the limit as n becomes infinite of tbe pol 3 momial 



• This decomposition of sin x into an infinite product is due to Euler, who obtained 
in an elementary manner (/n/rodtic<io in ATiaiysin infinitorum). 
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Keplacing j by x + 1, this fonmiia may be written in the form 

+ 1) = - 0„(X) + ^ + ^ ; 


n — X 


whence, Iclting n become infinite, we find sin {ttx + tt) =— siuTrx, or 

sin(2 4 - tt) =— sin 2, 
and therefore sin (2 + 27r) = sin z. 

Note 2. In this particular example it is easy to justify the necessity of associ- 
ating with each binomial factor of the form 1 — x/fi*- a suitable exponential factor 
if we wish to obtain an absolutely convergent product. For definiteness let us 
suppose X real and positive. The series 2x/n being divergent, the product 

becomes infinite with m, while the product 




approaches zero as n becomes infinite (I, § 177, 2d ed.). If we take m = n, the 
product P,nQm has (.sin7rx)/7r for its limit; but if we make m and n become 
infinite independently of each other, the limit of this product is completely in- 
determinate. This l.s easily verified by means of Weierstra.s.s's primary function.s, 
whatever may be the value of x. Let us note fii-st that the two infinite products 

f.w = xit ( 1 + Kiz ) = ri (1 - ^) 

# 1=1 

are both absolutely convergent, and their product F,(x)F2(x) is equal to (sin7rx)/7r. 
With these facts in mind, let us write the product PmQn »» form 

• ' i' = I 


ft's I 


When the two numbers m and n become infinite, the product of all the fac- 
tors on the right-hand side, omitting the last, has Fjfx) Fjfx) = (sin 7rj)/7r for its 
limit. As for the la.st factor, we have seen that the expression 




1 1 1 ^ 

+ 1 

m 2 n 


has for its limit log w, where w denotes the limit of the (luotient m/n (I, § Idl) 
The product r,„(^ has, therefore. 


TT 


for its limit. Hence we see the manner in which that limit depends upon the 
law according to which the two numbers m and n become infinite. 

Note 3. We can make exactly analogous observations on the ^ ^ * 

We shall show only how the periodicity of this function can be t e ucei 
series (17). Let us notice first of all that the series whose general term 


1 


kw (it-l)fl- 
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where the index k takes on all tlie integral values from — « to + ao, excepting 
A: = 0, fc = 1, is absolutely convei*gent ; and its sum is — 2/?r, as is seen on mak- 
ing k vary first from 2 to + oo, then from — 1 to — oo. We can therefore write 
the development of ctnx in the form 


ctiix = - 
X 



l + y''r-!- + — !— 1 

TT ^ L-r — A’tt (Ar — 1 ) tt J 


where the values A* = 0, A* = 1 are excluded from the sninmatioti. This results 
from subtracting from each term of the series (17) the corresponding term of 
the convergent series formed by the preceding series together with the adililional 
term 2/7r. Substituting x -{■ v for x, we find 


ctn 


or, again. 


(. + .) = ! + _!_ _l+y-T 1 + _.l. 1 

X X + TT TT ^ Lj: — (A — 1 ) TT (A — 1 ) TT J 

Ctn (X + it) = - -1- V r ? + — 1, 

X ^ Lx-(A-l)7r (A-l)7rJ 


where A— 1 takes on all integral values except 0. The right-hand side is 
identical with ctn x. 


ir. DOUBLY PERIODIC FUNCTIONS. ELLIPTIC FUNCTIONS 

65. Periodic functions. Expansion in series. A single-valued analytic 
function /(.?) is said to be periodic if there exists a real or complex 
number « such that we have, whatever may be x, -f- w) = /(,?); 
this number w is called 
a period. Let us mark 
in the plane the point 
representing w, and let 
us lay off on the unlim- 
ited straight line pass- 
ing through the origin 
and the point ia a length 
equal to | u)| any number 
of times in both direc- 
tions. We obtain thus 
the points <i>, 2w, 3<i>, 

• • • , nta, . . . and the 
points — <o, — 2aj, ■ ■ 

— n<i>, .... Through 
these different points 

and through the origin let us draw parallels to any direction differ- 
ent from Ooj ; the plane is thus divided into an infinite number of 
cross strips of equal breadth (Fig. 24). 
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If through any point 2 we draw a parallel to the direction Ota, we 
shall obtain all the points of that straight line by allowing the real 
parameter \ in the expression s + A.w to vary from — 00 to -f 00. In 
particular, if the point 2: describes the fii-st strip AA'BB\ the corre- 
sponding point 2: -f- o> will describe the contiguous strip BB’CC', the 
point 2; -f- 2 (0 will describe the third strip, and so on in this manner. 
All the values of the function ^*(2) in the first strip will be duplicated 
at the corresponding points in each of the otlier strips. 

Let LV and MM' be two unlimited straight lines parallel to the 
direction Doj. Let us put ii = and let us examine the region 

of the M-plane described by the variable u when the point z remains 
in the unlimited cross strip contained between the two parallels LV 
and MM'. If a -f ySiis a point of LV, we shall obtain all the other 
points of that straight line by putting 2 a + -{- Aa> and making 

A vary from — 00 to -H 00. Thus, we have 


u = e 




hence, as A varies from — 00 to H- 00 , m describes a circle having the 
origin for center. Similarly, we see that as z describes tlie straight line 
MM', u remains on a circle concentric with the first; as the point 
z describes the unlimited strip contained between the two straight 
lines LV, MM', the point u describes the ring-shaped region contained 
between the two circles C^, C^. But while to any value of z there 
corresponds only one value of w, to a value of u there correspond an 
infinite number of values of z wliich form an arithmetic progression, 
with the common difference w, extending forever in both directions. 

A periodic function y(2:), with the period w, that is analytic in the 
infinite cross strip betw'een the two straight lines LV, MM', is equal 
to a function («) of the new variable u which is analytic in the 
ring-shaped region between the two circles and C^. For although 
to a value of u there correspond an infinite number of values of z, 
all these values of 2 give the same value to f(z) on account of its 
periodicity. Moreover, if is a particular value of w, and any 
corresponding value of a:, that determination of a; which approaches 
« as w approaches is an analytic function of u in the neighbor- 
hood of w ; hence the same thing is true of AVe can therefore 

apply LaurenUs theorem to this function In the ring-shaped 

region contained between the two circles C, this function is 
equal to the sum of a series of the following form ; 

<^>00= S 

* 
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Returning to the variable z, we conclude from this that in the in- 
terior of the cross strip considered above the periodic function f{z) 
is equal to the sum of the series 

+ CO SmtfTs 

( 19 ) 

^ QC 

If the function /(«) is analytic in the whole plane, we can suppose 
that the two straight lines LL\ MM\ which bound the strip, recede 
indefinitely in opposite directions. Evenj perlodk integral functUm 
is therefore developable in a series of positive and negative /towers of 
^wis/w for every finite I'alue of z. 


66. Impossibility of a single-valued analytic function with three periods. By a 
famous theorem due to Jacobi, a single-valued analytic function cannot have 
more than two independent periods. To prove this wo sliall sliow tliat a single- 
valued analytic function cannot have three independent periods.* Let us first 
prove the following lemma : 

Let o, by c be any three real or complex quantities, and wi, n, p three arbi- 
trary integers, positive or negative, of which one at least w different from zero. 
If we give to the integei-s m, n, p all systems of possible values, except 

TW = n = p = 0, 

the lower limit of \ ma -|- ni + jpe | is egttai to zero. 

Consider the set (E) of points of the plane which represent quantities of the 
form 7710 + Tib -I- pc. If two points corresponding to two different systems of 
integers coincide, we have, for example, 


and therefore 


ma + Tib -I- pc = TTijO ■{■ nfi -f p^c, 

(m - m,) o -Kn - n,) b + (p - p^ c = 0, 


where at least one of the numbers m - n - n,, p - p, is not zero. In this 
case the truth of the lemma is evident. If all the points of the set {E) are dis- 
tinct, let 2 a be the lower limit of |ma + nb -(-pc| ; this number 2 a is also the 
lower limit of the distance between any two points whatever of the set (E). In 
fact, the distance between the two points ma wb + pc and m^o + n^b + p,c is 

equal to |(m — nij) a (n — n^b + (P — pOc). We are going to show that we 
are led to an absurd conclusion by supposing a > 0. 

Let iVbe a positive integer ; let us give to each of the integers m, n, p one 
of the values of the sequence - N, - (N- 1 ), . . 0, • . N- 1, N, and let 
^ wmhine these values of m, n, p, in all possible manners. We obtain thus 
( N-i- 1)8 points of the set (^, and these points are all distinct by hypothesis. 

6t US suppose |a|^|&|&|o|; then the distance from the origin to any one 
of the points of (£) just selected is at most equal to 8 Nfal. These points there- 
ore e in the interior of a circle C of radius 8N|a| about the origin as center 
or on t e circle itself • If from each of these points as center we describe a 


® to be dependent if there exist three integers m, n.p 

(not aU zero) for which ma + nb + pc « 0 — Trans. 
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circle of radius 5, all these circles will be interior to a circle Cj of radius equal 
to 3 N I a I + 5 about the ori^dn as center, and no two of them will overlap, since 
the distance between the centei-s of two of them cannot be smaller than 2 6. The 

sum of the areas of all these small circles is therefore less than the area of the 
circle Cj, and we have 

(3N|«|+ 5)2>(2N+ 1)352 

or 

■■ 

(2N+1)J-1 

The right-hand side approaches zero as N becomes infinite ; hence this in- 
Oijuality cannot be satisfied for all values of N by any positive number 5. 
Consequently the lower limit of | m<i -f + pc | cannot be a positive number ; 
hence that lower limit is zero, and the truth of the lemma is established. 

W e see, then, that when no systems of integers m, n, p (except m = n = p = 0) 
exist such that mu + + pc = 0, we can always find integral values for these 

numbers such that |ma -l- nh -h pc| will be less than an arbitrary positive num- 
ber e. In this case a single-valuetl analytic function /(z) cannot have the three 
independent periods «, 6, c. For, let be an ordinary point for/( 2 ), and let 
us describe a circle of radius < about the point as center, where « is so 
small that the equation /(z) =/(Zy) has no other root than z — inside of this 
circle (§ 40). If «, b, c are the periods of /(z), it is clear that mu + i0> + pc is 
also a period for all values of the integers m, n, p ; hence we have 

/(Zo -1- ma + n6 -I- pc) =/(Zo). 

If we choo.se m, n, p in such a manner that \ma + nb+ pcf is less than e, the 
equation /(z) = /(Zq) would have a root Zj different from Zq, where \z^ — z„| <r, 
which is impossible. 

When there exists between «, 6, c a relation of the form 


(20) ina + nb + pc =: 0, 

without all the nunjbers m, n, p being zero, a single-valued analytic function 
/(z) may have the periods a, b, c, but these. periods reduce to two periods or to 
a single period. We may suppose that the three integers have no common divisor 
other than unity. Let D be the greatest common divisor of the two numbers 
m, n ; m = Dm% n - Ihi'. Since the two numbers n' are prime to each other, 
we can find two other integers m", n" such that m'n" — m' n = 1. Let us put 


m'a + n'b = a', in"a + n"6 — b'; 

then we shall have, conversely, a = n"a' — n'b\ b = m'b' — m"a'. If u and b are 
periods of /(z), a' and b' are also, and conversely. Hence we can replace the 
system of two periods a and b by the system of two periods a' and b'. The re- 
lation (20) becomes Da' -|- pc = 0 ; D and p being prime to each other, let us 

take two other integers IT and p' such that Dp' - irp = h 
IXa' + p'c = c'. We obtain from the preceding relations a' ---pc', c - Dc , 
wlieiiee it is obvious that the three periods a, 6, c are linear combinations o t le 
two periods 6' and c'. 

Note. As a corollary of the preceding lemma we see that if « and ^ are two 
real quantities and m, n two arbitrary integers (of which at lea.st one is^iot zera), 
the lower limit of I«ur -f- n^| is ecpial to zero. For if we put a = a, b - (i, c - t, 
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the absolute value of ma + + pi can be less than a number « < 1 only if we 

have j) = 0, \ma + ?ij3| <e. From this it follows that a single-valued analytic 
function f{z) cannot have two real iinlependent periods a ami (i, If the (piotient 
^/a is irrational, it is possible t«> find two nnmboi-s m and n such that | m<r + n^| 
is less than «, ami it will bo pr>.ssiblc to carry through the reasoning just as 
before. If the quotient /3/tr is rational and ociua! to the irreducible fraction m/n, 
let us choose two intcgc*r.s tn' and n' such that imi — ni'n = 1, ami let us put 
m'a— n'^ = y. The number y is also a peri<Ml, ami from tlie two relations 
mez — up = 0, jM'tr — n'P = y we derive = — «7, »» that a and /3 

are multiples of the single period y. More genenilly, a single-valued analytic 
function f{z) cannot have two iiidepemleiit periods <i aiid h whose ratio is real, 
for the function /(«?) would have the two real periods 1 ami b/n.* 

67. Doubly periodic functioiis. A doubly perimlic function is a 
single-valued analytic function liaving two periods whose ratio is 
not real. To conform to Weierstrass’s notation, we .shall indicate the 
independent variable by ?/, the two periods by 2 <u and 2 w', and we 
shall suppose that the coefficient of i in tu'/w is positive. Let us 
mark in the plane the points 2a>, 4u>, Cu), • • • and the points 2<u', 
4 ( 1 )', 6 w', ... . Through the points 2 mw let us draw parallels to the 



direction Ooj', and through the points 2m'<*)' parallels to the direc- 
tion Ow. The plane is divided in this manner into a net of 
congruent pai'allelograras (Fig. 25). Let /(?<) be a single-valued 
analytic function with the two periods 2«j, 2oj'; from the two 
relations /(« + 2a,)=/(w), /(» -f- 2o.')=/(«) we deduce at once 

• It is now easy^to prove that there exists for any periodic single-valued function 
at least one pair of periods in terms of which any other period can be expressed as an 
integral linear combination ; such a pair is called a prtminoc pair o/peHods. — Tbaijs 
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/( u + 2 + 2 «, = /(„), so that 2 TOO, + 2 m'o,' is also a period 

lor all values of the integers m and m'. We shaU represent this 
general period by 2w. 

The points that represent the various periods are precisely the 
vertices of the preceding net of parallelograms. When the point w 
describes the parallelogram OA BC whose vertices are O, 2 < 0 , 2 w + 2 to', 
2io\ the point u-\-2w describes the parallelogram whose vertices 
are the points 2 2 «• + 2 < 0 , 2 .c + 2 a. + 2 to', 2 -f- 2 to', and the 

function /(») takes on the same value at any pair of corresponding 
points of the two parallelograms. Every parallelogram whose ver- 
tices are four points of the type m,, + 2 to, + 2 to', -f- 2 to + 2to' 

IS called a pamUeloyram of 2ierwds ; in general we consider the 
paiallelograrn OABC y but we could substitute any point in the jilane 
for the origin. The period 2to -|-2to' will be designated for brevity 
by 2 to" ; the center of the parallelogram OABC is the point to", while 
the points to and to' are the middle points of the sides OA and OC. 

Beery integral douhhj periodic function is a constant. In fact, let 
f(}i) be a doubly periodic function ; if it is integral, it is analytic in 
the parallelogram OADCy and the absolute value of f{ii) remains 
always less than a fixed number M in this parallelogram. But on 
account of the double periodicity the value of /(?<) at any point of the 
plane is equal to the value of /(?/) at some point of the pai-allelogram 
OABC. Hence the absolute value of f{u) remains less than a fixed 
number M. It follows by Liouville’s theorem that/(?<) is a constant. 


68. Elliptic functions. General properties. It follows from the pre- 
ceding theorem that a doubly periodic function has singular points 
in the finite portion of the plane, unless it reduces to a constant. 
The terra elliptic function is applied to functions which are doubly 
periodic and analytic except for poles. In any parallelogram of 
periods an elliptic function has a certain number of poles ; the num- 
ber of these poles is called the order of the function, each being 
counted according to its degree of multiplicity *. It should be noticed 
that if an elliptic function /(») has a pole on the side OCj the 
point + 2 w, situated on the opposite side AB, is also a pole ; but 
we should count only one of these j^oles in evaluating the number 
of poles contained in OABC. Similarly, if the origin is a pole, all the 


» It is to lie UDclerstood that the parallelogram is so chosen that the order is as 
small as possible. Otherwise, the number of poles in a parallelogram could be taken to 
be any multiple of this least number, since a multiple of a period is a period. — Trans. 
(See also the footnote, p. 149.) 
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vertices of the net are also poles of hut we should eainit only 
one of them in each pai-allelograiii. If, for exaiiijilc, wo move that 
vertex of the net whicli lies at the origin to a siiihihle point as near 
as we please to the origin, the given function longer lias 

any poles on the boundary of tlie paralUdograni. When we have occa- 
sion to integrate an elliptic function /(/<) along tlie lioundary of the 
parallelograin of periods, we sliall always .siip|)ose, if it is neccssaiy, 
that the parallelogram has been disjdaced in sudj a way tliat /(//) 
has no longer any jioles on its boundary. Tlie application of the 
general theorems of the tlieory of analytic functions leads ipiilc 
easily to the fundamental pro[) 0 .sitions : 

1) The sum of the rcsuhies of an elJlfitie fanttion irlfh rrsjirrf 
to the jjoles situated in a paranelorji'am of j/rrinds is 

Let us suppose for definiteness that /(//) has no poli-s on the 
boundary OABt'O. The sum of the residues with respect to tlie poles 
situated within the boundary is equal to 


Vi ffO')'/-. 


the integral being taken along OABCO. But this integral is zero, for 
the sum of the integrals taken along two opposite sides of the paral- 
lelogram is zero. Thus we have 


f f{u)du=:f 

J<OA) Ja 


f = f 

J:. 




(OA) 4/0 K/{nc> 

and if we substitute ?/ -f- 2aj' for u in the last integral, we have 

/(» + 2 u}')du f{(t)du =“'J^ /('O' 

Similarly, the sum of the integrals along .1/; and 
along CO is zero. In fact, tliis pro]>crty is almost 
self-evident from the figure (Fig. 2G). For let us 
consider two corresponding elements of tlie two inte- 
grals along OA and along IlC. At the ].oints m and 

ni' the values of/(») are the same, while tlie values 
of du have opposite signs. 

The preceding theorem proves that an elliptic func- 

tion /(u) cannot liave only a single pole of the first 

order in a parallelogi-am of periods. A,i elliptic function h at haul 
oj the second ordev. 
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2) The number of zeros of an elliptic function in a parallelogram 
of periods is equal to the order of that function (each of the zeros 
being counted according to its degree of multiplicity). 

Let/(j/) bean elliptic function; the quotient /(«)//(«)= ^(u) is 
also an elliptic function, and the sum of the residues of 0 (h) in a par- 
allelogram is equal to the number of zeros of /(h) diminished by the 
number of the poles (§ 48). Applying the preceding theorem to the 
function 0 (?/), we see the truth of the proposition just stated. In gen- 
eral, the number of roots of the equation /(«) = C in a parallelogi-ain 
of periods is equal to the order of the function, for the function 
/(«) — C has the same poles as /(m), whatever may be the constant C. 

3) The difference between the sum of the zeros and the sum of the 
jioles of an elliptic function in a parallelogram of periods is equal to 
a period. 


Consider the integral 



along the boundary of the pai^allelogram OABC. This integral is 
equal, as we have already seen (§ 48), to the sum of the zeros of /(h) 
within the boundary, diminished by the sum of the poles of /(h) 
within the same boundary. Let us evaluate the sum of the integrals 
resulting from the two opposite sides OA and BC: 

Jo 

If we substitute h -f- 2 w' for n in the last integral, this sum is equal to 



fM 

f (^0 



H 2 


f(u + 2 w') 



or, on account of the periodicity of/(M), to 



The integral 



is equal to the variation of Log[/(H)] when « describes the side OA ; 
but since /(h) returns to its initial value, the variation of Log[/(H)] 
is equal to — 2 where ?n^ is an integer. The sum of the inte- 
grals along the opposite sides OA and BC is therefore equal to 
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{<im^wito')/2Tri = Similarly, the sum of the integrals along 

AB and along CO is of the form 2 7n,<i>. The difference considered 
above is therefore equal to 2?rtj*i> + that is, to a period. 

By a similar argument it can be shown that the proposition is 
also applicable to the roots of the equation f(u) = C, contained in a 
parallelogram of periods, for any value of the constant C. 

4) Between any two elliptic functions with the same jicriods there 
exists an algebraic relation. 

Let /(«)) /i(“) elliptic functions with the same periods 

2w, 2 to'. In a parallelogram of periods let us take the points a^, 
"o)***> which are poles for either of the two functions /(«), 
/,(«) or for both of them ; let be the higher order of multi- 
plicity of the point with respect to the two functions, and let 

-h . -P = JV. Now let F(ar, y) be a polynomial of degree n 

with constant coefficients. If we replace x and y by f{u) and /,(«)» 
respectively, in this polynomial, there will result a new elliptic func- 
tion which can have no other poles than the points • ••,«„ 
and those which are deducible from them by the addition of a period. 
In order that this function may reduce to a constant, it is 

necessary and sufficient that the principal parts disappear in the 
neighborhood of each of the points a^y a^, • • •, a„,. Now the point 
is a pole for $(?/) of an order at most equal to n/ij. Writing the con- 
ditions that all the principal parts shall be zero, we shall have then, 
in all, at most 

”(/*! + Ms H ^ = 

linear homogeneous equations between the coefficients of the poly- 
nomial F(xy y) in which the constant term does not appear. There 
are n(n-f-3)/2 of these coefficients; if we choose n so large that 
n(re -f- 3) > 2iN’n, or »-f-3>2A^, we obtain a system of linear 
homogeneous equations in which the number of unknowns is greater 
than that of the equations. Such equations have always a system of 
solutions not all zero. If F(x, y) is a polynomial determined by 
these equations, the elliptic functions /(«), ffu) satisfy the algebraic 
relation 

where C denotes a constant. 

Notes. Before leaving these general theorems, let us make some 
further observations which we shall need later. 

A single-valued analytic function /(«) is said to be even if we 
have/(- w)=/(«) ; it is said to be odd if we have /(- u)=~~f{^iy 


SINGLE-VALUED ANALYTIC FUNCTIONS [iii.§68 

2) The number of zeros of an elliptic function in a parallelogram 
of periods IS equal to the order of that function (each of the zeros 
being counted according to its degree of multiplicity). 

Let/(») be an elliptic function ; the quotient /(«)//(«)= ^(«) is 
also an elliptic function, and the sum of the residues of <^(u) in a par- 
allelogram is equal to the number of zeros of /(«) diminished by the 
number of the poles (§ 48). Applying the preceding theorem to the 
function ^(?/), we see the truth of the proposition just stated. In gen- 
eral, the numlier of roots of the equation /(«) = C in a parallelogram 
of periods is equal to the order of the function, for the function 
/(») — C has the same poles as /*(«), whatever may be the constant C. 

3) The difference between the sum of the zeros and the sum of the 
2 >oles of an elliptic function in a parallelogram of periods is equal to 
a 2 >eriod. 


Consider the integral 



along the boundary of the parallelogram OABC. This integral is 
equal, as we have already seen (§ 48), to the sura of the zeros of /(«) 
within the boundary, diminished by the sura of the poles of /(«) 
within the same boundary. Let us evaluate the sum of the integrals 
resulting from the two opposite sides OA and BC\ 

I u ^ t .pi u / ■ dn. 

If we substitute u A-2 w' for u in the last integral, this sum is equal to 



Hu + 2^') 

/(«) J2<. 


/(w-l-2a,') * 


or, on account of the periodicity of f(u), to 



The integral 



is equal to the variation of Log[/(K)] when u describes the side OA , 
but since /(w) returns to its initial value, the variation of Log [/(«)] 
is equal to — 2 mpri, where is an integer. The sum of the inte- 
grals along the opposite sides OA and BC is therefore equal to 
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(4?«27rt«')/2 7r; = 2jny. Similarly, the sum of tiic integrals along 
AB and along CO is of the form 2m,o>. The difference considered 
above is therefore equal to 2mjti> + that is, to a period. 

By a similar argument it c*an be shown that the proposition is 
also applicable to the roots of the equation /(w) = C, contained in a 
parallelogram of periods, for any value of the constant C. 

4) Between any two ellljitic functions with the same jicrhds there 
exists an algebraic relation. 

Let /(»)) /i(“) ^ elliptic functions with the same periods 
2(1), 2 a)'. In a parallelogram of periods let us take the points a,, 
"a)-**) which arc poles for either of the two functions /(«), 
/j(«) or for both of them ; let be the higher order of multi- 
plicity of the point a, with respect to the two functions, and let 

q, 4. . . . -p — jV, Now let F{x^ y) be a polynomial of degree n 
with constant coefficients. If we replace x and y by /(«) and /,(«)» 
respectively, in this polynomial, there will result a new elliptic func- 
tion ‘l>(u) which can have no other poles than the points 
and those which are deducible from them by the addition of a period. 
In order that this function <!>(«) may reduce to a constant, it is 
necessary and sufficient that the principal parts disappear in tlie 
neighborhood of each of the points • • ♦, Now the j)oint (7, 
is a pole for 4>(w) of an order at most equal to n/4j. Writing the con- 
ditions that all the principal parts shall be zero, we shall have then, 
in all, at most 

« (Ml + Ma 1- Mm) = Wn 

linear homogeneous equations between the coefficients of the poly- 
nomial F(x, y) in which the constant term does not appear. There 
are n(n-f-3)/2 of these coefficients; if we choose n so large that 
n(n Z) > 2 Nny or rt-|-3>2iV, 'we obtain a system of linear 
homogeneous equations in which the number of unknowns is gieater 
than that of the equations. Such equations have always a system of 
solutions not all zero. If F{x, y) is a polynomial determined by 
these equations, the elliptic functions /(?/), /j(«) satisfy the algebraic 
relation 

^[/(«),/i(«)]=C, 

where C denotes a constant. 

Notes. Before leaving these general theorems, let us make some 
further observations which we shall need later. 

A single-valued analytic function /(h) is said to be even if we 
have /(— if) =/(h) ; it is said to be odd if we have /(— «) =:_^(„). 
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The derivative of an even function is an odd function, and the 
derivative of an odd function is an even function. In general, the 
derivatives of even order of an even function are themselves even 
functions, and the derivatives of odd order are odd functions. On 
the contrary, tlie derivatives of even order of an odd function are 
odd functions, and the derivatives of odd order are even functions. 

Let/(//) be an odd elliptic function; if w is a half-period, we 
must have at the same time /(?<•)=—/(— ?c) and /(«>)=/(— tc), 
since w = — /r -}- 2 ir. It is necessary, then, that f{iv) shall be zero 
or intinite, that is, that w must be a zero or a pole for/(«). The order 
of multiplicity of the zero or of the pole is necessarily odd; if w 
were a zero of even order 2n for/(M), tlie derivative which 
is odd, would be analytic and different from zero for u = w. If lo 
were a pole of even order for /(//), it would be a zero of even order 
for !//*(//). Hence we may say that every half-period is a zero or a 
pole of an odd order for any odd elliptic function. 

If an even elliptic function /(</) has a half-period w for a pole or 
for a zero, the order of multiplicity of the pole or of the zero is an 
even nitmhcr. If, for example, w were a zero of odd order 2 n -f- 1, it 
would be a zero of even order for the derivative f\v), which is an 
odd function. The proof is exactly similar for poles. Since twice a 
period is also a period, all that we have just said about half-periods 
applies also to the periods themselves. 

69. The function p(u). We have already seen that every elliptic 
function has at least two simple poles, or one pole of the second order, 
in a parallelogram of periods. In Jacobi’s notation we take func- 
tions having two simple poles for our elements ; in eierstrass s 
notation, on the contrary, we take for our element an elliptic func- 
tion having a single pole of the second order in a parallelogiam. 
Since the residue must be zero, the principal part in the neighbor- 
hood of the pole a must be of the form /(« — «)*. In order to 
make the problem completely definite, it suffices to take .^1 — 1 
to suppose that the poles of the function are the origin « = 0 am 
all the vertices of the network 2 w = 2 mu* -f- 2 7«V. e are t ms 
led first to solve the following problem : 

To form an elliptic function having as poles of the second order all 
the plants 2iv^2 mu* -|- 2 m'u,', ivhere m and m' are any two integers 
whatever^ and having no other poleSj so that the principal pait in le 
neighborhood of the point 2 w shall be 1/(m — 2 ic)”- 
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Before applying to this problem the general method of § 02, we shall 
first prove that the double series 

where m and m' take on all the integral values from — oo to + co 
(the combination m = vi' = 0 Iwiing excepted), is convargeut, provided 
that the exponent p « a positive number greater than 2. (Jonsider the 
triangle having the three points u = 0, w = u = «?w + m'w for 
its vertices ; the lengths of the three sides of the triangle are respec- 
tively |v/iui 4- 7aV|. We have, then, the relation 

j mta 4- 2 W/7H'|(oai'jcOS 0, 

where 0 is the angle between the two directions Ooj, Oa)'(0 < tt). 
For brevity let |w|= <7, |o>'|— and let us suppose a ^b. The pre- 
ceding relation can then be written in the form 

|7/ia> 4- 7wV|“ = 4- ± 2 mm'ab cos 0, 

where the angle © is equal to ^ if ^ S ■7r/2, and to tt — ^ if ^ > 7r/2. 
The angle © cannot be zero, since the three points O, to, w' are not in 
a straight line, and we have 0 ^ cos © < 1. We have, then, also 

|»iw 4- = (1 — cos ©) (m-fl* 4- m^b'^ 4- cos ©(;«« ± vi'by, 

and consequently 

|niw 4- cos®)(7«,^a* 4* = cos©)rt^(wt“ 4- ni^. 

From this it follows that the terms of the series (21) are respectively 
less than or equal to those of the series 2'l/(7a* 4- w '■■*)*"'- multiplied 
by a constant factor, and we know that the last series is convergent 
if the exponent p/2 is greater than unity (I, § 172). Hence the 
series (21) is convergent if we put a* = 3 or ^ = 4. According to a 
result derived in § 62, the series 

W = ^ +X' [(„ -2 wf ~ ’ 0" = 

represents a function that is analytic except for poles, and that has 
the same poles, with the same principal parts, as the elliptic function 
sought. We shall show that this function <^(m) has precisely the two 
peiiods 2 oi and 2 <d'. Consider first the series 


y'T — i L.1 

^ L(2«’4-2«)2 i2wy\ 


where 2 w = 2 mw 4- 2 the summation being extended to all the 

integral values of m and m', except the combinations m = ?«' = 0 
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and = 0. This series is absolutely convergent, for it 

results from the series wlieii we substitute —2 at for « and 

omit two terms. It is easily seen that the sum of this series is zero 
by considering it as a double series and evaluating separately each 
of the rows of the rectangular double array. Subtracting this series 
from we can then write 




(2w + 


1 ■ 

f 2 <u)*_ 


the combinations = = (/« = — 1, wi' = 0) being always 

excluded from the summation. Let us now change u to m — 2a); 
then we have 




» -2a>)=-,+yT 

> -2i^-2wf (2 


w 2 


^y. 


tlie combination /a = — 1, w' = 0 being the only one excluded from 
the summation. But tlie right-hand side of this equality is identical 
with This function has therefore the iieriod 2 a), and in like 

manner we can prove that it has the period 2 a)'. Tliis is the func- 
tion which A\’'eierstrass rejn’esents by the notation p(a), and which 
is thus defined by the equation 





= ?nu} + m'o)'). 


If we put a = 0 in the difference p(/0“ terms of the 

double sum are zero, and that difference is itself zero. The function 
p(//) possesses, then, the following ju-operties : 

1) It is doubly periodic and has for poles all the points 2 w and 
only those. 

2) The principal part in the neighboi’hood of the origin is l/«*. 

3) The difference p(«) — l//f^ is zero for « = 0. 

These pro2)erties characterize the function p(#^)- lu fact, any analy- 
tic function /(//) possessing the first two properties differs from /)(/t) 
only by a constant, since the difference is a doubly periodic func- 
tion without any poles. If we have also /(») — l/«^ = 0 for w = 0, 

is also zero for » = 0; we have, therefore, /(») = p(»)- 

The function J»(— t^vidently possesses these three properties; 
we have, then, p(- //)= p()0) and the function is even, which 

is also easily seen from the formula (22). 

Let us consider the period of p(rt) whose absolute value is smallest, 
and let 8 be its absolute value. AVitliin the circle Cg with the nubus 
8, described about the origin as center, the difference p(«)— !/« is 
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analytic and can be developed in positive powers of u. The general 
term of the series (22), developed in powers of w, gives 

1 1 2/( + 

{u - 2 ivf 4 ~ (2 wf ^ (2 »’/ (2 

and it is easy to prove that the function 


u 


IG w 


.13 


1 - 


u 


w 


dominates this series in a cin^e of radius 8/2, and, a fortiori, the 
expression obtained from it by replacing 1 — »/|//’| hy l — 2u/h 
dominates the series. Since the series 2T/|/c|® is convergent, we 
have the right to add ti»e resulting series term by term (§ 9). The 
coefticieiits of the odd powers of a are zero, for the terms resulting 
from periods symmetrical with respect to the origin cancel, and we 
can write the development of p(w) in the form 


(23) 
where 

(24) 


P(h) = -4- + + 


+ -j- 


« • » 






(2(c) 


6 


• • • 


=(2A-i)2:'^ 


» • 


Whei^as the formula (22) is applicable to the whole plane, the new 
development (23) is valid only in the interi()r of the circle hav- 
ing its center at the origin and passing through the nearest vertex 
of the periodic network. 

The derivative p\if) is itself an elliptic function having all the 

points 2 w for poles of the third order. It is represented in the 
whole plane by the series 

(25) =_i_2y' ^ 

« (h — 2 tt’)* 

In general, the »th derivative p<">(k) is an elliptic function having 

all the points 2 w for poles of order n + 2, and it is reiJtesented by 
the series 

<«, ^ 

We leave to the reader the verification of the correctness of these 
developments, which does not present any difficulty in view of the 
properties established above (§§ 39 and 61). 
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70. The algebraic relation between p(u) and p'(«). By the general 

theorem of § 68 there exists an algebraic relation between p(w) and 
p'(j/). It is easily obtained as follows : In the neighborhood of the 
origin we have, from the formula (23), 

P'(m) =— ^ -f 2 c\,u d- 4 CgK® -h • • • , 

where the terms of the series not written are zero for u — 0. The 
difference p'^(«)— 4 has therefore the origin as a pole of the 
second order, and in tlie neighborhood of this point we have 

20 /* 


where tlie terms not written are zero for 7i = 0. 

Hence the elliptic function — 20 c^{u) — 2Sc^ has the same poles, 
with the same principal parts, as the elliptic function p'* — 4p’, and 
their difference is zero when it = 0. These two elliptic functions are 
therefore identical, and we have the desired relation, which we shall 
write in the form 

(27) = 

where ^ 

s'j = 20c, = . iZs = ZSr, = 1402^'(^) • 

The relation (27) is fundamental in the theory of elliptic func- 
tions ; the quantities and are called the invaruints. 

All the coefficients of tlie development (23) are polynomials in 
terms of the invariants and In fact, taking the derivative of 
the relation (27) and dividing the result by 2 p'(«), we derive the 

formula 

(28) p''(») = 6 f* 

On the other hand, we have in the neighborhood of the origin 


P 


» = 4 + 2c, + 12 cy + ...+(2\- 2)(2X - + • • •• 
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Replacing p(tt) and p"(m) by their developments in the relation 
(28), and remembering that (28) is satisfied identically, we obtain 
the recurrent relation 

(2 + ["=2,3,..., (^-2)], 

which enables us to calculate step by step all the coefficients in 
terms of and c,, and consequently in terms of and g^\ we find 
thus 

gl ^ 3 

^ 2V3.5^’ 2*. 5.7.11* 

This computation brings out the remai'kable algebraic fact that all 
the sums 2'1/(2m;)^'' are expressible as polynomials in terms of the 
first two. 

We know a priori the roots of p'(^0‘ This function, being of the 
third order, has three roots in each parallelogi-am of periods. Since 
it is odd, it has the roots « =s w, u = w', w = <,>" = w q- a,' (§ 68, notes). 
By (27) the roots of the equation 4:p* — = 0 are precisely 

the values of p(u) for u = ui, a>', w". These three roots are ordinarily 
represented by e^, c, : 

ei = p(a)), = e3 = p(o>"). 

These three roots are all different ; for if we had, for example, 
the equation p(m)= would have two double roots <i> and w' in the 
interior of a parallelogram of periods, which is impossible, since p(u) 
is of the second order. Moreover, we have 

- 4[p(k)- ej[p(w)- ej[p(«)- ej, 

and between the invariants g^ and the roots we have the 

relations 

The discriminant (^ - 27yi)/16 is necessarily different from zero. 


71. The function C(u). If we integrate the function p(tt)— 1/«* 
along any path whatever starting from the origin and not passing 
through any pole, we have the relation 

r[p(“) - + — + — . 

-/o L « J [m — 2«J 2 ^ (2 UJ)*J 

The series on the right represents a function which is analytic 
except for poles, having all the points « = 2 w, except u = 0, for 
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poles of the first order. Changing the sign and adding the frac- 
tion l/?f, we shall imt 


(29) 


^(„)= i +y T — ^ — + — + _!^] 

^ lu-2u> 2w^ (2 k,')M 


The preceding relation can be written 



and, taking the derivatives of the two sides, we find 


(^1) — p(«). 

It is easily seen from either one of these formula? that the function 
^(if) is odd. In the neighborhood of the origin we have by (23) 
and (30), 


The function /f) cannot have the periods 2 w and 2 at', for it would 
have only one i?ole of the first order in a parallelogram of periods. 
But since the two functions 4^ (« -|- 2 «•) and 4!(«) have the same deriva- 
tive — these two functions differ only by a constant ; hence the 
function ^(t/) increases by a constant quantity when the argument h 
increases by a j)eriod. It is easy to obtain an expression for this con- 
stant. Let us write, for greater clearness, the formula (30) in the form 


Changing ff to >/ -h 2<u and subtracting tlie two formulae, we find 


X b + 2 w 

J}(r)dr. 


We shall jmt 


-X 







Then rj and tj' are constants independent of the lower limit u and of 
tlio path of integration. This last point is evident a priori, since all 
the residues of p(v) are zero. The function ^(it) satisfies, then, the 
two relations 

^(u + 2 a,) = i(u) + 2 v, ^(« + 2 01 ') = ^ 00 -h 2?;'. 

If we put in these formula? — w and « = —<•)' respecti\ ely , we 
find 7} = ^(w), V = 
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There exists a very simple relation l)etween the four quantities m, 
<a', r{, 7}'. To establish it we have only to evaluate in two ways the 
integral fciken along the parallelograni whose vertiees are 

“h ^ ’^0 + 2 ti> + 2 + 2 tu'. We shall suppose that ^(n) 

has no poles on the boundary, and that the coefficient of i in tu'/w is 
positive, so that the vertices will be encountered in the order in 
which they are written when the boundary of the pai'allelograiii is 
described in the positive sense. There is a single pole of in the 
interior of this boundary, with a residue equal to + 1 ; hence tin* 
integral under considemtiou is equal to 2 7r/. On the other hand, l»y 
§ 68 the sum of the integrals taken along the side joining the vertices 
-j- 2 oi and along the opposite side is equal to the expression 



j/ 2 = — 4 


Similarly, the sum of the integrals coming from the other two sides 
is equal to We have, then. 



$ 

Q) Yf 



which is the relation mentioned above. 

Let us again calculate the definite integral 


X 


taken along any path whatever not passing through any of the poles. 
We have 

/"(»)= + 0 = 2 ,, 

so that P{h) is of the form F(u)= 2,h + /v, the constant K being 
determined except for a multiple of 2 7rif for we can always modify 
the path of integration without changing the extremities in such a 
way as to increase the integral by any multiple whatever of 2 7 r/ 
To find this constant K let us calculate the definite integral 


X 


dv 


along a path very close to the segment of a straight line which joins 
the two points <o and — w. This integral is zero, for we can replace the 
path of integration by the rectilinear path, and the elements of 
the new integral cancel in pairs. But, on replacing w by ^ w in the 
expression which gives F(u), we have 


2,a)+iir, 
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and since we have also 



we can take K — 2 jya> ± tt/. Hence, without making any supposition 
as to the path of integration, we have, in general, 




= 2-q(u + (i>) + (2 m 4- 1) TT i. 


where m is an integer, and we have an analogous formula for the 
integral 


72. The function o-(z/). Integrating the function ^(u) — l/u along 
any path starting from the origin and not passing through any pole, 
we have 



and consequently 







The integral function on the right is the simplest of the integral 
functions which have all the periods 2 w for simple roots ; it is the 
function <r(w): 

(36) 


_ 


The equality (34) can be written 

(34') <r(«) = ; 

whence, taking the logarithmic derivative of both sides, we obtain 



<r(w) u u 


The function o'(k), being an integral function, cannot be doubly 
periodic. When its argument increases by a period, it is multiplied 
by an exponential factor, which can be determined as follows ; 

From the formula (34') we have 


o-(« + 2<o) ^ « + 2a> 
a-(u) 






U 


This factor was calculated in § 71, whence we find 

(37) <r(n + 2w)= + + = “ “’«■(«) 


1G3 
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It is easy to establish, in a similar manner the relation 


(38) <r(M + 2 G)') = - + 


From either of the formulae (35) or (34') it follows that <r(w) is 
an odd function. 

If we expand this function <r(u) in powers of u, the expansion 
obtained will be valid for the whole plane. It is easy to show that 
all the coefBcients are polynomials in and For we have 



2A.(2A-1) 


n 


2A 



We see that there is no term in and that any coefficient is a 
polynomial in the c^’s and therefore in the invariants and y ; 
the first five terms are as follows : 




u — 




2 ^. 3. 5 




2=*.3.5.7 




2*.3^5.7 2L3^5^7.11 


The three functions p(ii), 4^(«)» o'(”) the essential elements of 
the theory of elliptic functions. The first two can be derived from 
<r(w) by means of the two relations ^(k) = o'’(")/«'(«)> P(«) = - r(«)* 

73. General expressions for elliptic functions. Every elliptic function 

f(u) can be expressed in terms of the single function or again 

in terms of the function ^(?i) and of its derivatives, or finally in 

terms of the two functions p(«) and p'(«). We shall present con- 
cisely the three methods. 


Metiwd 1. Expression of f(u) in terms of the function x(u). Let 

y, ■ ■ ■, a, be the zeros of the function /(m) in a parallelogram of 

periods, and the poles of /(«) in the same parallelogram 

each of the zeros and each of the poles being counted as often as is’ 

required by its degree of multiplicity. Between these zeros and poles 
we have the relation 


(40) Uj + -I -p _j h -f 2 n, 

where 2 O is a period. 

Let us now consider the function 


<t>(u) = 


o-nc — a 




<r{u — ^,) • ■ • o-(m — — 2 Q) 

This function has the same poles and the same zeros as the function 
/(«), for the only zeros of the factor - a.) are « = a, and the 
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values of u which differ from (li only by a period. On the other hand, 
this function 4>(u) is doubly periodic, for if we change w to -f 2w, 
for example, the relation (37) shows that the numerator and the 
denominator of are multiplied respectively by the two factors 

( J^ng2»}(nu + nw-<i,-a, ^ >?(nM + nu> - ftj - 6, 6n-20^ 

and these two factors are equal, by (40). Similarly, we find that 
<f>(ii + 2 tu')= <^(«). The quotient is therefore a doubly 

periodic function of u having no infinite values ; that is, it is a 
constant, and we can write 


(41) /(»)=C 


(r(it — g,)<T(K — a.y) « » « a(u — a„) 

<r (^< — /»j) cr(« ■— ‘ ' a(u — />„ — 2D) 


To determine the constant C it is sufficient to give to the variable u 
any value which is neither a pole nor a zero. 

More generally, to express an elliptic function /(u) in terms of 
the function <t(w), when we know its poles and its zeros, it will suf- 
fice to choose n zeros («,', • • •, and n poles (/-•/, 14, • • ♦, b'^) in 

such a way that = 2/',' and that each root of /(ft) can be obtained 
by adding a period to one of the quantities a-, and each pole by 
adding a period to one of the quantities b-. These poles and zeros 
may be situated in any way in the plane, provided the preceding 
conditions are satisfied. 


Method 2. Expression of /(u) in terms of the fiinctian ^ and of its 
derivatives. Let us consider k poles a^, a^, • • ■, rq. of the function /(») 
such that every other pole is obtained by adding a period to one 
of them. We could take, for example, the poles lying in the same 
parallelogram, but that is not necessary. Let 

, -^*2 |_ . . . _j 2 * 

u — «i (u — Uif (ft — «()"' 

be the principal part of /(«) in the neighborhood of the point a,-. 
The difference 


/(«)-^ - «.)- - "•) * • * 

is an analytic function in the whole plane. Jloreover, it is a doubly 
periodic function, for when we change (/ to » -(- 2«>, this function is 
increased by - 2 ,,2-1 which is zero, since 2.1 V'> represents the sum 
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of the residues in a parallelogram. That difference is therefore a 
constant, and we have 



The preceding formula is due to Hermite. In order to ai)ply it we 
must know the poles of the ellijitic function f(>i) and the corre- 
sponding principal parts. Just as formula (41) is the analogoii of the 
formula which expresses a rational function as a quotient of two 
polynomials decomposed into their linear factors, tlic formula (42) 
is the anulogon of the formula for the decompositi»)n of a rational 
fraction into simple elements. Here the function ^(ii — a) plays the 
part of the simple element. 


Method 3. Exju't’suhni in terms of and c/’ J)'(u). Let 

US consider first an even elliptic function f{n). The zeros of this 
function, v'hich are not prrindsj are symmetric in paii*s. We can 
therefore find n zeros (rq, a.^, • • •, oj such that all the zeros except 
the periods are included in the expressions 

± -f- 2 «•, ±a,^-h2t(', ■ ■ . , ± + 2 tr. 

We shall take, for example, the parallelogram whose vertices are 
<u -f ( 1 )', — 0 ), — <D — <a', CD — Of' and the zeros in this parallelogram 

lying on the same side of a sti’aight line passing through the origin, 
carefully excluding half the boundary in a suitable manner. If a 
zero ojis not a half-period, it will be made to ai)i>ear in the sequence 
■ j as often as there are units in its degree of multiplicity. 
^ If the zero for example, is a half-period, it will be a zero of even 
order 27* (§ 68, notes). We shall make tliis zero appear only ?• times 
in the sequence a^, ■ ■ ■, a„. With this understanding, the product 

[p(»)- J>(r7,)][p(«)- 

has the same zeros, with the same orders, nsf(u), excepting the case 
off(P') = 0. Similarly', we shall form another product, 

[!>(»)- pW][p(«)- p(^.)] • • • [p(«)- PW], 

having the poles of f(u) for its zeros and with the same orders, 
again not considering the end points of any period. Let us put 

A ht) = [pC'Q- P("i)3[p(«) — p(u.2)] ■ • • rp(») — pig ..)] 

Cp(») - P (/',)] [p («)- P (* 2 )] ■ ■ • [p(k)- P(^„)] ’ 
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the quotient /(w)/0((/) is an elliptic function which has a finite 
value different from zero for every value of u which is not a period. 
This elliptic function reduces to a constant, for it could only have 
periods for poles ; and if it did, its reciprocal would not have any 
poles. We have, then, 

/('O 

If /j(w) is an odd elliptic function, /j(«)/p'(w) is an even function, 
and therefore this quotient is a rational function of p («). Finally, 
any elliptic function F(u) is the sum of an even function and an 
odd function : 



Applying the preceding results, we see that every elliptic function 
can be expressed in the form 

(43) y-X»)= •R[P(»)]+ P'('')«.[P(«)]. 

where R and R^ are rational functions. 

74. Addition formulae. The addition formula for the function sin x 
enables us to express sin (a + b) in terms of the values of that func- 
tion and of its derivative for x = a and x — h. There exists an 
analogous formula for the function p(«), except that the expression 
for p(h + v) in terms of p(«)> somewhat more 

complicated on account of the presence of a denominator. 

Let us first apply the general formula (41), in which the function 

o-(») appears, to the elliptic function p(m)“ Pi*’)' 

that cr(H + v )< t{u — is an elliptic function with the same 

zeros and the same poles as p(»)“ P (*'')• have, then, 

p(«)-p(t')= 

in order to determine the constant C it suffices to multiply the two 
sides by and to let u approach zero. We thus find the relation 

1 = — Ca^{v)y whence we derive 

(44) p('0-P(‘') = - 

If we take the logarithmic derivative on both sides, regarding v as 
a constant and h as the independent variable, we find 

= Uu + ?■) + ^(“ “ *’)- 2 ^(«), 

V{n)-p{i') 


a{u + v) cr(u — v) 
t7^(«) <r(c) 


a(u + i0<r(« — t>) . 


[pQO- p(^i)irp(»)- p(«2)] • • • [p(u)-p(a,)^ 

[p(«)- p(^)][p(«)- pC^-,)] . ■ . [p(w)- P(U] 
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or, interchanging u and v in this result, 


Finally, adding these two results, we obtain the relation 


(45) 




which constitutes the addition formula for the function i{u). 

Differentiating the two sides with respect to u, we should obtain 
the expression for p(w-pf); the right-hand side would contain 
the second derivative wliich would have to be replaced by 

gJ2. This calculation is somewhat long, and we can obtain 
the result in a more elegant way by proving first the relation 


(46) p(m v) + p(w) + pW = K(« + v)- C(w)- ^(«0]* 


Let us always regard u as the independent variable ; the two sides 
are elliptic functions having for poles of the second order u = 0, 
=— V, and all the points deducible from them by the addition of 
a period. In the neighborhood of the origin we have 


^(k + v)-^iu)- ^(r)= 

and consequently 

[^(« + ») - ((U) - i («)]»= i - 2 r(r) -2au + .... 


u 


The principal part is l/u% as also for the left-hand side. Let us 
compare similarly the principal pai-ts in the neighborhood of the pole 
u=—v. Putting u = — v + ;« , we have 


m 


^(- V -f- A)- ^(^^)= ~ - hi\v)-\- 



[«(/') - i{h -V)- i _ 2 + • ■ • . 


The principal part of the right-hand side of (46) in the neighbor- 
hood of the point « = - V is, then, l/(« + vf, just as for the left- 
hand side. Hence the difference between the two sides of (46) is 
a constant. To find this constant, let us compare, for instance, the 

developments in the neighborhood of the origin. We have in this 
neighborhood 

P(« + v) + p(«)-f-p(i;) = i-l-2p(r) + «p'(v)-f . . .. 
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Comparing this development with that of [l(u -j- v) — l(u) ~ 
we see that the difference is zero for « = 0. The relation (46) is there- 
fore established. Combining the two equalities (45) and (46) , we 
obtain the addition formula for the function p(w): 

(47) P(« + .)+ P(») + PW = i pp'g: gg ] ■ 


75. Integration of elliptic functions. Hermite’s decomposition for- 
mula (42) lends itself immediately to the integration of an elliptic 
function. Applying it, we find 



We see that the integral of an elliptic function is expressible in 
terms of the same transeendentals cr, p as the functions themselves, 
but the function <r(n) may appear in the result as the argument of 
a logarithm. In order that the integral of an elliptic function may 
be itself an elliptic fuiiction, it is necessary first that the integral 
shall not present any logarithmic critical points ; that is, all the 
residues AJ'* must be zero. If this is so, the integral is a function 
analytic except for poles. In order that it be elliptic, it will suffice 
that it is not changed by the addition of a period to w, that is, that 

2Co, - 0, 2Ca>' _ 2 0; 

i * 

whence we derive C = 0, 2-1 = 0. If these conditions are satisfied, 

the integral will appear in the form indicated by Hermite’s theorem. 


r f(u)du=Cn-\-'^ /.■li‘>Log[(r(n — a,.)] — A<*'>^(7f-a,)-| 


+ (- 1 )--' 






2>(W - fl,)|. 


When tlie elliptic function which is to be integrated is expressed in terms 
of p(u) and is often advantageous to start from that form instead of 

employing the general method. Suppose that we wish to integrate the elliptic 
function H [p (u)] + p' (u) [p (u)], R and R^ being rational functions. We have 
only to notice in regard to the integral/!? Jp(«)]p'(«)du that the change o 
variable p(u) = t reduces it to the integral of a rational function. As for tne 
integral //?[p(u)] du, we could reduce it to a certain number of type forms by 
inean.s of rational operations combined with suitably chosen integrations y 
parts ; but it turns out that this would amount to making in another form tiie 
same reductions that were made in Volume I (§ 105, 2d ed. ; § 110, 1st e .). o . 
if we make the change of variable p(u) = which gives 

dl dt 

p'(ii) V4 - (Jot - {/a 


p'(u)du = dt, 
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the integral /I? [p («)] du takes the form 


^ R (e) dl 

We have seen how this integ ral decomposes into a rational function of t and 
of the radical a sum of a certain miinher of inUjgrals of tlio 

form / V'dl/ V4 - g^t - ^g, and finally a certain number of integrals of the form 



Q(0 dt 
^(0 V4t*- g^t-g^ 


« 


where P(t) is a polynomial prime to its derivative and also to — g„t — g^, 
and wliere g(() is a polynomial prime to P{t) and of lower degree than P(t). 

Returning to the variable u, we see that the integral is eijiiul 

to a rational function of p(u) and p'(u), plus a certain luiinber of integrals 
such as/[p(u)]'*du and a certain number of other integrals of the form 



r Q[piu)'\du 

J P[P{«)3 ’ 


and this reduction can be accomplished by rational operations (multiplications 
and divisions of polynomials) combined with certain integrations by parts. 

We can easily obtain a recurrent formula for the calculation of the integrals 
=J'[p(u)]"du. If, in the relation 

^ {[p(«)]— »p'(«)} = (n - 1) [p(u)]"-2p'2(H) + [p(u)]"- *p"(u), 


we replace p'*(u) and p"(u) by 4p8<u) - (? 3 p(u) ~ and &p^(u)-g„/2 
respectively, there results, after arranging with respect to p(u), 

£{[p(u)]**-ip'(u)} 

= (4 n + 2) [p (u)]" + ‘ - (n - Jp (u)]» - 1 _ (n - 1) g^ [p (u)]- - a, 

and from this wo derive, by integrating the two sides, 

(50) [P(u)]— ip'(u) = (4n+2)7„ + x-(n-l)j/27„_,-(n-])ff37„_3. 


By putting successively n = 1, 2, 3, • • • in this formula, all the integrals I„ 
can be calculated successively from the first two, 7^ = u, 7, =— f (u). 

To reduce further the integrals of the form (49), it will be necessary to know 
the roots of the polynomial P(f). If we know these roots, we can reduce tho 
calculation to that of a certain number of integrals of the form 


/ 


du 


p(u)-p(c) 


where p(y) is different from Cj, Cg, since the polynomial P(t) is prime to 
— — The value of v is therefore not a half-period, and p'(o) is not 

zero. The formula 


-P'(v) 

p(u)-p(») 


= f(u+c)- J'(tt-o)- 2 i-(y), 


established in § 74, then gives 




du 

p (u) - p (y) 


-1 

P'(») 


[Log^(u-|- y)- Log<r(u — y)- 2«f(y)] + C. 
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76. The function 9. The series by means of which we have defined the func- 
Uons p(w), c(u) do not easily lend themselves to numerical computation 
including even the power series development of a(u), which is valid for the 
whole plane. The foiimlers of the theory of elliptic functions, Abel and Jacobi 
had introduced another remarkable transcendental, which had previously been 
encountered by Fourier in bis work on the theory of heat, and which can be 
developed in a very rapidly convergent series ; it is called the 9 function. We 
shall establish briefly the principal properties of this function, and show how 
the Weiei-strass <r (M) function can be easily deduced from it. 

Let T = r + si be a complex cpiantity in which the coefficient s of i is posUive 
If r denotes a complex variable, the function 0(v) is defined by the series 

(52) “ 7^ (— e(2n + l)ff.V g _ gir,> 

— » 

which may be regarded as a Laurent series in which e”"' has been substituted 
for 2 . This series is absolutely convergent, for the absolute value Un of the 
general term is given by 

if V = a + ; hence Vu„ approaches zer o wli en n becomes infinite through 

po.sitive value.s, and the same is true of It follows that the function 

9{v) is an integral ti-anscendental function of the variable «. It Is also an odd 
function, for if we unite the terms of the series which correspond to the values 
n and — n — 1 of the index (where n varies from 0 to + co), the development 

(52) can be replaced by the following formula : 

+ » / i\j 

(53) ^(y) = 2^ (— sin (2 n+ l)7ru, 

0 

which shows that we have 

9(- v)=-9(v), 9(0) = 0. 

When V is increa.scd by unity, the general term of the series (52) is multi- 
plied by c<2n + i)»i 1. Wo have, then, ^(» + 1) =— ^(w). If we change w to 
V + T. no simple relation betw'een the two series is immediately seen ; but if 
w’e write 

+ = 

— » 

and then change n to n — I in this serie.s, the general term of the new series 

is eciual to the general term of the series (52) mxiltiplied by — * C“* Hence 

the function 9{v) satisfies the two relations 

(54) 9(v + l)=- 9 (D), 9(v + T)=-g-'e-^’i^9 (c). 

Since the origin is a root of 9(v), these relations show that 9{v) has for zeros all 
the points -|- tn^r, w'here m^ and nig are arbitrary positive or negative integers. 
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These are the only roots of the equation ^(v) = 0. For, let ub conKider a 
parallelogram whose vertices are the four points Vq, Vo + 1, Vo + 1 + r, Vq + t, 
the first vertex being taken in such a way that no root of 6{v) lies on the 
boundary. We shall show that the equation ^(v) = 0 has a single root in this 
parallelogram. For this purpose it is sufficient to calculate the integral 

J ^(U) 

along its boundary in the positive sense. By the hypothesi.s niadc upon t, we 
encounter the vertices in the order in which they are written. 

From the relations (54) we derive 

4-1) ^ -f t) ^ |9'(U) 

^ (w + 1) ${v)' ^ (r + ▼■) ^ (w) 


The first of these relations shows that at the corresponding points n anti n' 
(Fig. 27) of the sides AD^ DC, the function 0'{v)/6{v) takes on the sa>nc value. 
Since these two sides are described in 
contrary senses, the sum of the cor- 
responding integrals is zero. On the 
contrary, if we take two corresponding 
points m, m' on the sides AB, DC, the 
value of 6'{v)/$(v) at the point m' is 
equal to the value of the same function 
at the point m, diminished by 2iri. The 
sum of the two integrals coming from Fjo.27 

these two sides is therefore equal to 

27ridc, that is, to 2 m. As there is evidently one and only one point 
in the parallelogram ABCD which is represented by a quantity of the form 
»Wi + WjT, it follows that the function ^(u) has no other roots than those found 
above. 

Summing up, the function tf(w) is an odd integral function; it has all the 
points nij + m^r for simple zeros ; it has no other zeros ; and it satisfies the 
relations (54). Let now 2 w, 2 up' be two periods such that the coefficient of i in 
w7« is positive. In 0{v) let us replace the variable v by u/2u and t by w'/w 
and let ^(u) be the function 




^(u) = 9 



Then ^ («) is an odd integral function having all the periods 2 to = 2 mu -f- 2 mV 
for zeros of the first order, and the relations (64) are replaced by the following : 



« (u + 2 «) = - ^ (u), ^ (u + 2 «') = - c 4, («) . 


These properties are very nearly those of the function «•(«). In order to re- 
duce it to fl- (u), it suffices to multiply 4 (u) by an exponential factor. Let us put 




0(«)i 


where ^ is the function of w and defined as in § 71. This new function ^(u> 
IS an odd integral function having the same zeros as 0 (u). The first of the 
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relations (50) becomes 
(58) + 


We have next 


6 »'( 0 ) 


f(»+ " c ^(u). 


or, since ijw' — ij'u = 7 r</ 2 , 

(■^^) f (« + 2w') =— c2’?'(« + «')^(„). 

llie relations (58) an<l (5!)) are identical with the relations established above 
for the function cr(»). Hence the quotient ^(«)/<r(w) has tlie two periods 2w 
and 2 for the two terms of this ratio aie nniltiplied by tlie same factor ^Yhell 
u increases by a period. Since the two functions have the same zeros, this 
quotient is constatit : moreover, tlie coefficient of u in each of the two develop- 
menbj is equal to unity. We have, then, <r(M) = f (m), or 



and the function <r (u) is expre.ssed in terms of the function tf, as we proposed. 
If we give the argument v real values, the absolute value of y being less than 
nnity^, the series (53) is ra})idly convergent. We shall not further elaborate 
these indication.s, wliich suffice to suggest the fundamental part taken by the 
0 function in the applications of elliptic functions. 


TII. INVER.SK FUNCTIONS. CURVES OF DEFICIENCY ONE 

77. Relations between the periods and the invariants. To every 
system of two complex numbers w, a>', whose nitio tu'/to is not real, 
corresponds a com])k*tely determined elliptic function p(«)> which 
has the two periods 2tt», and which is regular for all the values 
of ji that are not of the form 2 ?//<!> -p 2 m'w', all of which are poles of 
the second order. The functions ^(u) and o-(w), which are deducible 
from p(?/) l)y one or by two integrations, resj^ectively, are likewise 
determined by the sy.stem of periods (2<i>, 2 a>'). When there is any 
reason for indicating the i)eriods, we shall make u.se of the notation 
j)(//|w, to'), <u'), <T(it\o}, (o') to denote the tliree fundamental 

functions. 

Hut it is to be notic^ed that we can rejdace tlie s^'stem (<i>, a>') by 
an infinite number of other systems (fi, fi') without changing the 
function ''L ^ Positive or negative 

integers such that we have mn'— m'n = ± 1. If we put 

12 = m<o + Tiio', Cl' — 7n'(o -f“ Ti'io'f 

we shall have, conversely, 


o) = ± («'12 — fiCl'), 


< 0 ' = ± (mCl' — ui'Cl)f 
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and it is clear tliat all the periods of the elliptic function p(w) are 
combinations of the two periods 2 0, 2n', as well as of the two 
periods 2<i), 2 at'. The two systems of t‘)eriods (2 a>, 2 w') and (2 fi, 2 O') 
are said to be equivalent. The function p(m| 0, O') has the same 
periods and the same poles, with the same principal parts, as the 
function p(?/ja>, <o’), and their difference is zero for u = 0. They are 
therefore identical. This fact results also from the development 
(22), for the set of quantities 2 m<o + 2 wi'w' is identical with the 
set of quantities 2w0 + 2w'0'. For the same reason, we have* 
0')= w') and cr(H|0, 0')= o-(»/]w, w'). 

Similarly, the three functions p(«), completely deter- 

mined by the invariaTits y.,, y,. For we have seen that tlie function 
is represented by a power^eries development all of whose coeffi- 
cients are polynomials in y.,, y^. "We have, tlieii, ^(#/)= <r'(«)/(r(?/), 
and finally p(«) = — In order to indicate the functions wliich 

correspond to the invariants {/., and y^, we shall use the notation 


P (« ; ffv O'*). i <•' ; iZa* jz*)- 

Just here an essential question presents itself. Wliile it is evi- 
dent, from the very definition of the function p((/), that to a system 
(oi, tu') corresponds an elliptic function p(i/), i)rovidcd the i-atio 
J/oi is not real, there is nothing to prove a priori that to ereri/ 
system of values for the invariants y„, y^ corresponds an elliptic 
function. We know, indeed, that the expression y| — 27y| must be 
different from zero, but it is not certain that this condition is suffi- 
cient. The problem which must be treated here amounts in the end 
to solving the transcendental equations established above, 


(61) ^, = 602;'^ 


wioi + 2 w'iay 


(f 


3 


= i4oy'- 

^ (2 


wiui -f- 2 '<!>')* * 


for the unknowns w, oi', or at least to determining whether or not 
these equations have a system of solutions such that («'/<„ is not real 
whenever y| — 27 y| is not zero. If there exists a single system of solu- 
tions, there exist an infinite number of systems, but there appears 
to be no way of approach for a direct study of the preceding equations 
^^e can arrive at the solution of this problem in an indirect .vay by 
studying the inversion of the elliptic integral of the first kind. 


Note. Let be two complex numbers such that is not real. The 

sponding f uncUon p (u | «, satisfies the differential equation 


corre- 



= 4p’-92P-ya, 
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where and g^ are defined by the equations (61). For u = w, p(«) is equal to 

one of the roots of the equation 4pa - g^p -g^^O. When u varies from 0 

to w, p(u) describe s a curve L goi ng from infinity to the point Cj. From the 

relation du = dp/V4p* — pgP - i/g we conclude that the half-period w is equal 
to the detiiiite integral 





dp 

V4p«- p2P-[/3 


taken along the curve L. An analogous expression for u' can be obtained by 
replacing e, by e., in the preceding integral. 

We have thus the two half-periods expressed in terms of the invariants gj. 
In order to be able to deduce from this result the solution of the problem before 
us, it would be necessary to show* that the new system is equivalent to the system 
(61), that is, that it defines g^ and g^ as single-valued functions of w, w'. 


78. The inverse function to the elliptic integral of the first kind. Let 
i?( 2 :) be a polynomial of the third or of the fourth degree which is 
prime to its derivative. We shall write this polynomial in the form 

R(z) = A(z~ a^) (z - a^) (z - a-^) (z - a^), 

where a^, denote four different roots if R(z) is of the 

fourth degree. On the other hand, if R (z) is of the third degree, we 
shall denote its three roots by a^, and we shall also set ^ 7 ^ = 00 , 
agreeing to replace 5 ; — co by unity in the expression R {z). 

The elliptic integral of the first kind is of the form 



where the lower limit z^ is supposed, for definiteness, to be different 
from any of the roots of R (z) and to be finite, and where the radical 
has an assigned initial value. If R(js) is of the fourth degree, the 

radical V R (z) has four c ritical points Oj, a^, and each of the 

determinations of V^?(^ has the point « = co for a pol e of t he second 
order. If R{z) is of the third degree, the radical V/2 (z) has only 
three critical points in the finite plane a,, ; but if the variable 

z describes a circle containing the three points a^, a^, a^j the two 

values of the i-adical are permuted. The point 2 = co is therefore a 

branch point for the function Vi?(i). 

Let us recall the properties of the elliptic integral u proved in 
§ 55. If u {z) denotes one of the values of that integral when we 
go from the point z^ to the point s by a determined path, the same 
integral can take on at the same point 2 : an infinite number of deter- 
minations which are included in the expressions 

(63) u = -h 2 moj + 2 m'w', m = / - (r) + 2 ma> + 2 
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if the path is varied. In these formulae m and m'are two entirely 
arbitrary integers, 2 <d and 2(u' two periods whose ratio is not real, 
and / a constant which we may take equal, for example, to the 
integi-al over the loop described about the point a^. 

Let p(m|o>, be the elliptic function constructed with the periods 
2 0), 2 <i>' of the elliptic integral (62). Let us substitute in that funo 
tion for the variable u the integral (62) itself diminished by //2, 
and let $(5:) be the function thus obtained: 








This function ^(«) is a single-valued function of z. In fact, if we 
replace u by any one of the determinations (63), we find always, 
whatever m and m' may be, 






which shows that ^(z) is single-valued. 

Let us see what points can be singular points for this function 
4>(s). First let be any finite value of s different from a branch 
point. Let us suppose that we go from the point to the point z 
by a definite path. We arrive at z^ with a certain value for the 
radical and a value for the integral. In the neighborhood of the 

point 1/V/J(«) is an analytic function of z, and we have a 
development of the form 

= “0 + + «2(« - 

whence we derive 

(65) u = - ^_) + -^i-(. _ + . . . 


If jq — 1/2 is not equal to a period, the function p(ii — //2) is 

analytic in the neighborhood of the point and consequently *!►(«) 

is analytic in the neighborhood of the point z^. If u^ — r/2 is a 

period, the point is a pole of the second order for p(« — //2), and 

therefore is a pole of the second order for 4>(»), for in the neieh- 
borhood of the point ° 


2/ (u-t4j3 


where P is an analytic function. 
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Suppose next that « approaches a critical point a,. In the neigh- 
borhood of the point r?,. we have 


where P, is analytic for z = or 

vl^ = C“« +“.(*- «.') + +•■■]. 

whence, integrating term by term, we find 




( 66 ) 


u - V. + 0.^2 «o + I - «,) + • • -j. 


If w, — 1/2 is not a period, p(u — 1/2) is an analytic function of 
in the neighborhood of the point Substituting in the develop- 
ment of this fuiKJtion in powers of u — the value of the difference 
u ol)tained from the formula (66), the fractional powers of 
(■' “ ^i) must disappear, since we know that the left-hand side is a 
single-valued function of z\ hence the function 4 >( 3 :) is analytic in 
the neighborhood of the point a,-. Let us notice in passing that this 
shows that — 1/2 must be a half-period. Similarly, if ?/,- — 1/2 is 
equal to a period, the point a,- is a pole of the first order for 4 >(j5). 

Finally, let us study the function 4>(^) for infinite values of z. 
We have to distinguish two cases according as R{z) is of the fourth 
degree or of the third degree. If the polynomial 11 iz) is of the fourth 
degree, exterior to a circle C described aljout the origin as cen ter a nd 
containing the four roots, each of the determinations of l/V/i(«) is 
an analytic function of \/z. For example, we have for one of them 


1 






and it would suffice to change all the signs to obtain the develop- 
ment of the second determination. If the absolute value of z iKJcomes 
infinite, the radical 1 /V R (z) having the value which we have just 
written, the integral approaches a finite value w*, and we have m 
the neighborhood of the point at infinity 



^0 

U = 


z 


2z^ 


Jh. 

32^ 




■ 


If — 1/2 is not a period, the function p(n — 1/2) is regular for 
the point and consequently the point 2 : = co is an ordinary point 
for ^(;s). If — 1/2 is a period, the point w* is a pole of the second 
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order for p(?i — //2), and since we can write, in the neighborhood of 
the point « = oo , 

= z 

u — 



the point « = «> is also a pole of the second order for the function 
If R(z) is of the third degree, we have a development of the form 


1 

V/; ( 2 ) 





which holds exterior to a circle having the origin for center and 
containing the three critical points «j, a^, a^. It follows that 



Reasoning as above, we see that the point at infinity is an ordi- 
nary point or a pole of the first order for The function 4>(s) 

has certainly only poles for singular points ; if is therefore a rational 
function of z, and the elliptic integml of the first kind (62) satisfies 
a relation of the form 



where is a rational function. We do not know as yet the degree 
of this function, but we shall show that it is equal to iiniti/. For 
that purpose we shall study the inverse function. In other words, 
we shall now consider u as the independent variable, and we shall 
examine the properties of the upper limit s of the integral (62), con- 
sidered as a function of that integral 11 . We shall divide the study, 
which requires considerable care, into sevei'al parts : 

1) To evert/ finite value of u correspond 7 n values of z if 711 is the 
degree of the rational function ^(«)- 

For let be a finite value of The equation (s) = p(Kj — 1/2) 
determines m values for «, which are in general distinct and finite, 
though it is possible for some of the roots to coincide or become 
infinite for particular values of Let be one of these values 
of z. The values of the elliptic integral u which correspond to this 
value of z satisfy the equation 

we have, then, one of the two relations 

w = Wj + 2m^at -H 2m.y, u = T- iq + 27n,<o 27«^*o'. 
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In either case we can make the variable s describe a path from s to 

such that the value of the integral taken over this path shaU be 
precisely u^. If the function ^(z) is of degree ?n, there are then m 
values of ^ for which the integral (62) takes a given value 

2) Let be a finite value of u to which corresponds a finite value 
ZjOf z; that deteimiination of z whkh approaches z^ when u approaches 

is an analytic function of u in the neighborhood of the point u . 

For if z^ is not a critical point, the values of u and z which ap- 
proach respectively and 2 ;^ are connected by the relation (65), where 
the coefl&cient is not zero. By the general theorem on implicit 
functions (I, § 193, 2d ed. ; § 187, 1st ed.) we deduce from it a 
development for z ~ z^'m positive integral powers of u — u^. 

If, for the particular value z were equal to the critical value a,-, 
we could in the same way consider the right-hand side of (66) as a 
development in powers of Vs — Since is not zero, we can 
solve (66) for ~s/z — a,-, and therefore for z — a,-, expressing each of 
them as a power series in u — 

3) Let be one of the values which the integml u takes on when 
\z \ becomes infinite; the point is a pole for that determination of z 
whose absolute value becomes infinite. 

In fact, the value of the integral u which approaches is repre- 
sented in the neighborhood of the point at infinity by one of the 
developments (67) and (68). In the first case we obtain for l/z a 
development in a series of positive powers of w — w*. 

i = ~ «„)-f - u^y-^ . - A ^ 

in the second case we have a similar development for 1/V», and 
therefore 

^ =(« - + - "«)+ • • 

The point is therefore a pole of the first or second order for z, 
according as the polynomial ^(«) is of the fourth or of the third 
degree. 

4) We are going to show finally that to a value of u there can cor- 
respond only one value of z. For let us suppose that as the variable z 
describes two paths going from z^ to two different points 
two values of the integral taken over these two paths are equal. It 
would then be possible to find a path L joining these two points j?j, z^ 
such that the integral 
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would be 2 ero. If we represent tlie integral u = A' + IV by the point 
with the coordinates (A', )') in the system of re(!tangular axes <f.\, 
OV, we see that the point u would descrilie a closed curve F when 
the point z describes the open curve* L. We shall sliow that tliis is 
not consistent with the properties which wo. have just demonstrated. 

To each value of « there correspond, liy means of tlje relation 
p(ii — !/2)= ^(z), a Jinife number of values of Zy oadi of whicli 
varies in a continuous manner witlj i/, ]irovided the path desc-ribed 
by u does not pass through any of the j)oints corresponding to the 
value z = oo.* According to our su])position, wlum the valuable u 
describes in its plane the closed curve F starting from the ])oint 
A (ii^) and returning to that point, z descrilK*s an open arc of a con- 
tinuous curve passing from the point z^ to the point z^. Let us take 
two points M and P (Fig. 28) on the curve F. 

Let the initial value of z at .1 be and let 
z\ z” be the values obtained when we reach 
the points M and P res|>ectively, after u has 
described the patlis A M and A ^fXP. Again, 
let z[' be the value with wliich we arrive at 
the point P after u has described the arc 
A QP. It results from the hypothesis that 
z" and sj' are different. Let us join the two 
points .1/ and P by a transversal MP interior to the curve F, and let 
us suppose that the variable u describes the arc dm.U and then the 
transversal MP\ let be the value with which we arrive at the 
point P. This value z” will be difl'erent from z” or else from If 
it IS different from sj', the two paths AtuMP and AQP do not lead 
to the same value of s at the point P. If and z” are different, the 
two paths Am^fP and AwMXP do not lead to tlie same value at />; 
therefore, if we start from the point M with tlie value for we 
obtain different values for z according as we proceed from M to P 
along the path MP or along the path MXP. In either case we see 
that we can replace the closed boundary F by a smaller closed bound- 
ary r„ partly interior to F, such that, when h describes this closed 
Iwundaiy , a describes an open arc. Repeating this same opemtion on 
the boundary F,, and continuing thus indefinitely, we should obtain 
an unlimited sequence of closed boundaries F, F^, F^, ... having the 
same property as the closed boundary F. Since w'e evidently can 



3f 


• We assume the properties of 
(Chapter V). 


implicit functions which will be established later 
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make the dimensions of these successive boundaries approach zero, 
we may conclude that the boundary r„ approaches a limit point A. 
From tlie way in which this point has been defined, there will always 
exist in the interior of a circle of radius e described about A as a 
center a closed path not leading the variable ^ back to its original 
value, however small £ may be. Now that is impossible, for the point 
A is an ordinary point or a pole for each of the different determina- 
tions of ; in both cases £ is a single-valued function of (/. in the 
neighborhood of A. We are tlius led to a contradiction in supposing 
that the integral (,?), taken over an 0 ])en i)ath L, can be zero, 

or, what amounts to the same thing, by supposing that to a value of 
u corresi)ond two values of z. 

W e have noticed above that, if for two different values of z we have 
<I> (Sj) = (a:,J, we can find a path L from to such that the integral 



will be zero. Hence the rational function 4>(;s:) cannot take on the same 
value for two different values of z; that is, the function must he 
of the first degree: ^(z) = (nz b)/(cz d). It follows, from the 
relation (69), that 

b-dp(^u--) 



and we may state the following important proposition : The upper 
limit z of an elliptic integral of the frst kinil^ consalered as a function 
of that integral^ is an elliptic function of the second order. 

Elliptic integrals had been studied in a thorough manner by 
Legendre, but it was by reversing the problem that Abel and 
Jacobi were led to the discovery of elliptic functions. 

The actual determination of the elliptic function s;=/(w) con- 
stitutes the problein of inversion. By the relation (62) we liave 

and therefore V/f (s)=/'(w). It is clear that the i-adieal V7^ is 
itself an ellijitic function of u. We can restate all the preceding 
results in geometric language as follows : 

LetR(z) be a poJgnomial of the third or fourth degree.prime to its 
derivative ; the coordinates of any jioint of the curve C, 
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(71) 

can be expressed in terms of elliptic functions of the integral of the 

rdx r dx 

“ “X y -j, V7^’ 


in such a wag that to a point (a*, y) of that curve corresponds only 
one value of u, any 2)eriod being disregarded. 


To prove the last part of tlie j)roposition, we need only remark 
that all the values of u which correspond to a given value? of x arc 
included in the two exiiressions 

?/(, + 2 H)j a» 2 y I — + 2 7/? j to d" 2 

All the values of u included in the first expression come frojn an 
even number of loops described about critical ])oints, followed by 
the direc t path from a-^ to .r, with tlie same initial value of the 
radical Va’(x), The values of v included in the second expression 
come from an odd number of loops described about the critical points, 
followed by the direct path from to x, where the corresponding 
initial value of the radical V It (x) is the negative of the former. If 
we are given both x and y at the same time, the corresponding 
values are then included in a single one of the two formulic. 

From the investigation above, it follows that the elliptic function 
® =/(") a pole of the second order in a pamllelogitim if Ii(x) 
is of the third degree, and two simple poles if I{{x) is of the fourth 
degree ; hence y =f{u) is of the thiid or of the fourth order, accord- 
ing to the degree of the polynomial li (x). 


Note. Suppose that, by any means whatever, the coordinates (x, i/) 
of a point of the curve / = i?(x) have been expressed as elliptic 
functions of a parameter u, say x = .#, (a), y = 4,^(1,). The integral of 
the first kind u becomes, then. 


u= f — = r 

J y J 


The elliptic function cannot have a pole, since u must 

always have a finite value for every finite value of v ; it reduces 

then, to a constant ky and we have « = kv + 1 . The constant / 

evidently depends on the value chosen for the lower limit of the 

integral «, The coefficient A: can be determined by giving to v a 
particular value. os 
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79. A new definition of p(u) by means of the invariants. It is now 
quite eas 3 to answer the question proposed in § 77. Given two num- 

elhpnc fun.t.on p(„) for n-lM, and g^ are the invariants. 

For the polynomial 

« (*) = 4 - g^r. - g^ 

is prime to its derivative, and the elliptic integral has 

two periods, 2 2 o,', whose ratio is imaginary. Let p(«|«,, o,') be the 

corresponding elliptic function. We shall substitute for the argu- 
nient u in this function the integral 


.(72) 


■X 


dz 


V7^(«) 


-7/, 


where II is a constant chosen in such a way that one of the values 
of « sliall be equal to zero for 2 = = oo. We shall take //, for example, 
equal to the value of the integral f^dz/Vji(z) taken over a ray L 

starting at z^. We shall show first that 
the function thus obtained is a single- 
valued analytic function of z. Let z be 
any point of the plane, and let us denote 
by V and v' the values of the integrals 



■ -L, 

-L, 


dz 


’\/R{z) 

dz 


Fig. 29 


VWiT) 

st arting with the same initial value for 
~^Ji(z) and taken over tlie two paths 
z^inZf z^nZf which together form a closed 
curve containing the tliree critical points 
of the radical. Consider the closed curve z^mznz^ZMKZz^ 
formed b^' the curve z^mznz^y the segment z^Zy tJie circle C of very 
large radius, and the segment Zz^. The function 1 /V R («) is analytic 
in the interior of this boundary, and we liave the relation 




V -h 


X 


dz 




f 

JiC) 


dz 


-x/r{z) 


X 


dz 


Vy? («) 


= 0, 


whicli becomes, as the radius of the circle C becomes infinite, 


+ i-' _ 2 // = 0. 
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The values of u resulting from the two paths z^nz tlierefore 

satisfy the relation « + n' = 0. From this we conclude tlmt the 
fimction 



is a single-valued function of z. IVe have seen that it is a linear 
function of the form (az f>)/(cz + d). To determine a, c, d it 
will suffice to study the development of this function in the neigh- 
borhood of the point at infinity. We have in this neighborhood 

-i= = — — + ^ + ...i 
V«(*) 4^ 2.-2 10^5 ’ 


hence the value of w, which is zero for z infinite, is represented by 
the series 


whence 



It follows that the difference p(/0— « is zero for s =s oo. But the 
difference {az b) / {cz d) — z can be zero for x: = oo only if we 
have c = 0, 6 = 0, a=td\ and the function p(« | w, a>') reduces to z 
when we substitute for u the integial (72). Taking the point at 

infinity itself for the lower limit, this integral can also be written in 
the form 



and this relation makes p(m) = s:, where the function p(«) is con- 
structed with the periods 2oi, 2w' of the inU'gral JdzfVni^. 

Comparing the va lues of dufdz deduced from these relations, we 
have p'(?<)=v7F^, or, after squaring both sides, 


(73) p»(w) =n{z)=4: p®(m) — <7ap(«) — g^. 

The numbers g^, g^^ therefore, are the invariants of the elliptic func- 
tion p(«), constructed with the periods 2 2 a.'. This result answera 

the question proposed above iu § 77. If - 27 gl is not zero, the 
equations (61) are satisfied by an infinite number of systems of values 
for a,, to)'. If gj, eg, e, are the three roots of the equation 
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one S3*stem of solutions is given, for example, by the formulae 



from which all other s^^stems will be deducible, as has been explained. 

In the applications of analysis in which elliptic functions occur, the function 
p(u) is usually <lotineil by its invariants. In order to carry through the numerical 
coiui)ulations, it is necessary to calculate a pair of periods, knowing and prg, 
and also to be able to lind a root of the equation p(u) = A, where A is a given 
constant. For the details of the methods to be followed, and for information 
regarding the use of tables, we can only refer the reader to special treatises.* 


80. Application to cubics in a plane. When //f — 27 g\ is not zero, 
the equation 

( 75 ) f = g^x - g. 


represents a cubic without double points. This equation is satisfied 
by ])utting x = })(«)» U = wi^ere the invariants of the function 

p{u) are precisely and g^. To each point of the cubic corresponds a 
single value of n in a suitable parallelogram of periods. For the equa- 
tion p(«)= X has two roots w, and in a parallelogram of periods, 
the sum //, + is a period, and the two values p'(«,) and p'(“a) 
the negatives of each other. They are therefore equal respectively 
to the two values of g which correspond to the same value of x. 

In general, the coordinates of a point of a plane cubic without 
double i)oints can be expressed by elliptic functions of a parameter. 
We know, in fact, that the equation of a eubic can be reduced to 
the form (75) by means of a projective tmnsformation, but this 
transformation cannot be effected unless we know a point of inflec- 
tion of the cubic?, and the determination of the points of inflections 
depend upon the solution of a ninth-degree equation of a special 
form. We shall now show that the parametric representation of a 
cubic by means of elliptic functions of a parameter can be obtained 
without having to solve any equation, provided that we know the 

coordinates of a point of the cubic. 

Suppose first that the equation of the cubic is of the form 


(70) 


^ = by + 3 by + 3 q- b^, 


.TIh* rnmiulcc (SO) wl.iA. give the 
those which result from it hy dilTerentiation. enable us, at lea.st 
calculate (»), and consequently i-(K) and p (u), for all sys e 

of U, ^2* 
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in which, case the point at infinity is a point of inflection. This 
equation can be reduced to the preceding form by putting y = 4 y'jb^y 
x= — hjb^ + which gives 

7 /” = 4 1 '* - g^x' - 

where the invariants g^^ g^ are given by the formuhe 

n(b\ - hM ^b,h,h.,-2b\-blb^ 

Hence we obtain for the coordinates of a point of tlie cul)ic (76) 
the following formulge : 

h, 4 . 4 , . . 

^ “ r r 

"o *'o "o 

Let us now consider a cubic C,, and let (a, /3) be tlie cobrflinat<*s 
of a point of that cubic. The tangent to the cubic at this point («» /?) 
meets the cubic at a second point (a', ^') whose coordinates can be 
obtained rational!}'. If the point (or', ^8') is taken as origin of coor- 
dinates, the equation of the cubic is of the form 


4»8(^» y)+ y)-^ y)= 0, 

where y) denotes a homogeneous polynomial of the tth degree 
(t = 1, 2, 3). Let us cut the cubic by the secant y =: tx\ then x is 
determined by an equation of the second degree, 


X = 


y=^tx, 


t) + x<t>^{l, t) + 4 .^( 1 , t) = 0, 

whence we obtain 

- 4., a, t) ± VR(t) 

2 -^.(1.0 

where R (t) denotes the polynomial (1, <) - 4 .^,(1, t) 4 ,^ (1, t), which 
is in general of the fourth degree. The roots of this polynomial are 
precisely the slopes of the tangents to the cubic which pass through 
the origin.* We know a priori one root of this polynomial, the slope t 
of the straight line which joins the origin to the point («, y3). Putting 
f = ^0 + 1 /t', we find 


where the polynomial Rfi') is now only of the third degree. The 
coordinates (x, y) of a point of the cubic are therefore expressible 
rationally in terras of a parameter t‘ and of the square root of a 


•Two roots cannot be equal (see Vol. I, § 103, 3d ed. ; § 108. 1st ed.).-TRAKs. 
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polynomial of th e third degree. IVe have just seen how to 

express t' and as elliptic functions of a parameter hence 

we can express .r and i/ also as elliptic functions of u. 

It follows from the natui-e of the methods used above that to a 
point (,T, //) of th e cubic correspond a single value of t and a definite 
v alue of Va'(/), and hence completely determined values of t' and 

Now to each system of values of i' and V/?j(^') corre- 
sponds only one value of it in a suitable parallelogram of periods, as 
we have already pointed out. The expressions x=f(u), y=/j(?/), 
obtained for the coordinates of a point of C\, are therefore such 
that all the determinations of u which give the same point of the 
cubic can be obtained from any one of them by adding to it various 
periods. 

This parametric representation of plane t‘nbic.s by means of elliptic functions 
is very important.* As an example we shall show how it enables us to deter- 
mine the points of inflection. Let the expre.ssions for the coordinates be 
X =/(«), ij =/j(u) ; the arguments of the points of intersections of the cubic 
with the straight line Ax + By -j- C = 0 are the roots of the equation 

Af(u) + + C = 0. 

Since to a point (j, y) corresponds only 0 !ie value of w in a parallelogram of 
periods, it follows that the elliptic function Af{u)-\-Bf^{u)-\-C must be, in 
general, of the third order. The poles of that function are evidently independent 
of A, il, C; hence if Mj, Uj are the three arguments corresponding respec- 
tively to the three points of intersections of the cubic and the straight line, we 
must have, by § 08, 

Ui -h «2 + “3 = ^ mjw -I- 2 7«2 

where K is the sum of the poles in a parallelogram. Replacing u by K/Z -!•'« 
in/(u) and/j(«), the relation can be written in the simpler form 

«i + Uj + Uj = period. 

Conversely, this condition is .sufficient to insure that the three points 3fj (u=u,), 
(w = Wg)’ ■‘^^3 = “ 3 ) ^ straight line. For let JI /3 be 

the third point of intersection of the straight line with the cubic, and U 3 

the corresponding argument. Since the sum w, ^ period, 

u, and Ug differ only by a period, and conse(iuently coincides with J/j. 

If u is the value of the parameter at a point of inflection, the tangent at that 
point meets the curve in three coincident points, and 3u must be equal m a 
period. We mmst have, then, u = (2mjW -f 2m.^u}y3. All the points 
tion can be obtained by giving to the integers m, and m„ the values 0 , 1 , 2 . 
Hence there are nine points of inflections. The straight line which passes through 


• Clkbsch. Veber diejenigen Curven, deren Coordinaten sich als eUiptische Funo-. 
tionen eincs Parameters darstellen lassen (Crelle’s Journal, Vol. LXI\ ). 
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the two points of inflection (2mjW + 2nuu' 
the cubic in a third point wliosc argument, 


)/3 and (2m,'w + 2 inccUs 


2 (mj + ml) w + 2 (mo + m^) u 

• » 
3 


is again one third of a period, that is, in a new point of inflection. The number 
of straight lines which meet the cubic in three points of inflection i.s tliereforc 
equal to (1) • 8)/(3 • 2), that is, to tuiclcc. 


Note. 


The points of intersection of the standard 


cubic (75) with the straiglit 


line y = }iix+ n are given by the equation j)'(i<) — mp(i/) — n = 0, the left-hand 
side of which has a pole of the third order at the ixunt u = 0. 'rim sutn of the 
arguments of the points of intersection is then equal to a i»eriod. If h, and u„ 
are the ai^iments of two of these points, we can take — u, — u., for the argu- 
ment of the thiiil point of intersection, and the abscissas of these three points 
are respectively p(Uj), P(“i + ” 2 )- deduce from this a new proof 

of the addition formula for p(u). In fact, tl>e absci.ssas of the points of inter- 
section are roots of the equation 


hence 


4 x8 - g^x — (73 = (»nx + n)* ; 


X, + Xj + X3 = p(u,) + P(M2) + p(w, + W2) = 



On the other hand, from the straight line passing through the two points 
jV 2 (u 2 ), we have the two relations p'(Uj) = mp(Wj)-hn, p'(u 2 ) = mp (u.^) q- », wlience 

P(«2)-P(“i)’ 

and this leads to the relation already found in § 74, 


P (“i) + P («2) + P (Wi + “ 2 ) = “ [ 

4Lp(U 2)- J>(«i)J 


81. General fonnuls for parameter representation. Let n{x) be a 
polynomial of the fourtli degree prime to its derivative. Consider 
the curve represented by the equation 

(77) i/ = R{x)^ -h 4 -H 6 -b 4 a^a; + . 

We shall show how the coordinates x and ?/ of a point of this curve 
can l)e expressed as elliptic functions of a parameter. If we know a 
root a of the equation R{x)= 0, we have already seen in the treat- 
ment of eubics how to proceed. Putting x = a-^l/x', the relation 
(77) becomes 


-where /fj(«') is a polynomial of the third degree. Hence the curve C , 
by means of the relations x=a-i-l/x'j y=^y' fx'^^ corresponds point for 
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point to the curve of the third degree whose equation is i? (x') 
Now a-' and //' can be expressed by means of a parameter i/, in the form 
.r' = rtp(«) + t/’ = a}y'(u), by a suitable choice of a, /3 and of the 

invariants of p(//). We deduce from these relations the following 
expressions for x and y : 

(78) a: = « + 1 , „ = . 

«P(«) + )8 [ap(«) + W 

whence we find du =~ dxjy, so that the parameter u is identi- 
cal, except for sign, with the integral of the first kind, fdx/V^), 
and the foriimhe (78) constitute a generalization of the results for 
the simple <‘ase of parametric representation in § 80. 

Let us consider now the general case in which we do not know any 
root of the equation H (.r) = 0. We are going to show that x and y 
can he expressed rationally in terms of an elliptic function p{u) with 
hnoirn invariayits^ and of its derivative p’(!<), without introducing any 
other irrationality than a square root. Let us replace for the moment 
x and y by t and v respectively, so that the relation (77) becomes 

(77') v’^ = R{t)= aj* -(- 4 r// + 6 aj^ -f- 4 

The polynomial R{t) can be expressed in the form 




in an infinite number of ways, where ^j, are polynomials of 

the degrees indicated by their subscripts. For let (a, /?) be the coor- 
dinates of any point on the curve C^. Let us take a polynomial fl>.^{t) 
such that = /?, which can be done in an infinite number of ways; 
then the equation 


J?(0-W.(0]“ = o 


will have the root t = a, and we can i)ut ^ t — a. The pol^'- 
noinial R(f) having been put in the preceding form, let us consider 
the auxiliary cubic represented by the equation 



If we cut this cubic by the secant y = tx, the abscissas of the two 
variable points of intersection are roots of the equation 


and can be expressed in the form 

-<^.>( 0 - 1 -^ 
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where v is determined by the equation (T?*). Conversely, we see that 
t and V can be expressed rationally in terms of the coordinates x, y 
of a point of by the equations 






Now X and y can be expressed as elliptic functions of a parameter «, 
since we know a point on the cubic that is the origin. Then t 
and V can also be expressed as elliptic functions of u. The method is 
evidently susceptible of a great many variations, and we have intro- 
duced only the irrational = V/i(a), where a is arbitrary. 

We are going to cany through the actual calculation, supposing, 
as is always admissible, that we liave first made the coefficient of 
disappear in Hif). We can then write 


and put 


a^R (t) = + 6 -p 4 a^a^t 


— — Ij *^*2(0— *^8(0= + “o"*- 

The auxiliary cubic C, has the form 

(81) 6 V + 4 a^a^a^y -f- + 2 - x = 0. 

Following the general method, let us cut this cubic with the 
secant the equation obtained can be written in the fonu 



2 - - (6 -f 4 a^a^t + a, a,) = 0 ; 


whence we obtain 



+ Va,72(^). 


Conversely, we can express i and (<) in terms of x and y: 


(82) 


X 


v^= 1 _ 


On the other hand, solving the equation (81) for y, we have 
j; - - ^ + V4 agagx< - x(a^a^x'^ ~ 1^(G ^ ^ 

The polynomial under the radical has the root x = 0. Applying the 
method explained above, we can then express x and y as elliptic 
unctions of a parameter. Doing so, we obtain the results 

1 


(83) x = 




^ [“oP (“) + “J [2 a^p (u) - aj ’ 
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where the invariants g^, g^ of the elliptic function p («) have the 
following values : 


( 84 ) 




_ + 3af 


Qq <^2 ^4 ““ *” 


a 


2 


J7s = 


a: 


Substituting the preceding values for x and y in the expressions 
(82), we find 


(85) 


‘-1 


!>'(■) - ‘f 

/ \ I 




' 


2 



, 

P(«)4-^ 

j 


We can write these results in a somewhat simpler form by noting 
that tlie relations 


(8(5) 


a 


a. 


i*A 


are compatible according to the values (84) of the invariants and g^. 
On the other hand, we can substitute for 

1 r p'(») - P’(v) j 

4[p(«)-p(v)J 


its equivalent p (m + t?) + p (u) + p (y). Combining these results and 
replacing t and V/? (t) by x and y respectively, we may formulate 
the result in the following proposition ; 


The coordinates (x, y) of any point on the curve represented by 
the eguation (77) {where = 0), can be expressed in tein^is of a varir 
able parameter u by the fotmiulce 


^ = I p j - p (t j ’ y = '^.[POO-PO‘ + ’')]> 

where the invariants g^ and g^have the values given by the relations (84), 
and where p(v), p'('0 determined by the compatible equations (86). 


From the formula (45), established above (§ 74), we derive, by 
differentiating the two sides of that equality. 


2 duip (u) — p (v) j ^ ' 


P(m + v); 
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that is, dx/du — or dii =[V^///]^/x. The i)aramet4.*r u, there- 

fore, represents the elliptic integral of the first kind, dxf^U (a:), 
and the formula; (87) furnish the solution of tlie generalized prol>- 
lem of parameter representjition. 


82. Curves of deficiency one. An algebraic plane curve of degree 
n cannot have more than (« — !)(« — 2)/2 double points without 
degenerating into sever.il distinct curves. If the curve C\ is not 
degenerate and has d double points, tlic difference 



is called the deficiency of that curve. Curves of deficiency zero are 
called unicursal curves; the coordinates of a jioint of such a curve 
can be expressed as rational functions of a i)aramcter. The next 
simplest curves are those of deficiency one; a curve of d<‘Hciency 
one has (/i — 1) (n. — 2)/2 — 1 = 7i(tt — 3)/2 double points. 

The coordinates of a jfoint of a rnrvc of defeieiu't/ one can be 
exjiressed as eUiptie functions of a j^oi'ci^ncter. 

In order to prove this theorem, let us consider the adjoint curves 
of the (ii 2)th order, that is, the curves C „_2 which jiass through 
the n (n - 3)/2 double points of C„. Since (n - 2) (n + 1) /2 points 
are necessary to determine a curve of the (n - 2)th degree, the 
adjoint curves C „_2 depend still upon 

= («-!) 

arbitrary parameters. If we also require that these curves pass 
through n-3 other simple points taken at pleasure on r„, we obtain 
a system of adjoint curves which have, in common with C„, the 
n{n - 3)/2 double points of C„ and n - 3 of its simple points"’ Let 
^(^7 y)= 0 be the equation of C„, and let 

/i(*» y)+ y)= 0 

be the equation of the system of curves where A. and /i are arbi- 
trary parameters. Any curve of this system meets C„ in only three 

variable points, for each double point counts as two simple points 
and we have ’ 

T , ”(»'3)-|-n-3 = ft(7i-2)-3. 

Let us now put ^ 

(88) a:' = V) 

A(^>y) A(x,yy 


~ 2)(7i H“ 1) — ti(n —3) 
2 
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when the point (x, ij) describes the cm-ve the point (a:', if) de- 
scribes an algebraic curve C' whose equation would be obtained by 
the elimination of a* and t/ between the equations (88) and F(x, y) = 0. 
The two curves C' and C„ correspond to each other point for point 
by means of a hirational tran.^formation. This means that, con- 
versely, the coordinates (x, y) of a point of can be expressed 
rationally in terms of the coordinates {x\ of the corresponding 
point of C\ To prove this we need only sliow that to a point (a:', y') 
of C' there corresponds only one point of C„, or that the equations 
(88), together with F(Xy y')= 0, have only a single system of solu- 
tions for X and y, which vary with ;c' and y\ 

Suppose that to a point of C' there correspond actually two points 
{ft, b), (« , //) of which are not among the points taken as the 
basis of the system of cui’ves C’„_ 2 . Then we should have 

/.(«> / 2 («, b) b) ' 

and all the curves of the system which pass through the point (a, b) 
would also pass through the point (a*, b’Y The curves of the system 
which pass through these two points would still depend linearly 
upon a variable parameter and would meet the curve in a single 
variable point. The coordinates of this last point of intersection 
with C„ would then be rational functions of a variable parameter, 
and the curve would be unicursal. But this is impossible, since 
it has only n{n~ 3)/2 double points. Hence to a point (x', y') of C' 
corresponds only one point of C’„, and the coordinates of this point 
are, by the theory of elimination, rational functions of x' and y': 

(89) X = <^,(x', y% y = ^^(x', y'). 

In order to obtain the degree of the curve C\ let us try to find 
the number of points common to this curve and any straight line 
ax' -h iy' + c = 0. This amounts to finding the number of points 
common to the curve C„ and the curve 

y) + y) + y) = 

since to a point of C corresponds a single point of C„, and conversely. 
Now there are only three points of intersection which vary with a, by c. 
The curve C' is therefore of the third degree. To sum up, the coor- 
dinates of a point of the curve can be expressed rationally in 
terms of the coordinates of a point of a plane cubic ; and since the 
coordinates of a point of a cubic are elliptic functions of a parameter, 
the same thing must be true of the coordinates of a point of C„. 
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It results also from the demonstration, ami from what has been 
seen above for cubics, that the representiition ean Ijc made in sutrli a 
way that to a point (j*, y) of C„ corresponds only one value of u in 
a parallelogram of periods. 

Let X = ^(m), ij = be the expressions for x and y derived 
above; then every Abelian integial ir — fJl(x, ifjdr associated with 
the curve C\ (I, § 103, 2d ed. ; § 108, 1st ed.) is reduced by this 
change of variables to the integral of an elliptic function ; hence this 
integral w can be expressed in terms of the transceudentals p, <t 
of the theory of elliptic fumrtions. The introduction of tliese tran- 
scendentals in analysis has doubled the scope of the integitil calculus. 


Example. Bicircular quartics. A curve of tlic fourth degree with two double 
points is of delieioncy one. If the doable poiiit.s are tlie cirevdar points at in- 
finity, the curve C^ is called a bicircular quartic. If we take for the origin a 

point of the curve, we can take for tliu adjoint enrves C„_j circles passiiu' 

through the origin « * 

* ® x^ + yi+\x + ^y = 0. 

In order to have a cubic corresponding point for point to tlie <iuartic C^, we 
need only follow the genend method and put x' = x/{x’ + v*), y' = y/{x^ + y"). 
We have, conversely, i = + ^,'3), y = These formul!e define 

an inversion with respect to a circle of unit radius described with tlie origin 
as center. To obtain the ciiuation of the cubic c;, it will suffice to replace x 
and y in the equation of by the preceding values. Suppose, for example 
that the equation of the (piartic C, is (x^ -i- y^)^- = 0 ; the cubic C' will 

have for its equation ^ x''^) —1 = 0. 


Note. When a plane curve C„ has singular points of a higher order, it is of 
deficiency one, provided that all its singular points are equivalent to n(n— 3)/2 
ordinary double points. For example, a curve of the fourth degree having a 
single double point at which two branches of the curve are tangent to each 
other without having any other singularity is of deficiency one; to verify this 
It suffices to cut the quartic by a system of conics Uingent to the two branches 
of the quartic at the double point and passing through another point of the 
quartic. The curve y^‘ = /?(x), where 7? (x) is a polynomial of the fourth de<rree 
prime to its derivative, has a singularity of this kind at the point at infinity. 
It is reduced to a cubic by the following birational transformation : 

I = X', y = y' + v^x'--*, 
from which it is easy to obtain the formulae (87). 


EXERCISES 

Of L'riopi:" 

+ » Sniirs 

/(z)=^A„e 




(The condition/(x + «-) =/( 2 ) requires that we have = 0 if n 0.) 
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2. If a is not a multiple of tt, we have the formula 


sn\a \ a/-LA\ a— n7r/ 

— OD 

(Change z to 2 + a in the expansion for ctnz^ then integrate between the 
limits 0 and z.) 

3. Deduce from the preceding result the new infinite products 


cos 


cos 

sin a — 


+ + ^ ]e«-, 

^osa V 2a + 7r/i-l-L 2a-(2n-l)7rJ 


in ct — &inz _ /i _ £\ /i 4. TT Yl ^ \ ( \ L__\ e*** , 

siiKt \ a/\ a + 7r/-^T \ a + 2n7r/ \ (2n — l)ir— a/ 

* W 


i\ -*• ” 


COSZ-;_COSa _ A _ y-jr Yi ? Wj 

1 — cosa \ av-*"*- \ 2n7r+a/\ 


2 TUT 


\ e’*’' 

- a:/ 


Transfonn these new products into products of primary functions or into 
products that no longer contain exponential factors, such as 


cosz 


4. Derive the relations 
tan z = 2 z 


— +r^ +••• + 


TT* ■ 9ir2 2 

z* 


(2n + iy^7r-^ 


-z--* 


L * 


Establish analogous relations for 

1 


sin z — sin a 


cos z — cos a 


5. Establish the relation 
sin TTZ 


TTZ 


2* Z=^ (g’-l)(^^-_i) .L ... 

= ^“T+ [2!]*" [3!]' 


+ (-l)' 


.... 

[(n + 1) !]’' 


6. Decompose the functions 


p'{w) P'*(“) 


into simple elements. 

7. If = 0, we have 

p(au; 0,?g) = <rp('<; 

..ere a is one of the cnhe toots of unit,. Fto. this ae.uce the deeon.pcs.tion 
of 1/[P'(«) - P'W elements when g^-O. 


p'{<ru ; 0, jTg) = P'(“ » 
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8 . Given the integrals 


/ 


ax + 6 


/ 


(X - 1) Vx« - 1 
dx 


dx. 


f 


ax* + 6 
~r==dx, 
Vl + X* 


X* V X* — X 


/ 


ax* + ft 


V(l-x«)(l- *2x2) 


dx, 


it is required to express the variable x and each one of these integrals in terms 
of the transcendentals p, a. 

9. Establish Herinite's decomposition formula (§ 73) by equating to zero 
the sum of the residues of the function E(z)[f(x — z)— f(X(,— z)] in a panil- 
lelogram of periods, where F(x) is an elliptic function and where x, Xq are 
considered as constants. 

10. Deduce from the formula (60) the relation 17 =— 0"'{O)/12uO'{O). 

(It should be noticed that the series for ff{u) does not contain any terms 
in u®.) 

11*. Express the coordinates x and y of one of the following curves as 
elliptic functions of a parameter: 

^ [(X - a) (X - 6) (X - c)]2, y^=A [(x - a) (x - ft)]*, 

y*=A (x-a)2(x-ft)8(x-c)», y*=A (x - a)* (x - ft)®, 

= .4 (x — a)* (x — 6)«, 

y^=A (x-a)»(x-6)*(x-c)6, y»=A (x-a)*(x-6)\ 
j/® = 4 (x-a)8(x-ft)6, (x-a)Vx-ft)*, 

y* + (tc2 + Tnx + n) i/2 + ^ [(X _ a) (x - 6) (x - c)]* = 0, 

V* + Axy^ + x® ~ = 0, y* + Axy» + x* ^Bx* + ^ = 0, 

i^ + 4xi/3 + (Bx* + ^^y=0, 

+ X. (bx - ^ 0, ^ f^J= 0. 

The variable parameter is equal, except for a constant, to the integral /(l/i/)dx. 

[Briot et Bouquet, TVorie desfonctions doublemenl 

pModiques, 2d ed., pp. 388-411] 
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ANALYTIC EXTENSION 


1. DEFINITION OF AN ANALYTIC FUNCTION BY MEANS 

OF ONE OF ITS ELEMENTS 


83. Introduction to analytic extension. Let/(«) be an analytic func- 
tion in a connected portion A of the plane, bounded by one or more 
curves, closed or not, where the word curve is to be understood in 
the usual elementary sense as heretofore. 

If we know the value of the function f(z) and the values of all 
its successive derivatives at a definite point a of the region A, we 
can deduce from them the value of the function at any other point b 
of the same region. To prove this, join the points a and by a path L 
lying entirely in the region A ; for example, by a broken line or by 
any form of curve whatever. Let 8 be the lower limit of the dis- 
tance from any point of the path L to any point of the boundary of 
the region A, so that a circle with the radius S and with its center at 
any point of L will lie entirely in that region. By hypothesis we 
know the value of the function /(a) and the values of its successive 
derivatives /'(a), /"(a), • • for = a. We can therefore write tlie 
power series which represents the function /’(s) in the neighborhood 
of the point a : 

( 1 ) /(*) = /(«) + ^/’(«) + • • • + (“)+•••• 


The radius of convergence of this series is at least equal to S, but 
it may be greater than 8. If the point b is situated m the circle o 
convergence C„ of the preceding series, it will suffice to replace ^ by 
b in order to have/(i). Suppose that the point b lies outside the circ e 
C , and let a. be the point where the path L leaves C„ ( ig. )■ 
Let us take oA this path a point within C„ and near so that the 


.Since .he va.ne or/(a, a. ...e point t Uoes no. depend on Jte pam_^ so ion, as^i. 
does not leave the region A, wo may suppose a ... in at most two points. 

nAtr r 

for the others. 
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distance between the two points and shall be less than 8/2. The 
series (1) and those obtained from it by successive differentiations 
enable us to calculate the values of the function /(z) and of all its 
derivatives, for s: = The coefficients 
of the series which represents the function /(«) in the neighborhood 
of the point are therefore determined if we know the coefficients of 
the first series (1), and we have in the neighborhood of the point 


(2) /(-)=/(.^.) + ^/(A.,)+ • • • 


The radius of the circle of convergence C^ of this series is at least 
equal to 8; this circle contains, then, the point within it, and 
there is also a part of it out- 
side of the circle C^. If the 
point b is in this new circle 
Cj, it will suffice to put a = ft 
in the series (2) in order to 
have the value of /(ft). Sup- 
pose that the point ft is again 
outside of Cj, and let be 
the point where the path z^b 
leaves the circle. Let us take 
on the path L a point z,^ 
within C, and such that the 
distan(;e between the two ^joints z,, and n:., shall be less than 8/2. 
The series (2) and those which we obtain from it by successive dif- 
ferentiations will enable us to calculate the values of f(z) and its 
derivatives /{z,^^ f(z^^ ... at the point We shall then 

form a new series, 

(3) /« = /(- J + ^/(*.) + • ■ ■ + + • • • , 

which represents the function /(.?) in a new circle with a radius 
greater than or equal to 8. If the point ft is in this circle we shall 
replace a by ft in the preceding equality (3); if not, we shall continue 
to apply the same process. At the end of a finite number of such 
opemtions we shall finally have a circle containing the point ft within 
it (in the case of the figure, ft is in the interior of ; for we can 
always choose the points in such a way that the dis- 

tance between any two consecutive points shall be greater than 8/2. 
On the other hand, let S be the length of the path X. The length of 


( 7 * 
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the broken line is always less than S ; hence we have 

p^/2 — h\< S. Let p be an integer such that (^/2 + 1) S > 5. 

The preceding inequality shows that after p operations, at most, 
we shall come upon a point of the path L whose distance from 
the point h will be less than 8 ; the point b will be in the interior 
of the circle of convergence of the power series which represents 
the function f{z) in the neighborhood of the point and it will 
suffice to replace z by h in this series in order to have f{b). In the 
same way all the derivatives • • • can be calculated. 

The above reasoning proves that it is possible, at least theoretically, 
to calculate the value of a function analytic in a region yl, and of 
all its derivatives at any point of that region, provided we know 
the sequence of values, 

(4) /(^O/ /'(«). /"(«). •••. /‘"X"), •••. 


of the function and of its successive derivatives at a given point a of 
that region. It follows that any function analytic in a region A is 
completely determined in the whole of that region if it is known in 
a region, however small, surrounding any point a taken in d, or 
even if it is known at all points of an arc of a curve, however short, 
ending at the point a. For if the function f{z) is determined at 
every point on the whole length of an arc of a curve, the same must 
be true of its derivative since the value /'(s,) at any point of 

that arc is equal to the limit of the quotient ~ ®i) 

when the point approaches along the arc considered ; the denv- 
ative /■'(-“) being known, we deduce from it in the same way /"(js), 
and from that we deduce /"(s), ■ • ■. All the successive derivatives 
of the function f{z) will then be determined for s = a. "W e shall say 
for brevity that the knowledge of the numerical values of all the 
terms of the sequence (4) determines an element of the function 
f{z). The result reached can now be stated in the following man- 
ner : A function analytic in a region A is completely determined if 
xve hnoxc any one of its elements. We can say further that two func- 
tions analytic in the same region cannot have a common element 

without being identical. ^ . , 

We have supposed for definiteness that the function consi , 

/(^), was analytic in the whole region ; but the reasoning ran 
extended to any function analytic in the region except at certa 
in nilar pointsf provided the path X, followed by the var.ab e n 
^ohig « t; I does not pass through any singular poni^of he 

knction. It suffices for this to break up the path into several arcs, 
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as we have already done (§ 31), so that each one can Ikj inclosed 
in a closed boundary inside of which the bi’ancth of the function y(.':) 


considered shall he analytic. The knowledge of the initial ehnnent 
and of the jKitli described by the variable suttices, at least theoreti- 
cally, to find the final element, that is, the numerical values of all the 
terms of the analogous sequence 






84. New definition of analytic functions. Up to the present we have 
studied analytic functions wliich were defined expressions which 
give their values for all values of the variable in the field in whi(‘h 
they were studied. We now know, from what precedes, that it is 
possible to define an anal 3 'tic function for any value of tiie variable 
as soon as we know a single element of the function ; Init in order to 
present the theory satisfactorily from this new point of view, we must 
add to the definition of analytic functions according to (’auchy a new 
convention, which seems to Iw worth stating in considerable detail. 

Let /j( 2 ), /^(.7) he two functions analytic respectively in the two 
regions .1^, having one and only one part 
A' in common (Fig. 31). If in the com- 
mon part A' we have / 2 (^:) = /i(-), which 
will be the case if these two functions have 
a single common element in this region, we 
shall regard /^(s) and /^(.t) as forming a 
single function F{^), analytic in the region 
dj + Agjby means of the following equalities: 

■^(«)=/,('^) in Jj, and U( 2 )=//c) in .1.,. 

M e shall also sa^*' thaty|^( 2 ) is the aruiliftlc extension into the region 
A^ — A ' of the analytic function wliich is supposed to be defined 
only in the region A^. It is clear that the analytic extension oif{z) 
into the region of exterior to A^ is possible iii only one way.* 

•Id order to show tliat the preceding convention is distinct fioiu the detinition of 
functions analytic in general, it suffices to notice that it le.ads at once to the following 
consequence : 1/ a/unchon/‘(z) is analt/dc in a region A, even/ other analytic /««c- 
tton/^iz), under these convention/, which coincides with /(z) in a part of the region A 
ts ulenHcal witkf(z) in A. Now let us consider a functiou F{z) defined for all values 
of the complex variable z in the following manner: 



F(2) = sinz, ifz9i^; 


However odd this sort of convention may appear, it has nothing in it contra- 

1 Trr*® functions in general analytic. The function 

thus defined would be analytic for all values of z except for z = 7r/2, which would 
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Let us now consider an infinite sequence of numbers, real or 
imaginary, 

(C) "i’ ■ * *» 


subject to the single condition that the series 
(7) “h “h -j- . . . -f- -f- . . . 


converges for some value of z different from zero. (We take z^O 
for the initial value of the variable, which does not in any way 
restrict the generality.) The series (7) has, then, by hypothesis, a 
circle of convergence whose ludiiis R is not zero. If R is infinite, 
the series is convergent for eveiy value of z and represents an inte- 
gi-al function of the variable. If the radius R has a finite value dif- 
ferent from zero, the sum of the series (7) is an analytic function 
/■(«) in the interior of the circle C^. But since we know only the 
sequence of coefficients (G), we cannot say anytlting a priori regard- 
ing the nature of the function outside of tlie circle C^. We do not 
know whether or not it is possible to add to the circle C^, an adjoin- 
ing region forming with the circle a connected region A such that 
there exists a function analytic in .1 and coinciding with /(^) in the 
interior of C^. The method of the preceding paragraph enables us to 
determine whether this is the case or not. Let us take in the circle Cj, 
a point a different from the origin. By means of the series (i), 
and the series obtained from it by term-by-term differentiation we 
can calculate the element of the function /(s) which corresponds to 
the point and (;onsequently we can form the i)Ower series 



.V — tt 




+ 


(z - a)' 


n 


/<"> (a) + 


wliich represents the function /(s) in the neighborhood of the point a. 
Tliis series is certuinly convergent in a circle about a as center with 
a radius A' - |a| (§ 8), but it jnay be convergent in a larger circle 
whose radius cannot exceed A + |a|. For if it were convergent in 


1,e a siaanlar point of a parti.-nlar natnre. But the propert.es o “ 7 ' ^ 

would he in contradiction to the eonvention which we have 
two functions Aft) and sin z wo.dd he identical tor all the '“I”; 
j = w/o, which would he a singular point for only one of the 
wi-rstrass, in Gern.any, and Mdray, in France, developed 
functions by startin-r only with the properties of power ser . treatise, 

are also entirely in.iependent. Meray’s theory .s presented ^ J 
/,c,on« nonneto ..nr f.lnnf.vse inJlnU(.-,mak. It 

define an analytic function step hy step, knowing one o cieme. 
supposing known the theorems of Cauchy on analyt.e fnnct.ons. 
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a circle of radius 72 + |«| + S, the series (7) would be convergent in 
a circle of radius 72 -f- 8 alx>ut the origin as center, contrary to tlio 
h 3 '^pothesis. Let us suppose first that the radius of the circle of con- 
vergence of the series (8) is always equal to R — |r/|, wherever the 
point a may be taken in the circle C^. Then there exists no means 
of extending the function /(a:) analytically outside of the circle, at 
least if we make use of power series only. We can say that there 
does not exist any function F{z) analytic in a region A of the plant! 
greater than and containing the circle and coinciding with f{z) 
in the circle C^,, for the method of anal^'tic extension \vould enable 
us to determine the value of that function at a point exterior to the 
circle C^, as we have just seen. The circle is tlien said to be a 
natural boundary for the function /(«). Fui’ther on we shall see 
some examples of this. 

Suppose, in the second place, that with a suitably chosen point 
a in the circle the circle of convergence of the series (8) has a 
radius greater than 72 — |a|. 

This circle Cj has a part 
exterior to (Fig- 32), and 

the sum of the series (8) is 
an analytic function f^{z) in 
the circle In the interior 

of the circle y with the center 
ff, which is tangent to the 
circle internally, we have 
/i(^) = /(®) (§ ®)i lienee this 
equality must subsist in the 
whole of the region common 
to the two circles The 

series (8) gives us the analytic extension of the function f{z) into 
the portion of the circle exterior to the circle Let a' be a new 
point taken in this region ; by proceeding in the same way we shall 
form a new power series in powers of s: — a', which will be con- 
vergent in a circle C^, If the circle is not entirely within C^, the 
new series will give the extension of/(«) in a more extended region, 
and so on in the same way. We see, then, how it is possible to 
extend, step by step, the region of existence of the function /(«), 
which at first was defined only in the interior of the circle C . 

It is clear that the preceding process can be carried out in an in- 
finite number of ways. In order to keep in mind how the extension 
was obtained, we must define precisely the path followed by the 
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variable. Let us suppose that we can obtain the analytic extension 
of the function defined by the series (7) along a path i, as we have 
just explained. Each point x of the path L is the center of a circle of 
convergence of radius r in the interior of which the function is rep- 
resented b}' a convergent series arranged in powers oi z — x. The 
radius r of this circle varies continuously with x. For let x and x' be 
two neighboring points of the path Z, and r and r' the corresponding 
i-adii. If x’ is near enough to a* to satisfy the inequality \x' — a;| < r, 
the radius r' will lie between r — |x' — a*| and r + |a;' — cr|, as we have 
seen above. Hence the difference r' — r approaches zero with \x' — x\. 
Now let C' be a circle with the radius Jl/2 described with the origin 
as center; if a is any point on the circle C', the radius of conver- 
gence of the series (8) is at least equal to Jl/2, but it may be greater. 
Since this radius varies in a continuous manner with the position of 
the point a, it passes through a minimum value R/2 -b r at a point 
of the circle C' . We cannot have r > 0, for if r were actually posi- 
tive, there would exist a function F{z) analytic in the circle of radius 
R -b r about the origin as center and coinciding with f{z) in the 
interior of C^. For a value of z whose absolute value lies between R 
and R + r, F{z) would l>e equal to the sum of any one of the series 
(8), where a is a point on C' such that j^: — f/[ < R/2 -b v. According 
to Cauchy’s theorem, F (:s) would be equal to the sum of a power 
series convergent in the circle of radius R + r, and this series would 
be identical with the series (7), which is impossible. 

There is, therefore, on the circumference of at least one point a 
such that the circle of convergence of the series (8) has R/2 for its 
radius, and this circle is tangent internally to the circle at a point 
a where the radius Oa meets that circle. The point « is a singular 
point of f{z) on the circle C\. In a circle c with the point a for 
center, however small the radius may be taken, there cannot exist 
an analytic function which is identical with/(s) in the part common 
to tlie two circles and c. It is also clear that the circle of conver- 
gence of the series (8) having any point of the radius Oa for center 
is tangent internally to the circle at the point a* 


» If all the coefficients un of the .series (7) are real and positive, the point z=-Ri» 
necessarily a singular point on C'o- lu it " cre not, the poiver sen 

which represents/(z) in 1^6 neighborhood of 

of convergence greater than if/2. The same would be true a fortiori 
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Let U8 consider now a path L starting at the origin and ending at 
any point Z outside of the circle and let xis imagine a moving 
point to describe this path, moving always in the same sense from O 
to Z. Let be the point where the moving point leaves tlie circle j 
if this point were a singular point, it would be impossible to (con- 
tinue on the path L beyond this point. We shall suppose that it is 
not a singular point; we can then form a pow<*r series arranged in 
powers of z — and convergent in a circle (\ with the center a,, 
whose sum coincides with f{z) in the part common to tin.* two cir- 
cles Cj, and To calculate /(«,), /(«,), • • • 've could emj)loy, for 
example, an intermediate point on the radius Oa^. Tin* sum of the 
second series would furnisli us with tlie analytic, extcmsion of f(z) 
along the path L from so long as the moving point do(*s not leave 
the circle Cj. In particular, if all the i)ath starting from lies in 
the interior of C^, that series will give the value of the function at the 
point Z. If the patli leaves the circle at the jK>int a.,, we shall 
form, similarly, a new power series convergent in a circle with 
the center a^, and so on. ^^'e shall sujjpose first that after a Hnite 
number of oj>erations we arrive at a circle C^, with the center (;oii- 
taiiiing all the portion of the path L which follows and in partic- 
ular the point Z. It will suffice to replace z !)y Z in tlu* last .scries 
used iiiid in those which we liavc obtained from it by term-hy-term 
differentiation in order to find the values oi f(Z)y f\Z)^ /"{Z)^ • • 
with which we arrive at the point Z, that is, the final element of the 
function. 

It is clear that we arrive at any point of the jiath L with com- 
pletely determined values for the function and all ite derivatives. 
Let us note also that we could replace the circles (\, 
by a sequence of circles similarly defined, having any points 
• ••, of the path L as centers, provided that the circle with the 
center contains the portion of the path L included Udween Zi and 
We can also modify the path L, keeping the same extremities, 
without changing the final values of f(z), f(z), f'{z), • . • ; for the 


whatever the angle w may he, for we have e^idently 



siDce all the coeflieients «. are positive. The minimum of the radius of couvereence 
of the senes (8), when a describes the circle C^, would then he greater than R/2. 
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circles Cj, . • cover a portion of the plane forming a kind of 
strip in which the path L lies, and we can replace the path L by any 
other path V going from = 0 to the point Z and situated in that 

strip. Let us suppose, for 
definiteness, that we have to 
make use of three consecutive 
circles (Fig. 33). 

Let L' be a new path lying 
in the strip formed by these 
three circles, and let us join 
the two points /wand n. If we 
go from O to m first by the 
path Oa^m, then by the path 
Onniy it is clear that we arrive 
at m with the same element, since we have an analytic function in 
the region formed by and C^. Similarly, if we go from m to Z 
by the path ma^Z or by the path mnZ, we arrive in each case at 
the point Z with the same element. The path L is therefore equiv- 
alent to the path OnmnZy that is, to the i)ath V. The method of 
])roof is the same, whatever may be the number of the successive 
circles. In particular, we can always replace a path of any form 
whatever by a broken line.* 



85. Singular points. If we i>roceed as we have just explained, it 
may ha])pen that we cannot find a circle containing all that ])art of 
the path L which remains to be described, however far we continue 
the process. Tliis will be the case when the point is a singular point 
on the circle for the process will be checked just at that point. 

If tlie process can be continued forever, without arriving at a circle 
inclosing all that part of tlie path L which remains to be descril>ed, 
the ]) 0 int 3 rq., + • • • approach a limit point A of the path 

whicli may be either the point itself or a point ]ymg between 0 
and The point A is again a singular pointy and it is impossible 
to push the analytic extension of the function /(s) along the path L 
beyond the point A. But if A is different from Zy it does not follow 
that the point is itself a singular point, and that we cannot go 
from O to Z by some other path. Let us consider, for example, eitlier 
of the two functions vTT^ and Log(l + ^); we could not go from 


• The reasouing requires a little more attention when the path 
since then tlie strip formed by tlie successive circles Cq, C\, Co, 
cover part of itself. But there is no essential difliculty. 


L has double points, 
. • • may return and 
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the origin to the point « = — 2 along the axis of reals, since we could 
not pass through the singular point z ~ — 1. But if we cause the vari- 
able z to describe a path not going through this point, it is clear that 
we shall arrive at the point « = — 2 after a finite number of steps, 
for all the successive circles will pass through the point z=~l. 
It should be noticed that the preceding definition of singular points 
depends upon the path followed by the variable ; a point X may be 
a singular point for a certain path, and may not for some other, if 
the function has several distinct branches. 

When two paths Z,, li, going from the origin to Z, lead to dif- 
ferent elements at Z, there exists at least one singular point in the 
interior of the region which would be swept out by one of the paths, 
Zj, for example, if we were to deform it in a continuous manner so 
as to bring it into coincidence with Z(, retaining always the same 
extremities during the change. Let us sup- 
pose, as is always permissible, that the two 
paths Zj, Z( are broken lines composed of the 
same number of segments 0 • • /iZ and 

Oald'ic'i . . . i;z (Fig. 34). Let a^, c^, ■ • 

be the middle points of the segments CT,a,', 

CjCi, • • •, l^ll; the path Z^ formed by the 
broken line • • • l^Z cannot be equiva- 

lent at the same time to the two paths Zj, ZJ 
if it does not contain a singular point. If the 
path Zj does contain a singular point, the 
theorem is established. If the two paths Zj 
and Zj are not equivalent, we can deduce from 
them a new path Z, lying between Z^ and Z^ 
by the same process. Continuing in this way, we shall either reach 
a path Zp containing a singular point or we shall have an infinite 
sequence of paths Z,, Z^, Z^, . . .. These paths will approach a limit- 
ing path A, for the points a^, a^, . . . approach a limit point lying 

between Aj and a', - . and similarly for the others. This limiting 
path A must necessarily contain a singular point, since we can 
^aw two paths as near as we please to A, one on each side of 
It, and leading to different elements for the function at Z. This 
could not be true if A did not contain any singular points, since 

the paths sufficiently close to A must lead to the same elements 
at z as does A. 

The preceding definition of singular points is purely negative 
and does not teU us anything about the nature of the function in 


b, 



y 

> 



Fig. 34 
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the neighborhood. No hypothesis on these singular points or on 
their distribution in the plane can be discarded a priori without 
danger of leading to some conti'adiction. A study of the analytic 
extension is required to determine all the possible cases.* 


86. General problem. From what precedes, it follows that an analytic 
function is virtualbj determined when we know one of its elements, 
tliat is, when we know a sequence of coefficients Oj, • 

such that the series 


«o + — «)-\ + — a)" H 


has a radius of convergence different from zero. These coefficients 
being known, we are led to consider the following geneiul problem : 
To find the value of the function at any point ft of the plane when the 
variable is made to describe a definitely chosen path from the point a 
to the point ft. We can also consider the problem of determining 
a priori the singular points of the analytic function; it is also 
clear that the two problems are closely related to each other. The 
method of analytic extension itself furnishes a solution of these two 
problems, at least theoretically, but it is piacticable only in very 
particular cases. For example, as nothing indicates a priori the 
number of intermediate series which must be employed to go from 
the point a to the point ft, and since we can calculate the sum of 
each of these series with only a certain degree of approximation, it 
appears impossible to obtain any idea of the final approximation 
which we shall reach. So the investigation of simpler solutions was 
necessary, at least in particular cases. Only in recent years, how- 
ever, has this problem been the object of thorough investigations, 
which have already led to some important results.^ 


. Let fix) be a function analytic along the whole length of the sclent of the 
real axL In the neighborhood of any point a of this segment the function can be 
represented by a power series whose radius of convergence 

radius ^ being a continuous function of tr, has a jJo«nye minim . i^„5th 

"sUiva less than r, and ^ the .gion of the P'- 

SSlrfo-ni" (") it foil': " “n. trJi 

inequality . ^fnl 

(Cf. I, § 197. 2d ed. : § 191, 1st ed.) ^ Hadamard’s excel- 

t For everything regarding this matter ” analvtuiue (Naud, 1901). It con- 
lent work. La serie de Taylor et son prolongement analytique («au 

tains a very complete bibliography. 
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The fact that these researches are so recent must not be attributed 
entirely to the difficulty of the question, however great it may Ik*. 
The functions which have actually l)een studied successively by 
mathematicians have not been chosen by them arbitrarily ; rather, 
the study of these functions was forced upon them i)y the very nature 
of the problems which they encountered. Now, aside from a small 
number of traiiscendentals, all these functions, after the explicit 
elementary functions, are defined either as the roots of equations 
which do not admit a formal solution or as integrals of algebraic 
differential equations. It is clear, then, that the study of implicit 
functions and of functions defined by differential equations must 
logically have preceded the study of the general problem of which 
these two problems are essentially only very particular cases. 

It is easy to show how the study of algebraic differential equa- 
tions leads to the theory of analytic extension. Let us consider, for 
concreteness, two power series i/(x), .z(x)y arranged according to pos- 
itive powers of x and convergent in a (urclc C of radius U descril^ed 
about the point .r = 0 as center. On the other hand, let F(x, y, y', 

• • - l>e a polynomial in 

Let us suppose that we replace // and z in this jmlynomial by the 
preceding series, y', by the successive derivatives of the 

series y(x), and i:', z", . . by the derivatives of the series z{x)\ 
the result is again a power series convergent in the circle C. If all 
the coefficients of that series are zero, the analytic functions ij{x) 
and z{x) satisfy, in the circle C, the relation 

(9) F(.r, 3, s', • • = 0. 

We are now going to prove that the functions obtained by the analytic 
extension of the series y{x) and z{x) satisfy the same relation in the 
whole of their domain of existence. More precisely, if wq cause the 
variable x to describe a path L starting at the origin and proceeding 
from the circle C to reach any point « of the plane, and if it is pos- 
sible to continue the analytic extension of the two series y(x) and 
z(x) along the whole length of this path without meeting any singular 
point, the power series Y(x - «) and Z{x~a) with which we arrive 
at the point a represent, in the neighborhood of that point, two ana- 
lytic functions which satisfy the relation (9). For let x, be a point 
of the path L within the circle C and near the point where the path L 
leaves the circle C. With the point x, as center we can describe a 
circle C , partly exterior to the circle C, and there exist two power 
series y(x - x^), z(x - x^) that are convergent in the circle and 
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whose values are identical with the values of the two series y{x) and 
z{x) in the part common to the two circles C, C^. Substituting for y 
and zm F the two corresponding series, the result obtained is a power 
series P{x — convergent in the circle C^. Now in the part common 
to the two circles C, Cj we have P(a; — arj)= 0; the series P(x — 
has therefore all its coefficients zero, and the two new series yix — x^ 
and z{x — a*,) satisfy the relation (9) in the circle C^. Continuing 
in this way, we see that the relation never ceases to be satisfied 
by the analytic extension of the two series y{x) and z{x), whatever 
the path followed by the variable may be; the proposition is thus 
demonstrated. 

The study of a function defined by a differential equation is, then, 
essentially only a particular case of the general problem of analytic 
extension. But, on the other hand, it is easy to see how the knowledge 
of a particular relation between the analytic function and some of 
its derivatives may in certain cases facilitate the solution of the 
problem. We shall have to return to this point in the study of 
differential equations. 


II. NATURAL BOUNDARIES. CUTS 


The study of modular elliptic functions furnished Hermit the 
first example of an analytic function defined only in a portion of 
the plane. We shall point out a very simple method of obtaining 
analytic functions having any curve whatever of the plane for a 
natural boundary (see § 84), under certain hypotheses of a very 
general character concerning the curve. 


87. Singular lines. Natural boundaries. We shall first demonstrate 

a preliminary proposition.* 

Let «, ■ and c., c, ■ • - , ^ ‘-o 

any kind of terms, the second of which is such that 5r, absolute y 
convergent and has all its terms different from zero. Let C tea 

circle with the center containing none of the pointe 

and passing through a single one of these points ; then the series 


( 10 ) 


^ ^ /» 


"VTiT 1881- GouRSAT, det 

.POINCAB^, Acta Societal, S ! V„, XVII. p- 347. 

sciences mathematiques, 2d series, \ol. XI, p- 109, an 
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represents an analytic function in the circle C which can i)e devel- 
oped in a series of powers of « — z^. The circle of concenjence of this 
series is precisely the circle C. 

We can clearly suppose that z^ = 0, for if wc change z to — z\ 

is replaced by and docs not cljange. Wc shall also su|> 

pose that we have |"il= A*, where It denotes the radius of tin* ciride 
and [ffil > R for i > 1. In the circle (' the general U-rin c^,/{a^ — z) can 
be developed in a power series, and that series has ( \r^\/R)/{\ — z/H) 
for a dominant function, as is easily verified. By a general theorem 
deinonstmted above (§ 9), the series 2]c,,[ being convergent, tin* func- 
tion F{z) can be developed in a power series in the circle (\ and that 
series can be obtained by adding term by term the power series which 
represent the different terms. We have, then, in tlie circle <' 


+ • 


1 =:V-^ 


(10') F{z)— •}- A^z 

+ X 

Let us choose an integer p such that X [c^l shall Im? smaller than 

^ I* 9 + 1 

|Cj|/2, which is always possible, since Cj is not zero and since the 
series 2|c„| is convergent. Having chosen the integer p in this 
way, we can write F(z)= Ffz)-I- Ffz), where we have set 


^. 0=2 

$'^2 





Ffz) is a rational function wdiich has only poles exterior to the 
circle C ; it is therefore developable in a power series in a circle C' 
with a radius R' > R. As for F,(z), we have 


( 11 ) - 30 + + • • • + 

where 




JL±1 


71 + 


SjlL- 


We can write this coefficient again in the form 




• • 



but we have, by hypothesis, | a./a„ | < 1, and the absolute value of 
the sum of the series 




210 


ANALYTIC EXTENSION 


[IV, § 87 


is less than |<’i|/2, by the method of choosing the integer^. The 
absolute value of the coefficient is therefore between |Cj|/2 and 
3 1 0 J /2 ^ in magnitude, and the absolute value of the general term 
of the series (11) lies between {\c^\/2 K)\z/R\’* and (S\Cj\/2 R)\z/R\''; 
that series is therefore divergent if |.i;l > R. By adding to the series 
F.^(z)y convergent in the circle with the radius R, a series F^(z), con- 
vergent in a circle of radius R' > R, it is clear that the sum F(z) has 
the circle C with the radius R for its circle of convergence; this 
proves tlie proposition which was stated. 

Let now L be a curve, closed or not, having at each point a definite 
radius of curvature. The series being absolutely convergent, let 
us suppose that the points of the sequence a^, a^, ■ • a,-, • ■ • are all 

on the curve L and are distributed on it in such a way that on a 
finite arc of this curve there are always an infinite number of points 


of that sequence. 



The series 


v» 1 


is convergent for every point not belonging to the curve L, and 
represents an analytic function in the neighborhood of that point. 
To prove this it would suffice to repeat the first part of the preced- 
ing proof, taking for the circle C any circle with the center and 
not containing any of the points If the curve L is not closed, 
and does not have any double points, the series (12) represents an 
analytic function in the whole extent of the plane except for the 
points of the curve L. We caunot conclude from this that the 
curve i is a singular line ; we have yet to assure ourselves that 
the analytic extension of F(z) is not possible across any portion 
of L, however small it may be. To prove this it suffices to show that 
the circle of convergence of the power series which represente F(z) 
in the neighborhood of any point not on L can never inclose an 
arc of that curve, however small it may be. Suppose that the circle C, 
with the center z^, actually incloses an arc «/3 of the curve L. Let us 
take a point «, on this arc a^, and on the normal to this arc at le 
us take a point so close to the point «, that the circle de^J 
about the point as center with the radius - «,|, shall he entire y 

in the interior of C and not have any point in ^ 

arc aP other than the point », itself. By the theorem which h^ 

been demonstrated, the circle C, is the " 

power series which represents F(z) in the neighborhood of the po 
1. But this is in contradiction to the general properties of power 
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series, for that circle of convergence cannot be smaller than the 
cii-cle with the center z' which is hingeiit internally to the circle 

If the curve L is closed, the series (12) represents two distinct 
analytic functions. One of these exists only in the interior of the 
curve Z, and for it that curve is a natural boundary ; tlie other 
function, on the contrary, exists only in the region extc*rior to the 
curve L and has the same curve as a natural boundary. Thus the 
curve Z is a luitural boundary for eaeli of these functions. 

Given several curves, Z^, Z^, ■ - •, Z^,, closed or not, it will he pos- 
sible to form in this way series of the form (12) Jiaving these curves 
for natural boundaries ; the sum of these series will have all tliese 
curves for natural boundaries. 


88 . Examples. Let AB be a segment of a straight line, and a, ^ the complex 
quantitiesrepresenting the extremities A, B. AM the poiiitSY = (»ia + n^)/{in + n), 
where m and n are two positive Integers varying from 1 to + are on the seg- 
ment AB, and on a finite portion of tliis segment there are always an infinite 
number of pointii of that kind, since the point 7 divide.s the segment A B in the 
ratio 7n/n. On the other hand, let be the general term of an absolutely 
convergent double series. The double series 




Gm. ft 

ma + n(i 
m + n 


represents an analytic function having the segment yli? for a natural boundary. 
^ e can, in fact, transform this series Into a simple scries with a siiiHe index 
in an infinite number of ways. It is clear that by adding .several .series of this 
kind It Will be possible to form an analytic function having the perimeter of 
any given polygon as a natural boundary. 

Another exaniple, in vrhich the curve i is a circle, may be defined as follows • 
Let <r he a positive irrational number, and let . be a positive integer. Let us put 


a =z ^ 


«,. = a*" = <*2 


Then all the points a- are distinct and are situated on the circle C of unit radius 

having Its center at the origin. Moreover, we know that we can find two in 

gers m and n such that the difference 2 ^{na- m) will be less in absolute value 
than a number e, however small e be taken. 

There exist, then, powers of « whose angle is as near zero as we wish and 


+ * 


ysii 



represents, by the general theorem, 
which has the whole circumference 


an analytic function in the circle C 
of this circle for a natural boundary. 
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Developing each term in powers of z, we obtain for the development of E(z) the 
power series 



F(z) = l + 




+ 


z» 


2a'» — 1 


+ 


It is easy to prove directly that the function represented by this power series 
cannot be extended analytically beyond the circle C ; for if we add to it the 
series for 1/(1 — z), there results 


E(z) + 


1 — z 


= 2 + z 




or 


Changing in this relation z to az, then to a®z, • • • , we find the general relation 


( 14 ) F(„.z) = 1 F(z) + 


+ 


2(1- a"- iz) 


which shows tliat the difference 2"F(a"z) - F{z) is a rational function <f>{z) hav- 
ing the n poles of the first order 1, 1/a, • • •, l/a"~L 

The result (14) has been established on the supposition that we have |zl<l 
and |a| = 1. If the angle of a is commensurable with ir, the equality (14) shows 
that F{z) is a rational function ; to show this it would suffice to take for n an 
integer such that a» = 1. If the angle of a is incommensurable with ?r, it is im- 
possible for the function F(z) to be analytic on a finite arc AB of the circum- 
ference, however small it may be. For let and W'-J’ be two points on the 
arc AB(n>p). The numbers n and p having been chosen in this way, let us 
suppose thatz is made to approach a-p; a"z will approach a^-P, and the two 
functions F(z) and F(a"z) would approach finite limits if F(z) were analytic 
on the arc A If. Now the relation (14) shows that this is impossible, since the 

function <p{z) has the pole a-p. 

An analogous method is applicable, as Hadamard has shown, to the series 
considered by Weierstrass, 

(15) F(z) 


where a is a positive integer > 1 and 5 is a constant whose absolute value is less 

than one. This series is convergent if |r| is not greater than un.ty 

gent if I z I is greater than unity. The circle C with a and rad.us is ^ 

circle of convergence. Tlie circumference is a „„ a 

lion F{z). For suppose that there are no singular points of the fui c 

finite arc of the circumference. If we replace the 

2 (, 2 tiv/o* wliere k and k are two positive integers and c a dm , 

terms ol the series (16) after the term of the tank A are " 

difference F(z) - Ffze^t""'*) is a polynomial. Neitlier would 

Z:iy sillin’, ar points on ’the arc trc,. which is deH.d^from 

rotation through an angle 2 ttr/c* around the origin. . . . c», it 

to make 2w/c. smaller than t.ie arc compi^eiy. The 

is clear that the arcs cTo^s, • • • cover me ciicuu 
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function F{z) would therefore not liave any singular points on the clrcninfer- 
ence, which is absurd {§ 84). 

This example presents an interesting peculiarity ; the series (16) is absolutely 
and uniformly convergent along the circumference of C*. It represents, then, a 
continuous function of the angle $ along this circle.* 

89. Singularities of analytical expressions. Every analytical expres- 
sion (such as a series wliose different terms are functions of a vari- 
able z, or a definite integral in which that variable appears a 
parameter) represents, under certain conditions, an analytic function 
in the neighborhood of each of the values of z for which it has a 
meaning. If the set of these values of s covers completely a connected 
region A of the plane, the expression considered represents an 
analytic function of z in that region .1 ; but if the set of these values 
of z forms two or more distinct and sepai'ated regions, it may happen 
that the analytical expression considered represents entirely distinct 
functions in these different regions. We have already met an exam- 
ple of this in § 38. There we saw how we could form a series of 
rational terms, convergent in two curvilinear triangles PQR, P'Q'R' 
(Fig. 16), whose value is equal to a given analytic function f(z) in 
the triangle PQR and to zero in the triangle P'Q'R'. By adding two 
such series we shall obtain a series of rational terms whose value is 
equal to f(z) in the triangle PQR and to another analytic function 

(z) in the triangle P'Q'R’, These two functions f(z) and («) being 


* Fredholm has showo, similarly, that the funetioo represented by the series 

0 

where a is a positive quantity less than one, cannot be extended beyond the circle of 
convergence (Compter rendits, March 24, 1890). This example leads to a result which 
is worthy of mention. On tlio circle of unit radius the series is convergent and the 
value 

J'{^) = Sa"[cos(n*^) + t sin 

is a continuous function of the angle 0 which has an infinite number of derivatives. 
This function F{0) cannot, however, he developed iu a Taylor's series in any interval, 
however small it may be. Suppose that iu the interval (^o -a, 0o+ a) we actually 
have 

F{0) = Aq+ Ai(0 -0 q) + ”' + An{0 - 0q)’* + • • • . 

The series on the right represents an analytic function of the complex variable 0 in 
the circle c with the radius a described with the point 0q for center. To this circle c 
corresponds, by means of the relation z =» e®*, a closed region A of the plane of the vari- 
able z containing the arc 7 of the unit circle extending from the point with the angle 
to the point with the angle There would exist, then, in this region A 

an analytic function of z coinciding with the value of the series Sa^z"* along y and also 
In the part of A within the unit circle ; this is impossible, since we cannot extend the 
sum of the series beyond the circle. 
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arbitrary, it is clear that the value of the series in the triangle P'QJR' 
■will in general bear no relation to the analytic extension of the value 
of that series in the triangle PQR. 

The following is another veiy simple example, analogous to an 
example j)ointed out by Schroder and by Tannery. The expression 
(1 “ "")/(! + ■^)) where n is a positive integer which increases in- 
definitely, approaches the limit +lif|«|<l, and the limit — 1 
if If \x\—ly this expression has no limit except for z = l. 

Now the sum of the first 7i terms of the series 







is equal to the preceding expression. This series is therefore conver- 
gent if \z\ is different from unity. Hence it represents -f- 1 in the 
interior of the circle C with the radius nnift/ about the origin as 
center, and — 1 at all points outside of this circle. Now let /(«), 
be any two analytic functions whatever; for example, two 
integral functions. Then the expression 


m = I [/(^) + + I ■S(*)[/(*) - <A(*)] 


is equal to f(z) in the interior of C, and to ^(«) in the region ex- 
terior to C. The circumference itself is a cut for that expression, but 
of a quite different nature from the natural boundaries which we 
have just mentioned. The function which is equal to \f/(z) in the 
interior of C can be extended analytically beyond C ; and, similarly, 
the function which is equal to outside of C can be extended 
analytically into the interior. 

Analogous singularities present themselves in the case of functions 
represented by definite integrals. The simplest example is furnished 
by Cauchy’s integral ; if /’(•s') is a, function analytic within a closed 
curve r and also on that curve itself, the integral 

/J_\ r f(z) dz 

\2'7rilX 

represents /(j-) if the point x is in the interior of T. The same inte- 
gral is zero if the point .r is outside of the curve T, for the function 
y'(g) _ x) is then analytic inside of the curve. Here again the 
curve r is not a natural boundary for the definite integral. Similarly , 
the definite integral //-^ctn [(z - a-)/2]rf3= has the real axis as a cut ; 
it is equal to -j- 2 ttI or — 2 iri, according as x is above or below that 

cut (§ 45). 
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90. Hermite's formula. An interesting result <liie to Herniite cun be brmigiit 
into rehition witli the preceding <liscu.ssion.* Let z), 6' (I, z) lx* tAv») aiiulytie 
functions of each of tlic variables I and z ; for example, two polyiioiiiiiil.s t»r two 
power series convergent for all the values of these two variables. 'J’lien the 
definite integral 

z) 


(16) 




G(t, z) 


dl, 


taken over the segment of a straight line which joins the two ptjints (t and /3, 
represents, as we shall sec later (§ 05), an analytic function of z except for the 
values of z svhicli are ro«its of the equation G (/, z) = 0, where ( is the l•oInplex 
quantity corresjionding to a j)oint on tin* segment afi. This efiuatiou therefon* 
determines a finite or an Inlinite immher of curves for which the inlegial <b(z) 
ceases to have a meaning. hvtAIi be one of tiiese curves not having any doulile 
points. Ill order to consider a very precise case, we .shall supi^isc? that wlien t 
describes the segment a^, one of the roots of the Cipiation G {L z) = 0 describes 
the arc AS, and that all the oilier rooLs of the .same e<iuatinn, if there are any, 
remain outside of a suitably chosen clo.sed curve surrounding the arc yI7^ so 
that the segment afi ami the arc Ali corrcsjuind to each other point to point. 
The integral (10) has no meaning when z falls upon the arc AH; we wish to 
calculate the difference between the values of the function at two points 
2Nr, W', lyiiig'on opjwsitc sides of the arc.<lR, whose distaiicc.s frmii a fixe»l point 
M of the arc AB are infinitesimal. Let ( be the three values of z 

corresponding to the three points -V, 

N' respectively. To these three 
points correspond in the plane of the 
variable <, by means of the equation 
G(f, z) = 0, the point m on a/S, and 
the two points n, n' on opposite sides 
of at infinitesimal distances from 
m. Let + T?, ^ he the cor- 
responding values of t. In the neighborhood of the segment a$ let us take 
a point 7 so near afi that the equation G(f., 0 has no other root 

than t = e + 7, in the interior of the triangle afiy (Fig. 35). The function 
<)/G(«, f + <) of the variable Uias but a single i>ole ^ -I- t? iiitbe interior 
of the triangle a^y, and, according to the hypotheses made above, this pole 
is a simple pole. Applying Cauchy’s theorem, we have, then, the relation 



(17) 


r 


G(t,r+«) 


dl 






f+c) 


+ f+c) 


The two integrals are of the same form as 4>(z) ; they represent re- 

spectively two functions, *,(z), 4>2(z), which are analytic so long as the variable 
IS not situated upon certain curves. Let AC and BC be the curves which cor 
re^nd to the two segments ay and ^y of the t plane, and which are at 
infinitesimal distances from the cut AB associated with <&{z). Let us now give 

VohXC^^'^^’ de la theorie des /onctioiis {Crelle's Journal, 
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the value f + e' to 2 ; the corresponding value of Hs ^ + V, represented by the 
point n\ and the function F{t, f + 6 ')/G(«, analytic in the interior 

of the triangle afiy. We have, then, the relation 

PF((, . r^-F(^i'+0 


L 




Jy <?(f, f+0 


« G(t,J -+0 ■ Jfi <?(t, f+eO 

subtracting the two formula ( 17 ) and ( 18 ) term by term, we can write the result 
as follows : 


^ (f + €) - (r + c') + [<J‘i(i- + e) - ^*,(i- + O] 

+ ['*’2(f+«)-*2(i'+0] = 2iV 


F(^ + ^, r+€) 


f+e) 

But since neither of the functions <^1(2), 4*2(2) flie Ai# as a cut, they 
are analytic in the neighborhood of the point 2 = f, and by making c and «' ap- 
proach zero we obtain at the limit the difference of the values of 4 >( 2 ) in two 
points intinitcly near each other on opposite sides of Ai#. We shall write the 


result in the abridged form 


(19) 


4>(iV)-«f»(N') = 2 7ri 


.. f) 


dG{ 0 , r) * 

ee 


this is Herniite's formula. It is seen that it is veiy simply related to Cauchy’s 
theorem.* The demonstration indicates clearly how we must take the points N 
and N ' ; the i>oint JV(f -i- f) must be such that an observer describing the segment 
cx^ has the corresponding point 4 * on his left. 

It is to be noticed that the arc Ali is not a natural boundary for the 
function 4 >( 2 ). In the neighborhood of the point N' we can replace «&(2) by 
- [‘i’lCz) + 4 » 2 (z)] accordijig to the relation ( 18 ). Now the sum ^^{z) + *s(^) is 
an analytic function in the curvilinear triangle ACB and on the arc AB itself, 
as well as in the neighborhood of N'. Therefore we can make the variable 2 
cross the arc AB at any one of its points except the extremities A and B 
without meeting any obstacle to the analytic extension. The same thing would 
be true if we w'ere to make the variable z cross the arc AB in the opposite sense. 

Example. Let us consider the integral 

( 20 ) 

where the integral is to be taken over a segment AB of the real axis, and where 
/(() denotes an analytic function along that segment AB. Let us represent z 
on the same plane as t. The function *(z) is an analytic function of 2 in the 
neighborhood of every point not located on the segment AB itself, which is a 
cut^^for the integral. The difference 4>(iV)- ^(N') is here equal to ± 27 ri/(f), 
where f is a point of the segment AB. When the variable 2 crosses the line A B, 
the analytic extension of 4 >( 2 ) is represented by *(2) ± 27 ri/{z). 

This example gives rise to an important observation. The Linction 4 >( 2 ) is 
still an analytic function of 2, even when /(t) is not an analytic function 0 , 

provided that /(O is continuous between a and ^ (§ 33 ). But in this case le 
preceding reasoning no longer applies, and the segment AB is in general a 

natural boundary for the function 4 >( 2 ). 


• GOURSAT. Sur U71 theoreme de M. Hermite (Acta mathematica, Vol. I) 
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EXERCISES 


1, Find the lines of discontinuity for the definite integrals 



r+1^’ 



dt 

t + iz 


I 


taken along the straight line which joins the points (0, 1) and (a, h) respec- 
tively ; determine the value of these integrals for a point z not located on these 

boundaries. 

2. Consider four circles with radii 1/V2, having for centers the points + I, 
+ i, _ 1, — i. The region exterior to these four circles is cniiipose«l of a finite 
region ii, containing the origin, and of an infinite region A,. Con.struct, by the 
method of § 38, a series of rational functioi»s which converge in these regions, 
and whose vahie in equal to 1 and in A^ to 0. Verify the result by finding 
the sum of the series obtained. 


3. Treat the same questions, considering the two regions interior to the circle 
of radius 2 with the center for origin, and exterior to the two circles of radius 1 
with centers at the points + 1 and — 1 respectively. 

[ArrELL, Acta mathematical Vol. I.] 

4. The definite integral 



sinz 

1 + 2 f cos z -h 



taken along the real axis, has for cuts the straight lines 2 = (2A: + 1)7r, where k 
is an integer. Let f = (2A: + l)7r + i( be a point on one of these cuts. The dif- 
ference in the values of the integral in two points infinitely close to that point 
on each side of the cut is equal to 

[Hermite, Cre/fe’s Journal, Vol. XCI.] 

6. The two definite integrals 



+ ® ^(i — *) 

« f — z 


dt, 



» t<C — 'ft) 

z 



taken along the real axis, have the axis of reals for a cut in the plane of the 
variable z. Above the axis we have J = 2m, and below we have J=0, 

J 0 = — 2m. From these results deduce the values of the definite integrals 


® fiit 

f-z 

^ “ cos (f — z) . 

J_« t-z ’ 

r+* e“" .. 

. dt$ 

-• t — z 

J_«, t— z 


[BER.M1TE, Crelle's Journal, Vol. XCI.] 
6. Establish by means of cuts the formula (Chap. II, Ex. 16) 


/. 




— ® 1 + 


dl^ 


sin air 


(Consider the integral 


[Hermits, Crete’s Journal, Vol. XCI.] 


+« goa+*) 




e(*+*) 
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wliich lias all the straight lines y = (2* + l)?r for cuts, and which remains con- 
stant in the strip included between two consecutive cuts. Then establish the 
relations 

<t(2 -I- 27 r/) = 4 >( 2 ) -p 27 rie"“', i>{z + 2 iri) = 
where z and 2 + 2 ttj are two points separated by the cut y = tt.) 

7 *. Let/(2) be an analytic function in the neighborhood of the origin, so that 
f{z) = 2u„ 2’'. Denote by F{z) = "Za^z^/n ! the as^ociaied integral function. It is 
easily proved that we have 

(I) F(az) = i /■ 

where the integral is taken along a closed curve C, including the origin within 
it, inside of which /(2) is analytic. From this it follows that 



r'e-F(«)da=J- 

Jo 2 Tti Jc 11 



where I denotes a real and positive number. 

If the real part of z/u remains less than 1 — e(where «> 
the curve C, the integral 




when u describes 


approaches u/(u — z) uniformly as I becomes infinite, and the formula (2) be- 
comes at the limit 



r*%-.F(az)aa = ^. f ^=/W. 

Jo 2 TTI J(C) M — 2 


This result is applicable to all the points within the negative pedal curve of C. 

[Borel, Lemons sur les series divergentes.] 

8*. Let/(2) =2a„2", ^(2) =S6„2'* be two power serieswhose radii of conver- 
gence are r and p respectively. The series 

^ (2) = Za„h„z» 

has a radius of convergence at least equal to rp, and the function \p(z) has no 
other singular points than those which are obtained by multiplying the quanti- 
ties corresponding to the different singular points of f(z) by those corresponding 

to the singular points of 0(2). 

[Hadamaru, Acta mathemalica, Vol. XXIII, p. 65 .] 


CHAPTEH V 

ANALYTIC FUNCTIONS OF SEVERAL VARIABLES 

I. GENERAL TROPERTIES 

In this chapter we shall discuss analytic functions of several 
independent complex variables. For simplicity, we shall suppose 
that there are two variables only, but it is easy to extend the results 
to functions of any number of variables whatever. 

91. Definitions. Let n vi, + fi be two independent 

complex variables; every other complex quantity X whose value 
depends upon the values of z and z' can be said to be a function of 
the two variables z and Let us represent the values of these two 
variables z and by the two points with the coordinates («, r) and 
(iVy t) in two systems of rectangular axes situated in two planes I\ P\ 
and let A, A' be any two portions of these two planes. We shall say 
that a function Z — /(«, «') is analytic in the two regions A, A' if 
to every system of two points z\ taken respectively in the regions 
Af A'y corresponds a definite value of /(z, z'), varying continuously 
with z and z', and if each of the quotients 

f(z + /t, z')-f(zy z’) f(z, z’ + fc)— /(g, z') 

h ' k 

approaches a definite limit when, z and z' remaining fixed, the 
absolute values of h and k approach zero. These limits are the 
partial derivatives of the function «'), and they are represented 
by the same notation as in the case of real variables. 

Let us separate in /(«, z') the real part and the coefficient of 
/(«, z^^ X A- yi’i X and Y are real functions of the four independ- 
ent real variables «, v, w, t, satisfying the four relations 

^ do du * dio dt * dt dw^ 

the significance of which is evident.* We can eliminate Y in six 

• If * and 2' are analytic functions of another variable these relations enable us 
to demonstrate easily that the derivative of /(*, rq with respect to z is obtained by the 
usual rule which gives the derivative of a function of other functions. The formulro 
of the differential calculus, in particular those for the change of variables, apply 
therefore, to analytic functions of complex variables. 
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different ways by passing to derivatives of the second order, but 
the six relations thus obtained reduce to only four: 



f d-X 

c-X 

= 0, 

cW 

du ct 

docw 

du dto 

c^X 

c\X 

= 0, 

cPX 

cu^ 

da^ 

dur^ 


4* 


-f 



Up to the present time little use has been made of these relations 
for the study of analytic functions of two variables. One reason for 
this is that they are too numerous to be convenient. 


92. Associated circles of convergence. The properties of power series 
in two real variables (I, §§ 100-192, 2d ed. ; §§ 185-186, 1st ed.) are 
easily extended to the case where the coeflBcieuts and the variables 
have complex values. Let 

( 2 ) 

be a double series with coefficients of any kind, and let 

‘ Ifnti “ I ^mn | ‘ 

We have seen (I, § 190, 2d ed.) that tliere exist, in general, an 
infinite number of systems of two jwsitire numbers H, R' such that 
the series of absolute values 

(3) 

is convergent if we have at the same time Z < R and Z' < /?', and 
divergent if we have Z>R and Z’>R'. Let C be the circle de- 
scribed in the plane of the variable z about the origin as center with 
the radius R ; similarly, let C’ be tlie circle described in the plane of 
the variable s:' about the point «' = 0 as center with the radius R’ 
(Fig. 30). The double series (2) is absolutely convergent when the 
variables s and s:' are respectively in the interior of tlie two circles C 
and C\ and divergent when these variables are respectively exterior to 
these two cii’cles (I, § 191, 2d ed. ; § 185, 1st ed.). The ciicles C, C 
are said to form a system of associated circles of convergence. This 
set of two circles plays the same part as the circle of convergence 
for a power series in one variable, but in jdace of a single circle 
there is an infinite number of systems of associated circles for a 
power series in two variables. For example, the series 

^ m\ nt 


V,§92] 


GENERAL PROPERTIES 


221 


is absolutely convergent if |a:| + |«'j<l, and in that case only. 
Every pair of circles C, C' whose radii R, R' satisfy the relation 
7? -}- 72' = 1 is a system of associated circles. It may happen that we 
can limit ourselves to the consideration of a single system of asso- 
ciated circles; thus, the series is convergent only if we have 


at the same time \z\< 1 and z'\< 1. 


Let be a circle of radius R^<R concentric with C ; similarly, 
let be a circle of radius R[<R’ concentric with C'; when the 
variables z and z' remain within the circles C, and C[ respectively, 



the series (2) is uniformly convergent (see I, § 191, 2d ed. ; § 186, 
1st ed.) and the sum of the series is therefore a continuous function 
F( 2 , «') of the two variables «, in the interior of the two circles 
C and C'. 

Differentiating the series (2) term by term with respect to the 
variables, for example, the new series obtained, is again 

absolutely convergent when a and s' remain in the two circles C and 
C' respectively, and its sum is the derivative dF/dz of F{z, z') with 
respect to z. The proof is similar in all respects to the one which has 
been given for real variables (I, § 191, 2d ed. ; § 186, 1st ed.). Simi- 
larly, F{zy a') has a partial derivative dF/dz' with respect to which 
is represented by the double series obtained by differentiating the 
series (2) term by term with respect to The function F{z, z') is 
therefore an analytic function of the two variables z' in the pre- 
ening region. The same thing is evidently true of the two deriva- 
tives dF/dz, dF/dz', and therefore F{z, z') can be differentiated term 
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by term any number of times; all its partial derivatives are also 
analytic functions. 

Let us take any point 2 of absolute value r in the interior of C, and 
from this point as center let us describe a circle c with radius R — r 
tangent internally to the circle C. In the same way let 2' be any point 
of absolute value r' < R', and c' the circle with the point 2' as center 
and R' — r' as radius. Finally, let 2 + A and 2' -f- A: be any two points 
taken in the circles c and c' respectively, so that we have 

|2| + |A|<72, |2'| + |^|</i'. 

If we replace 2 and 2' in the series (2) by 2 + h and z' + A, we can 
develop each term in a series proceeding according to powers of h 
and A, and the multiple series thus obtained is absolutely convergent. 
Arranging the series according to powers of A and A, we obtain the 
Taylor expansion 

(4) F(s + h,^' + k) = ^ hrk\ 

93. Double integrals. When we undertake to extend to functions 
of several complex variables the general theorems which Cauchy 
deduced from the consideration of definite integrals taken between 
imaginary limits, we encounter difficulties which have been com- 
pletely elucidated by Poincare.* We shall study here only a very 
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simple particular case, which will, however, suffice for our subse- 
quent developments. Let/(2, 2') be an analytic function when the 
variables 2, 2' remain within the two regions A, A' respectively. 
Let us consider a curve alf lying in A (Fig. 37) and a curve a 
in A', and let us divide each of these emwes into smaller arcs by 

any number of points of division. Let 2,,, 2,, 2^, • • •, 2t_i, 


* PoiNCARfe, Sur les residue des integrales 


doubles {Acta malhemaiica, Vol. IX). 
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be the points of division of aby where and Z coincide with a and by 
and let kJ, 2', • • z„y • • be the points of division 

of a'h\ where and Z' coincide with a' and The sum 

n Ml 

(5) ^ “ ^4r-l) (^A “ ^A-l)> 

Asl Asl 

taken with respect to the two indices, approaches a limit, when the 
two numbers m and n become infinite, in such a way that the abso- 
lute values l^i- — and [s* — «a-i| approach zero. Let /(«, 2') 
= X-\- Yiy wiiere A' and V aie real functions of the four variables 
Vy Vy Wy t) and let us put «^ = «* + ^kh — ’^a + ^a^* The general 
term of the sum S can be written in the form 

^_i)] 

X [ttt — + i{vt - Vi.-i)][«’A - «'a-i 4- i(t„ - 

and if we carry out the indicated multiplication, we have eight 
partial products. Let us show, for example, that the sum of the 
partial products, 

q m 

(6) 2 ^ ’'t-n Wa-ii ^-i)(Wi- - 

A=1 A-l 

approaches a limit. We shall suppose, as is the case in the figure, 
that the curve ab is met in only one point by a parallel to the axis Oi>, 
and, similarly, that a parallel to the axis Ot meets the curve a'b' in at 
most one point. Let v = ^(m), t = ^(w) be the equations of these 
two curves, and U the limits between which u varies, and and 
W the limits between which w varies. If we replace the variables v 
and ^ in A by ^(w) and i/'(w) respectively, it becomes a continuous 
function P(u, to) of the variables u and tc, and the sum (6) can again 
be written in the form 

n m 

(6') X X *^*- 1 ) (“* - (w'A - w'A-i). 

I'=l 

As m and n become infinite, this sum has for its limit the double 
integral JfP{u, w)dudw extended over the rectangle bounded by the 
straight lines u = u^y u Uy w = w = IP. 

This double integral can also be expressed in the form 

J r»r ^ IF 

du I P(iiy io)dWy 

Up »/ic, 
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or again, b}" introducing line integrals, in the form 
( 7 ) I du I A(m, v; w, t)dw. 

c/(a6) t-/<a '60 

In this last expression we suppose that u and v are the coordinates 
of any point of the arc ab, and w, t the coordinates of any point of 
the arc a'V. The point (w, y) being supposed fixed, the point (w?, t) 
is made to describe the arc a'b\ and the line integral jXdw is taken 
along a'h'. The result is a function of m, y, say /?(«, r); we then 
calculate the line integral/^ («, \'>)du along the arc ab. 

Tile last expression (7) obtained for the limit of the sum (6) is 
applicable whatever may be the paths ah and a'h'. It suffices to break 
up the arcs oh and a'b' (as we have done repeatedly before) into 
arcs small enough to satisfy the previous requirements, to associate 
in all possible ways a portion of ab with a portion of a'b', and then 
to add the results. Proceeding in this way with all the sums of par- 
tial products similar to the sum (6), we see that 5 has for its limit 
the sum of eight double integrals analogous to the integral (7). 
Representing that limit by z')dzdz', we have the equality 




CC F(z, z'')dzdz' — f' “ \ \ 

- r da f Ydt - f dv f 

J(ab) Jla'b’f J{nb) 

+ i r da I Ydw — if f 

(n'b') */ (nA) ("“A') 

t f du f Xdt +i f dv I 

Jtab) J(a'b') J(<A) J(a'b') 


Ydw 


Ydt 


+ i I du 

(ab) 


Xdw, 


which can be written in an abridged form, 


JJ F{z, z')dzdz' = (du-Yidv)J (A -f tr)(</iy + 


or, again 

( 9 ) 


ff F(z,z')dzdz'= f dz f F(z,z')dz'. 

JJ Jiab) Ji<^’h') 


The formula (9) is precisely similar to the formula for calculating 
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z constant; the result is a function of whicli we intx*grati‘ 

next along the arc ah. As the two paths ah and aV enter in 
exactly the same way, it is clear that we can interebange the order 

of integrations. 

Let M be a positive number greater than the absolute value of 
F{z, z') when and z' describe tlic arcs ah and a'h'. If A and // 
denote the lengths of the respective arcs, the absolute value of the 
double integral is less than Mf.L' (§ 25). Wlien one of tlie ]»aths, «'// 
for example, forms a closed curve, the integral will 

be zero if the function F(z, z') is analytic for all tlie values of z' in 
the interior of that curve and for the values of z on ah. The same 
thing will then be true of the double integral. 


94. Extension of Cauchy’s theorems. Let C, C' be two closed curves 
without double points, lying respectively in the planes of the varial)les 
z and z\ and let F{z, z') l)e a function that is analytic when z and z' 
remain in the regions limited by these two curves or on the cm-ves 
themselves. Let us consider the double integral 


where a: is a point inside of the boundary C and where x' is a point 
inside of the boundary C' ; and let us suppose that these two bound- 
aries are described in the positive sense. The integi'al 


r F(z, z’)dz' 

where z denotes a fixed point of the boundary C, is equal to 
2 7ri F{zy x')/{z — x). We have, then, 




or, applying Cauchy’s theorem once more, 


/ = — 4 w^F(x, x'). 
This leads us to the formula 



Fix, x') = ^ 


-^Cdzf 


which is completely analogous to Cauchy’s fundamental formula, and 
from which we can derive similar conclusions. From it we deduce 
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the existence of the partial derivatives of all orders of the function 
F(z, z') in the regions considered, the derivative hav- 

ing a value given by the expression 


( 11 ) = C a. f 


In order to obtain Taylor’s formula, let us suppose that the 
boundaries C and C are the circumfei-enees of circles. Let a be the 
center of C, and F its radius ; b the center of C', and 72' its radius. 
The points x and x' being taken respectively in the interior of these 
circles, we have |x — a|=r<72 and |a:' — 2»| = r'< 72'. Hence the 
rational fraction 


1 1 

(z — x)(z' — x') [z — a —(x — a)] [z' — b ~ (x’ — 6)] 

can be developed in powers oi x — a and x' — b, 


1 


» A « s H 


(x — a)”'(x' — ft)" 
(«_„)"> + »(«' -ft)" + i* 


where the series on the right is uniformly convergent when z and z' 
describe the circles C and C respectively, since the absolute value of 
the general term is (;‘/72)"‘(r'/72')"/7272'. We can therefore replace 
— x)(z' — x') by the preceding series in the relation (10) and 
integrate term by term, which gives 


F(x, x') = 


Making use of the results obtained by replacing x and x' by a and ft 
in the relations (10) and (11), we obtain Taylor’s expansion in the 


form 


( 12 ) 


F(Xf x') = F(a, i) + 2^ ^ da”'db’‘ jhI nl 


m= 0 n 0 


where the combination m = « = 0 is excluded from the summation. 

Note. The coefficient of (x - «)’"(x' - ft)" in the preceding 
series is equal to the double integral 

^ Ca r F(z,z’)dz' 

” 4^ io X, 4)” 
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If M is an upper bound for | F(«, z')\ along the circles C and C, we 
have, by a previous general remark, 


a 


mn 


< 


^f 


4 7r ' 


2 7r/?.27r/;' = 


The function 



. 1 / 


is therefore a dominant function for F(a;, x‘) (I, § 192, 2d ed.; 
§ 186, 1st ed.). 


95. Functions represented by definite integrals. In order to study 
certain functions, we often seek to express them as definite integrals 
in which the independent variable appears as a parameter under the 
integral sign. We have already given sufficient conditions under 
which the usual rules of differentiation may be applied when the 
variables are real (I, §§ 98, 100, 2d ed.; § 97, 1st ed.). We shall 
now reconsider the question for complex variables. 

Let F(«, z') be an analytic function of the two variables z and z' 
when these variables remain within the two regions A and A' respec- 
tively. Let us take a definite path L of finite length in the region A, 
and let us consider the definite integial 


(13) *(a-)= / F(z,x)dz, 

Ju) 

where x is any point of the region A '. To prove that this function 
^{x) is an analytic function of a-, let us describe about the point a- as 
center a circle C with radius /f, lying entirely in the region .1'. Since 
the function F(z, z') is analytic, Cauchy’s fundamental formula gives 




whence the integral (13) can be written in the form 




Let ar + Ax be a point near x in the circle C ; we have, similarly, 

$(x-f-Ax)=^ fdzf 
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and consequently, by repeating the calculation already made (§ 33), 

. ^ r __ _ ^(z,z’)dz’ 

2 '^Uay J(c>(^' - ^y\^' -x~^x) 


Let M be a positive number greater than the absolute value of 
F{z^ z') when the variables s: and s' describe the curves L and C 
respectively ; let 5 be the length of the curve L ; and let p denote the 
absolute value of Aa*. The absolute value of the second integral is 
less than 


M 


2 TT R\R - p) 


2'rrR.S = 


MS 


R{R^p) 


hence it approaches zero when the point a; -f- Aa; approaches x in- 
definitely. It follows that the function 4>(a:) has a unique derivative 
which is given by the expression 



But we have also (§ 33) 


1 r , r F(Z, z')dz^ 


£F ^ r F(z, z^dz' 

dx ~ 2 (z’-xf 


and the preceding relation can be again written 



Thus we obtain again the usual formula for differentiation under the 
integral sign. 

The reasoning is no longer valid if the path of integration L 
extends to infinity. Let us suppose, for definiteness, tliat i is a 
ray proceeding from a point and making au angle 0 with the 
real axis. We shall say that the integral 


^(ar)= j F(ZfX)dz 

is uniformly convergent if to every positive number c there can 
be made to correspond a positive number N such that we have 


F(z, x)(Jz 
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provided that p is greater than .V, wherever ;r may he m .1 . liy 
dividing the i-ath of integration into an infinite nnmher of recti- 
linear segments we prove that every uniformly convergent integral 
is equal to the value of a uniformly convergent series whosc^ terms 
are the integrals along certain segments of tlie infinite ray All 
these integrals are analytic functions of .r ; therefore the same is 

true of the integral (§39). 

It is seen, in the same way, that the ordinary formula for differen- 
tiation can 1 k' applied, provided the integral obtained, 
is itself uniformly convergent. 

If the function hecomes infinite for a limit of the path 

of integration, we shall also say that the integral is niiitorml} con- 
vergent in a certain region if to every jiositive luimhcr « a point 
a^-\-rf oil the line L can he made to correspond in sueli a way that 

,h 



F(f:, x)ilr: 


'*«+ n 


<€) 


where h is any point of the path L lying k-twceii ami + t/, the 
ineipiality holding for all values of .r in the region considered. 
The conclusions are the same as in the ease where one of tlie limits 
of the integral is moved off to infinity, and they are established in 
the same way. 


96. Application to the T function. Tin* Melinite integral taken along the real axis 

(10) r(2) = f 

V 0 

which we have studied only for real and po.'iitivc values nf z (T, §94, 2(1 ed.; 
§ 02, 1st ed.), has a finite value, provUletl the real part of z. whicli we will denote 
by “Rtz), is positive. In fact, fid z = x + »/i ; this gives 
Since the integral . , 

Jo 


has a finite value if x is positive, it is clear that the same is true of the integral 
(15) (I, §§ 91, 02, 2d ed.; §§ 00. 01, 1st ed.). This integral is uniformly con- 
vergent in the whole region defined by the conditions -Y>‘R(z)>i 7 , where N 
and rj are two arbitrary i>ositive numbers. In fact, we can write 

r(2) = jV-'c-'dr -h 

and it suffices to prove that each of these integrals on the right is unifonnly 
convergent. Let ns prove this for the second integral, for example. Let I be a 
positive number greater than one. If *^( 2 ) < we have 
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ami a positive number A can be found large enough to make the last integral 
bh than any positive number e whenever l^A. The function r (z), definecf by 
It integial (15), is therefore an analytic function in the whole region of the 
rehiuolf'"" to the right of the ..a.vis. This function r(a) satisfief ^^a.^ t 


r (2 + 1) =: zr ( 2 ), 

obtained by integration by parts, and consequently the more general relation 

r( 2 + n) = 2 ( 2 + 1 ) ...(2 + 

which is an immediate consequence of the other. 

I his property enables us to extend the definition of the r function to values 
of 2 whose real part is negative. For consider the function 




r(z + n) 

2 ( 2 +l)...( 2 +n-l)’ 


wliere n is a positive integer. The numerator r (2 + n) is an analytic function 
of 2 defined for values of 2 for which ( 2 ) > _ n ; hence the function ^ ( 2 ) is a 
function analytic except for poles, defined for all the values of the variable 
whose real part is greater than — «. Now this function ^ ( 2 ) coincides with the 
analytic function r(2) to the right of the i/-axis, by the relation (17); hence it 
is identical with the analytic extension of the analytic function r( 2 ) in the 
strip included between the two straight lines *7? ( 2 ) = 0, ‘R(z)=—n. Since the 
number n is arbitrary, we may conclude that there exists a function which is 
analytic except for the poles of the first order at the points 2 = 0, 2 =— 1, 
2 =— 2, • • •, 2 =— n, • • •, and which is equal to the integral (15) at all points to 
the right of the g-axis. This function, which is analytic except for poles in the 
finite plane, is again represented by r(2); but the formula (15) enables us to 
compute Its numerical value only if we have ‘7?(2)>0. If ^2(2)<0, we must also 
make use of the relation (17) in order to obtain the numerical value of that 
function. 

We shall now give an expression for the r function which is valid for all 
values of 2 . Let S{z) be the integral function 


sw=*n(i+0e“". 

which has the poles of r(2) for zeros. The product 5(z) r(z) must then be 
an integral function. It can be shown that this integral function is equal to 
e-Oi, where C is Euler’s constant* (I, § 18, Ex., 2d ed. ; § 4t>, Note, 1st ed.), 
and we derive from it the result 



1 

2r(2) 


1 

r(2 + i) 



which shows that l/r(2 + I) is a transcendental integral function. 


• Hkkmitk, Coiirs d'Anali/ne, 4th e<I., p. 142. 


V, § 97] 


GENERAL PROPERTIES 


2:n 


97. Analytic extension of a function of two variables. Let u = F(z, z') Iw an 
analytic function of the two variables z aiul z' when these two variahle.s remain 
respectively in two connected rei'ion.s A and A' of the two pianos in which we 
represent them. It is shown, as in the case of a .single variable (5^ Ki). that lh<? 
value of this function for any pair of points 2 , z' taken in the regions /I, A' is 
determined if we know the values of F and of all its partial derivatives foi' a 
pair of iwints z = a, z' = b Uken in the sjune rej;ions. It now appears easy to 
extend the notion of analytic extension to functions of two complex variahles. 
Let us consider a double .series 2n„,„ such that there exist two pu.sitive numbers 
r, r' having tlie following property : the series 


( 20 ) 


F(2, Z0 = 2«m.<2'"2'" 


is convergent if we have at the same time | 2 | < r, \z'\ < r', and divergent if we 
have at the same time | 2 |>r, | 2 '|>r'. The preceding .series <leflncs, then, a 
function F{z^z') which is analytic when the variahles 2 . z' remain re.speelively 
in the circles C, C' of radii r and r' ; but it does not tell ns anything ab<jut (he 
nature of this function when wo have |2 [ > r or |z'| > r'. Let us supp(»se f«)r 
definiteness that we cause the variable z to move over a path L from the origin 
to a point Z exterior to the circle C, and the variable z' to travel over another 
path L' from the point z' = 0 to a point Z' exterior to the circle C'. Let a and 
§ be two points taken re.spectively on (be two paths L and L\ jr being in the 
interior of C and ^ in the interior of C'. The series (20) and those which are 
obtained from it by s»iccessive differentiations enable us to form a new power 
series, 


( 21 ) 


(2 - rt)’» (z' - /?)", 


which is absolutely convergent if we have | z — n | < and | z' — ^ < r(, where 
Vj and r\ are two suitsibly chosen positive immhers. Let us call the circle of 
radius r, described al>out the jwiiit ix as center in the plane of z, ami C’[ the 
circle of radius r\ describeil in the plane <*f z' about the point ^ as center. If z 
is in the part common to the two circles C ami C,, and the point z' in the part 
common to the two circles C ami Cj, the value of the series (21) is the same as 
the value of the series (20). If it is possible U* choose the two numbers r, and r| 
in such a way that the circle C, will be partly exterior to the circle C, or the 
circle C\ partly exterior to the circle C', we shall have extended the definition 
of the function F{z, z^) to a region extending beyond the fii-st. Continuing in 
this manner, it is easy to see how the function F(z, z') may be extended step by 
step. But there appears here an important new consideration : It is necessary 
to take into account the way in which the variables move icUh respect to each other 
on their respective pa ths. The f ollowing is a veiy simple example of this, due to 
Sauvage.* Let u = Vz — z' + 1 ; for the initial values let us take z = z' = 0, w = 1 , 
and let the paths described by the variables z, z' be defined as follows : 1) The 
path described by the variable sT is composed of the rectilinear segment from 
the origin to the point z' = I. 2) The jNith described by z is composed of three 
semicircumferences : the first, OMA (Fig. 38), has its center on the real axis to 


Premiers pnneipes de la th^orie giiUrale des /onctions de plusieurs variables 
{Aiinales de la Faculty des Sciences de Marseille, Vol. XIV). This memoir is nu 
excellent introduction to the study of analytic functions of several variables. 
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the left of the origin and a radius less than 1/2 ; the second, ANB, also has its 
center on the real axis and is so placed that the point - 1 is on its diameter JR ; 
finally , the third, iiPC, has for its center the middle point of the segment joining 
the point if to the point C{z = 1). The first and the thinl of these semicircum- 
ferences are above the real axis, and the second is below, so that the bound- 
ary OMANBPCO incloses the point z =— 1. Let us now select the following 
luovementvS : 

1) z' remains zero, and z describes the entire path OABG j 

2) z remains equal to 1, and z' describes its whole path. 

If we consider the auxiliary variable « = z - z', it is easily seen that the path 
described by the variable i, when that variable is represented by a point on the 



z plane, is precisely the close d bou ndary OJifCO which surrounds the critical 
point t =— 1 of the radical VT 4 J. The final value of u is therefore u =— 1. 

On the other hand, let us select the following procedure : 

1) z remains zero and z' varies from 0 to 1 — < (« being a very small positive 
number) ; 

2) z' remains equal to 1 — and z describes the path OABC ; 

3) z remains equal to 1, and z' varies from 1— « to 1. 

When z' varies from 0 to 1 — e, the auxiliary variable t describes a path 00" 
ending in a point O' very near the point ~ 1 on the real axis. When z describes 
next the path OABC, t moves over a path O' ABC' congruent to the preceding 
and ending in the point C'{OC' = e) on the real axis. Finally, when z' varies 
from 1 — e to 1, t passes from C' to the origin. Thus the auxiliary variable t 
describes the closed boundary OO'A'B'C'O which leaves the point — 1 on its 
exterior, provided « is taken small enough. The final value of u will therefore 

be equal to + 1. 

Very much less is known about the nature of the singularities of analytic 
functions of several variables than about those of functions of a single variable. 
One of the greatest difficulties of the problem lies in the fact that the pairs of 
singular values are not isolated.* 

•For everythiug regarding this matter see a memoir by Poincari^ in the Acta 
maOiematica (Vol. XXVI), and P. Cousin’s thesis (Ibid. Vol. XIX). 
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II. IMPLICIT FUNCTIONS. ALfiLBRAIC FUNC'I'IONS 

98. Weierstrass’s theorem. We have already csLaLli.s!ie<l (I, § KKt, 
2d ed.; § 187, 1st ed.) the existence of iinplieit functions defined hy 
equations in whicli the left-hand side can l)e developed lit a power 
series proceeding in positive and increasing powers of the two 
variables. The arguments which were made supposing tlu; variables 
and coefficients real apply without modification when th<^ variables 
and the coefficients have any values, real or imaginary, provided we 
retain the other hypotheses. We shall estaldish now a nion- gciau-al 
theorem, and we shall preserve the notations previously used in that 
study. The comple.x variables will be denoted by .>• ami //. 

Let F(.r, y) be an analytic fumdion in the neighhorhood of a 
pair of values a; = a, y — «and sueh that we have (^)=^- 

We shall su])pose that a — ^—0, which is always }>ermissihle. The 
equation F{0, //)= 0 has the root y = 0 to a certsiin degree (d' mul- 
tiplicity. Tlie case which we have studied is that in which y = 0 is 
a simple root; we shall now stiuly the general ease where y — 0 is a 
multiple root of order n of tlic equation F(0, //)= 0. If we arrange 
tfie development of /•’(•*’> //) in tlie neighl)orhood of tlie point a- = y = 0 
according to powers of y, that development w'ill be 


(22) F{x, — -•!,// + • • • d-dn//" d-.U + i.y 


M +1 



where the coefficients .1,- are power series in j*, of wldeh the first n 
are zero for 5* *= 0, while d„ does not vanish for x = 0. Li*t (’ and C' 
be two circles of radii It and It' descrilwd in tlie jilanes of a- and y 
respectively about the origin as center. We shall supi)Osc that the, 
function F{x, y) is analytic in the region defined hy these two circles 
and also on the circles themselves; since -f„ is not zero for .r = 0, we 
may suppose that the radius R of the circle r is sufficiently small 
so that does not vanish in the interior of the einde C nor on tlic 
circle. Let M be an upper bound for |F(.t, y) | in the preceding region 
and B a lower bound for By Cauch 3 ’’s fundamental theorem 

we have 


y) = 


1 r !/)dy’ 

2 ^U(a) y'~y 


where x and y are any two points taken in the circles C and C'; 
from this we conclude that the absolute value of the coefficient 
of ir in the formula (22) is less than M/R”^, whatever may be the 
value of X in the circle C. 
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We can now write 

(23) l\x, y) = A^y^{X + /* + Q), 

where 



Let p be the absolute value of y j we have 



and this absolute value will be less than 1/2 if we have 



P < IV 


• BIV’' 

/?/e'" + 2iU‘ 


On the other hand, let yu(/‘) be the maximum value of the absolute 
values of the functions 4^, A,, • • •, .l„_i for all the values of x for 
wliich the absolute value does not exceed a number r < R. Since 
tliese n functions are zero for x = 0, /*(/•) approaches zero with r, 
and we can always take r so small that 





(r < R), 


where p is a definite positive nuinl)er. The numbers r and p having 
been determined so as to satisfy the preceding conditions, let us re- 
place the circle C by the circle C\ described in the x-plane with the 
radius r about the point x = 0 as center, and similarly in the ?/-plane 
the circle C by the concentric circle Cp with the radius p. If we give 
to X a value such that |x|s r, and then cause the variable y to 
describe the circle C', along the entire circumference of this circle we 
have, from the manner in which tlie numbers r and p have been chosen, 

I /*| < 1/2, I Q| < 1/2, and therefore |P + f^| < 1. If the variable y 
describes the circle C' in the positive sense, the angle of 1 + ^ 

returns to its initial value, whereas the angle of the factor Ajf in- 
creases by 2 tiTT. 'The equation F(x, y) = 0, in which |x| ^ r, therefore 
has n roofs whose absolute values are less than p, and only n. 

All the other roots of the equation F(x, y) = 0, if there are any , 
have their absolute values greater than p. Since we can replace the 
number p by a number as small as we wish, less than p, if we replace 
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at the same time r by a smaller numlter satisfying always the eoii- 
dition (25), we see that the equation l'{x, //) = 0 has n roots and only 
n wliich approach zero with x. 

If the variable cc remains in the interior of tlu^ circle or on its 
circumference, theji roots 7/^, •••,//„, wliose absolute values are less 
than p, remain within the circle These roots are not in general 
analytic functions of in the cinde (\y hut every syinmetrie integral 
rational function of these w roots is an analytic function of .r in this <-ir- 
cle. It evidently suffices to prove this for the sum //f + //i + • • • + //,i 
where k is a positive integer. Let us <-onsider for tliis purpose tlic 
double integral 





y') 

by' dj-' 
FLr'yy') x' - o:' 


where we suppose < r. If \y'\ = p, the function y') cannot 
vanish for any value of the variable x' within or on C,., and the only 
pole of the function under the integral sign in the interior of the 
circle C, is the point x' = x. We have, tljcn, 



y') 

by' fix' 
F{x'yy') x* — x 



cy' 

Fi/y y') ’ 


and consecpiently 




^F(Xyy') 

F(-r,y') 



By a general theorem (§ 48) this integral is equal to 


- 4 -f- ^4 -p . . . + yj, 

where y^y • • •> //» are the n roots of the equation F{Xy y) = 0 with 
absolute values less than p. On the other hand, the integral I is an 
analytic function of x in the circle C^, for we can develop l/(.r' — x) 
in a uniformly convergent series of powers of x, and then calculate 
the integral term by term. The different sums Syf' being analytic 
functions in the circle C,., the same thing must l)e true of the sum 
of the roots, of the sum of the products taking two at a time, and so 
on, and therefore the n roots y^, - y y^ are also roots of an equa^ 

tion of the nth degree 

(26) f(x, i,) = f + a.y-' + = 0, 
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whose coefficients n^y a„ are 'analytic functions of x in the 

circle vanishing for .r = 0. 

The two functions 7’(.r, y) and /{x, tj) vanish for the same pairs 
of values of the variables a-, i/ in the interior of the circles C, and C' . 
We sliall now sliow that the quotient F{Xy y)/f(xy y) is an "analytic 
function in this region. Let us take definite values for these vari- 
ables such that j.rj <C r, \y\<. p, and let us consider the double 


integral 


J = 


I ‘'-' f 

JiCr) 


(fx 


nA y’) 


For a value of y' of absolute value p the function f{x\ y') of the 
variable x* cannot vanish for any value of x' within or on the circle 
i\. The function under the integral sign has therefore the single 
pole x' ^ X within and the corresponding residue is 

F(a-, //') 


Hence we have also 




y = — 4 tt' 


but the two analytic functions F(r, //'), /’(.r, //') of the variable //' 
have the same zeros with the same degrees of inultijilicity in the 
interior of C'^. Their quotient is therefore an analytic function of 
y' in C’', and the onl}^ pole of the function to be integrated in this 
circle is ^' = y ; hence we have 

•2 F(x, y) 

y) 

On the other hand, we can replace l/(a;' — x'){y* — >/) in the inte- 
gral by a uniformly convergent series arranged in positive powers 
of X and y. Integrating term by toi-m, we see that the integral is 
equal to the value of a power series proceeding according to powers of 
X and y and convergent in the circles C,, c;. Hence we may write 

F(x, y) =/(a:, //) H {x, y) 


or 


(27) F(Xy y) = (//" + +••• + «„) F {x, y)y 

where the function /7(.r, y) is analytic in the circles c;. 

The coefficient of //* in r{x, //) contains a constant U*rin dif- 
ferent from zero; since arc zero for x = 0, the develoj)- 

ment of II {x, y) necessarily contains a constant term different from 
zero, and the decomposition given by the expression (27) throws 
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V, § 09] 1...* * 

into relief the fact that the roots of F{x, //) = 0 which approach zero 
witli a: are obtained by piitting the Hrst factor e(pial to zero. The 
preceding important tlieoreni is due to cierstnuss.* It geiienilizes, 
at least as far as that is possible for a function of several variables, 
the decomposition into factors of functions of a single variable. 


99. Critical points. In order to study the n roots of the equation 
F{Xy 0 which become intinitcly small with a:, we are thus led to 
study the roots of an ecpiation of the form 

(28) /(a-, y)— ?/' 4- + "a//*”' + ‘ + "..-i.V 4-«„ = 0 

for values of x near zero, where •••,«„ are analytics functions 

that vanish for a; = 0. When n is greater than unity (the only c:isc 
which concerns us), the point a* = 0 is in general a crltimf jiohit. Let 
us eliminate y between the two cfiuations / = 0 and cfjcy — 0 ; the 
resultant A(a:) is a polynomial in the coefticients Oj, • • •, and 
therefore an analytic function in the neighborhood of the origin. 
This resultant t is zero for x = 0, and, since the zeros of an analytic 
function form a system of isolated points, we may sujipose that we 
have tiiken the radius r of the circle so small that in the interior 
of CV the equation A (jr) == 0 lias no ot her root than a* = 0. For every 
point taken in that circle other than the origin, the ccpiation 
/(x^, y) = 0 will have n distinct roots. According to the case already 
studied (I, § 104, 2d ed. ; § 188, 1st ed.), the n roots of the equation 
(28) will \ye analytic functions of x in the neighborhood of the point 
.T^j. Hence there cannot be any other critical point than the origin 
in the interior of the circle C^. 

Let y,, y.^, • • •, y„ l)e the n roots of the e(iuation /(x^^, y)= 0. Let 
us cause the variable x to descrilie a loop around the point x = 0, 
starting from the point ; along the whole loop the n roots of the 
equation /(x, y)= 0 are distinct and vary in a continuous manner. 
If we start from the point x^ with the root l/^, for e.xample, and fol- 
low the continuous variation of that root along the whole loop, we 
return to the point of departure with a final value equal to one of the 
roots of the equation /(x^, y) = 0. If that final value is y^ tlie root 


• Abkatidlungen atis <ier Functionetilehre von K. Weterstraxs (Berlin, 1860). The 
proposition can also bo demonstrated by making use only of the properties of power 
series and the existence theorem for implicit (unctions {Bulletin de la Societe 
matAemati^ue, Vol. XXXVI, 1908, pp. 209-215). 

t We disregard the case where the resultant is identicaUy zero. In this cas6/(x, j/) 
would be divisible by a factor where A: > 1, /^(z, y) being of the same 

form as/(x, y). 
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considered is single-valued in the neighborhood of the origin. If 
that final value is different from let \is suppose that it is equal 
to y^. A new loop described in the same sense will lead from the 
root y^ to one of the roots y^y ■ • - j The final value cannot be 
y^, since the reverse path must lead from y^ to y^. That final value 
must, then, be one of the roots If it is we see that 

the two roots y^ and y^ are permuted when the variable describes 
a loop around the origin. If that final value is not y^, it is one 
of the remaining (n — 2) roots ; let y^ be that root. A new loop 
described in the sajue sense will lead from the root y^ to one of the 
roots y^, y^, y^^ //^, • • •, //„. It cannot be y^, for the same reason as 
before ; neither is it y^, since the reverse path leads from y^ to y,. 
Hence that final value is either y^ or one of the remaining (n ~ 3) 
roots y^y yg, . • //„. If it is the three, roots y^, y^, y^ permute 
themselves cyclically when the variable x describes a loop around 
the origin. If the final value is different from y,, we shall continue 
to cause the variable to turn around the origin, and at the end of 
a finite number of operations we shall necessarily come back to a 
root already’’ obtained, wliieh will be the root y^ Suppose, for exam- 
ple, that this happens after p operations ; the p roots obtained, 
Vv yp’> permute themselves cyclically when the variable x 

describes a loop around the origin. We say that they form a cyclix 
system of p roots. If p = the n roots form a single cyclic system. 
If p is less than n, we shall repeat the reasoning, starting with one 
of the remaining n — p roots and so on. It is clear that if we con- 
tinue in this way we shall end by exhausting all the roots, and we 
can state the following proposition: The n roots of the eguathn 
F(x, y)=0, whkh are zero for x = 0, fotmi one or several cyclix 

systems In the neighborhood of the origin. 

To render the statement perfectly general, it is sufficient to agree 
that a cyclic system can be composed of a single root; that root is 
then a single-valued function in the neighborhood of the origin. 

The roots of the same cyclic system can be represented by a unique 
development. Let the p roots of a cyclic system ; let 

3. _ Each of these roots becomes an analytic function 

of x' for all values of x' other than x' = 0; on the other hand, when 
x' describes a loop around .r' = 0, the point x describes p succes- 
sive loops in the same sense around the origin. Each of the roote 
„ „ . . ., y returns then to its initial value ; they are single-valued 
functions in the neighborhood of the origin. Since these roots a^ 
proach zero when x' approaches zero, the origin x = 0 cannot be 
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other than an ordinary point, and one of these roots is represented 
by a development of the form 

(29) y = -f h 

or, replacing x' by 

+ sC’"') H + 

We may now say that the de\u‘}npmp.nt (30) reprf’Hfints all the roots 
of the same cyclic system^ prorvled tlmt we yice to nil of its 
p determinations. For, let us supposti that, taking for the radical 
one of its determinations, \vc have the development of the root y,. 
If the variable x descrilwis a loop around tlie origin in the positive 
sense, changes into y^, and x''>' is multiplied by It will be 

• seen, similarly, that we siiall obtain //, by replacing by 
ill the equality (30). Tliis uni<iue development for the system shows 
up clearly the cyclic permutation of the y> roots. It would now remain 
to show how we could separate the n roots of the equation /'(x, y) = 0 
into cyclic systems and calculate the coefficients rr, of the develop- 
ments (30). We have already considered the case where the point 
X = y = 0 is a double point (I, § 199, 2d cd.). We shall now treat 
another jiarticular case. 

If for X = y — 0 the derivative dFfdx is not zero, the develoj)- 
inent of F(x, y) contains a term of the first degree in x, and we have 

(31) F{x,y) = Ax , (yl^^O) 

where the terms not written are divisible by one of the factors x^, xy, 
y"‘'’b Let us consider y for a moment as the independent variable; 
the equation F(x, y) = 0 has a single root approaching zero with y, 
and that root is analj-tic in the neighborhood of the origin. The 
development which we have already seen how to calculate (I, §§ 35, 
193, 2d ed. ; §§ 20, 187, 1st ed.) runs as follows : 

(^2) X = y"((7^ -H apj -f • • •)• {a^ ^ 0) 

Extracting the nth I'oot of the two sides, we find 

(33) X- = y + a^y d . 

For y = 0 the auxiliary equation q- ... has n dis- 

tinct roots, each of which is developable in a power series according 
to powers of y. Since these n roots are deducible from one of them 
b yjnultiplying it by the successive powers of e*’"'", we can take for 
Va^ + a^y -f • ■ • in the equality (33) any one of these roots, subject 
to the condition of assigning successively to x*'" its n determinations. 


I 

(30) y = a^xP 
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AVe can therefore write the equation (33) in the form 

1 

4 “ + • * *> (^1 0 ) 

and from this we derive, conversely, a development of y in powers 
of " : 

(34) y = A . 

This development, if we give successively to if*'" its n values, 
represents the n roots which approach zero with x. These n roots 
form, then, a single cyclic system. 

For a study of the general case we refer the reader to treatises 
devoted to the theory of algebraic functions.* 


100. Algebraic functions. Uj) to the present time the implicit func- • 
tions most carefully studied are the alyehvaic functions, defined by 
an equation F{x, y)— 0, in which the left-hand side is an irreducible 
polynomial in x and y. A polynomial is said to be irreducible when 
it is not possible to find two other polynomials of lower degree, Ffx, y) 
and F^(x, y), such that we have identically 


F{x, y) = Ffx, y) x Ffx, y). 

If the i)olynomial F{x, y) were equal to a product of that kind, it is 
clear that the equation F{x, y) = 0 could be replaced by two distinct 
equations Ffoc, y) = 0, y) = 0. 

Let, then, 

(35) F(x,y) = <^o(x)y" + </»i(‘*’)y""*H + <#»«-i(3’)y + 

be the proposed equation of degree n in y, where ■ ■ • > are 

])olynomials in x. Eliminating y between the two relations F = 0, 
dF/dy = 0, we obtain a polynomial A(a:) for the resultant, which can- 
not be identically zero, since F{x, y) is supposed to be irreducible. 
Let us mark in the jdane the points a^, (t.,, • > ‘ , ft,., which represent 
the roots of the equation A(x)=0, and the points • * * > /?a> 

which represent the roots of <^o(a-')= 0. Some of the points ft, may 
also be among the roots of <#.„(x) = 0. For a point « different from 
the points ft. the equation F(a,y)= 0 has n distinct and finite 
roots, • • •, !'„■ Ii> the neighborhood of the point a the equation 

(35) has therefore n analytic roots which approach b^, b.^, • • •, « 
respectively when x approaches «. Let be a root of the equation 


. See also .he noted memoir of Paiseax on algebraic faneliona (Journal ,le Mathi- 
ynatiq^ies^ Vol. XV, 1850). 
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A(a*)= 0. The equation //)= 0 lias a certain numl)^- of equal 

roots; let us suppose, for example, tliat it has p roots equal to h. 
The p roots which approach h when approaches (q group tlimnselves 
into a certain number of cyclic systems, and tlic roots of the same 
cyclic system are represented by a development in stu'ies arranged 
according to fractional powers of r — If the value rq does not 
cause vanish, all the roots of the e(|Uution (do) in the neigh- 

borhood of the point group themselves into a eerbiin number of 
cyclic systems, some of which may contain oidy one root. I* or a jKtint 
/ij which makes ^y('r) zero, some of the roots of the e<pratio!i (do) 
become infinite ; in order to study these roots, we put y = l/y', and 
we are led to study the roots of the equation 

which become zero fora: = fij. These roots group themselves again 
into a certain number of cyclic systems, tlie roots of tlie same system 
being represented by a development in series of the form 

tn m + 1 

(3G) ?/ = "„(.<•- ft) '■ + «„ + .(•’;- ft) " +•■•> (»..,=^0)- 

The corresponding roots of the eipiation in // will b** given by the 
development 


(37) 


.y=(^- A) 


rn 

I* 




ifi 


+ A)"+ 


■r’. 


which can be arranged in increasing powers of (.r — but there 

will be at first number of terms with negative exponents. 

To study the values of y for the infinite values of .r, we put a* = 1 /a*', 
and we are led to study the roots of an equation of the same form in 
the neighborhood of the origin. To sum up, in the neighborhood of 
any point x = a the n roots of the equation (35) are represented by 
a certain number of series arranged according to increasing }»owers 
of X — a or of (.x — containing perhaps a finite number of terms 
with negative exponents, and this statement applies also to infinite 
values of x by replacing x — oc by 1/x. 

It is to be observed that the fractional powers or the negative ex- 
ponents present themselves only for the exceptional points. The 
only singular ))oints of the roots of the equation are therefore the 
critical points around which some of these roots permute themselves 
cyclically, and the poles where some of these roots become infinite ; 
moreover, a point may be at the same time a pole and a criticiil 
point. These two kinds of singular points are often called algebraic 
singular points. 
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We have so far studied the roots of the proposed equation only in 
tlie neighborhood of a fixed point. Suppose now that we join two 
points x = a,x = h, for which the equation (35) has n distinct and 
finite roots, by a path AB not passing through any singular point of 
the equation. Let be a root of the equation F(a, y) = 0; the root 
y =/(^)j which reduces to i/^ for a; = a, is represented in the neigh- 
borhood of tlie point a by a power-series development P(x — a). 
We can propose to ourselves the problem of finding its analytic ex- 
tension by causing the variable to describe the path AB. This is a 
particular case of the general problem, and we know in advance that 
we shall arrive at the point B with a final value which will be a 
root of the equation F{b, y) = 0 (§ 86). We shall surely arrive at 
the point b at the end of a finite number of operations ; in fact, the 
radii of the circles of convergence of the series representing the 
different roots of the equation F{xj .y)= Oj having their centers at 
different points of the path AB, have a lower limit* S > 0, since this 
path does not contain any critical points ; and it is clear that we 
could always take the radii of the different circles which we use for 
the analytic extension at least equal to 5. 

Ajnong all the paths joining the points A and B we can always 
find one leading from the root to any given one of the roots of 
the equation F(b, y)= 0 as the final value. The proof of this can be 
made to depend on the following proposition: If un analytic func- 
tion z of the variable x has only p distinct values for each value of x, 
and if it has in the whole plane {including the point at infinity) only 
algebraic singular points, the p determ imttions of z are roofs of an 
e^iuation of degree ]> u'hose coefiicients are rational functions of x. 
Let i? 2 , ■ • he the yj determinations of z-, when tlie variable x 
describes a closed curve, these jo values z^, z^,-‘-,Zp can only change 

into each other. The symmetric function = 4 + 4 "f *" ^p> 

where A: is a positive integer, is therefore single-valued. Moreover, 
that function can have only polar singularities, for in the neigh- 
borhood of any point in the finite plane x = a the developments 
of « , z , ‘ • -i Zp have only a finite number of terms with negative 
exponents. The same thing is therefore true of the development of w*. 
Also, the function u^ being single-valued, its development cannot con- 
tain fractional powers. The point a is therefore a pole or an ordinary 
point for and similarly for the point at infinity. The function lu. 


• To prove thi.s rigorously it suffices to make use of a form of reasouiug analogous 
to that of § 84. 
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is therefore a ratioual function of a-, whatever may be the integer 
k\ consequently the same thing is true of the simple symmetric 
functions, such as 2^,-, '2,ZiZi.y • « which prov(*s tlie theorem stated. 

Having shown this, let us now su])pose that in going from the 
point a to any other point x of tlie plane by all ])Ossible paths we 
can obtain as final values only of the roots of the equation 

F(x, y)=0, (y><w). 

These p roots can evidently only be permuted among themselves 
when the variable x describes a closed boundary, and they possess 
all the properties of the p branches 2 :,, s.,,***, 2 ^. of the analytic 
function z which we have just studied. We conclude from this that 
yp • • • > Vp ^^ould be roots of an eciuation of degree p, /q(^, y) j= 0, 
with I'ational coefficients. The equation F{Xy //) == 0 would have, 
then, all the roots of the equation y) — 0, whatever x may be, 
and the polynomial F(x, y) would not be irreduttible, contrary to 
hypothesis. If we place no restriction upon the ])ath follow'ed by 
the variable x, the n roots of the ecpmtiou (35) must then be regarded 
as the distinct bi'anches of a single analytic function, as we luive 
already remarked in the case of some simple examj)les (§ 6). 

Let us suppose that from each of the critical points we make an 
infinite cut in the plane in such a way that these cuts do not cross 
each other. If the path followed by x is required not to cross any 
of these cuts, the n roots are single-valued functions in the whole 
plane, for two paths having the same extremities will be transform- 
able one into the other by a continuous deformation without passing 
over any critical point (§ 85). In order to follow the variation of a 
root along any path, we need only know the law of the permutation 
of these roots when the variable describes a loop around each of the 
critical points. 

Note. The study of algebraic functions is made relatively easy by the fact 
that we can determine a priori by algebraic computation the singular points of 
these functions. This is no longer true in general of implicit functions that are 
not algebraic, which may have transcendentol singular points. As an example 
the implicit function y(z), defined by the equation O' — x — 1 r= 0, has no algebraic 
critical point, but it has the transcendental singular point x = — 1, 

101 . Abelian integrals. Every integral where if(x, «) 

13 a rational function of x and y, and where y is an algebraic func- 
tion defined by the equation F(x. y)= 0, is called an Abelmn integral 
attached to that curve. To complete the determination of that inte- 
gral, It IS necessary to assign a lower limit x„ and the corresponding 
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value chosen among the roots of the equation y)= 0. We 

shall now state some of the most important general properties of such 
integrals. When we go from the point to any point x by all the 
possible paths, all the values of the integral I are included in one 
of the formulae 


(38) I ^ WjWj -f- H" • • • + 7l) 

where /j, * • ■ » are the values of the integral which correspond 

to certain definite paths, - • •, are arbitrary integers, and 

(Up (u^, • • (u,. are periods. These periods are of two kinds ; one kind 

results from loops described about the poles of the function R (x, y) ; 
these are the polar periods. The others come from closed paths 
surrounding several critical points, called cycles) these are called 
cyclic periods. The number of the distinct cyclic periods depends 
only on the algebraic relation considered, y) = 0 ; it is equal 

to 2 py where p denotes the deficiency of the curve (§ 82). On the 
other hand, there may be any number of polar periods. From the 
point of view of the singularities three classes of Abelian integrals 
are distinguished. Those which remain finite in the neighborhood 
of every value of a; are called the//-s^ kind) if their absolute value 
becomes infinite, it can only happen through the addition of an 
infinite number of periods. The integrals of the second kind are 
those which have a single pole, and the integrals of the third kind 
have two logarithmic singular points. Every Abelian integral is a 
sum of integrals of the three kinds, and the number of distinct 
integrals of the first kind is equal to the deficiency. 

The study of these integrals is made very easy by the aid of plane 
surfaces composed of several sheets, called Riemann surface's. We 
shall not have occasion to consider them here. We shall only gi\e, 
on account of its thorouglily elementary character, the demonstra- 
tion of a fundamental theorem, discovered by Al>el. 


102, Abel’s theorem. In order to state the results more easily, 1^ us 

consider the plane curve C represented by the equation F(x, y)= , 
and let ^(x, y) be the equation of another plane algebraic curve C . 

These two curves have N points in common, (r,, y,), * * *» 

(:rv, yv), the number being equal to the product of the degrees 
of the two curves. Let ,j) be a i-ational function, and let us 

consider the following sum : 


.V 

i=W<JCo'»'o> 


(39) 


7?(x, y)dx, 
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where 



II (jc, }/)(/x 


denotes the Abelian integral taken from the fixed point .r^ to a point x. 
along a path which leads // from the initial value / 4 , to the final valin* 
the initial value of // being tlie same for all tliese integials. It is 
clear that tlie sum / is determined ex»*ept for a period, since this is 
the case with ea(rli of the integrals. Suppose, now, that some of the 
coefficients, a^, «.,,•••, of the polynojiiial 4>(.r, //) are variabh*. 
When these coefficients vary continuously, the points .r. themselves 
vary continuously, and if none of these points pass through a jmiiit 
of diseontiniiity of the integral //'(.r, //)^/.r, the sum / itsi*lf varies 
continuously, provided that we follow the continuous variation of 
each of the integrals contained in it along the entire path described 
by the corresponding up|)er limit. The sum 1 is therefore a function 
of the parameters • • - , whose analytic form we shall now 

investigate. 

Let us denote in general by BV the total differential of any func- 
tion V with respect to the variables a^.: 

* oa^ *• 

By the expression (39) we have 


l» 1 

From the two relations F(a-.., ,/.)= 0, 4.(.r,, ,/,.)= 0 we derive 


dF ^ dF 


+ S*, = 0, 


and consequently ar, = «. (a-,, ,/,) 84.., where -I.(.r,,y,) is a .^tional 

unction of .r,., y., a^, and where <t>.- is put for v) 

A^e have, then, 

* 1= .V 


The coefficient of Sa. on the right is a rational symmetric function 
of the cosrdmates of the A' points (a-,, y,) common to the two curves 
r The theory of elimination proves that this function is a 
rational function of the coefficients of the two polynomials F(x y) 
and 4.(y) and consequently a rational function of . „ 

Evidently the same thing is true of the coefficients of 
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and / will be obtained by the integration of a total differential 


/ 


where tTj, tt.,, • • • , tt^. are rational functions of a^, a.^, • • •, a^. Now 
the integration cannot introduce any other transcendentals than 
logarithms. 21ie sum I is therefore equal to a ratioTial function of 
the coefficients • • •, o*, jdfis a sum of logarithms of rational 

functions of the same coefficients, each of these logarithms being 
multiplied hg a constant factor. This is the statement of Abel’s 
theorem in its most general form. In geometric language we can 
also say that the sinn of the values of any Abelian integral, taken 
from a common origin to the N jmints of intersection of the given 
curve with a variable curve of degree m, y)= 0, is equal to a 

rational function of the coefficients of ^ix,^y)yplns a sum of a finite 
number \f logarithms of rational functhns of the same coefficients, 

each logarithm being multiplied by a constant factor. 

The second statement appears at first sight the more striking, 
but in applications we must always keep in mind the analytic state- 
ment in the evaluation of the continuous variation of the sum I 
which corresponds to a continuous variation of tlie parameters 
a a • - ■ Gi- The theorem has a precise meaning only if we ta e 

iiVto account the paths described by the A' points a- , .r,, - • - , on 

the i)lane of the variable a*. 

The statement becomes of a remarkable simplicity when the 
inte-n-al is of the first kind. In fact, if it,, • • • ■ 

identically zero, it would he possible to ‘’“'I. 7'"“ 

= a' for which / would become inhnite. Let (j-,, yo, 

A’ ,/,) he the points of intersection of the curve C with the 

eu;;e C' which correspond to the values ci of the parameters. 

The integral pir.v) 

I II y) 

CeVo^;’ we have 81 = 0, and, when n.. a 
I remains constant ; Abel’s theorem <^n hen be stated 

of the inr.rements of an Ahelian integia f 

L curee C alon,j the continuous eurees descend hy the po,n 
intersection of C u-ith C is equal to zero. 
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Note. We suppose that the degree of tlie curve C remains con- 
stant and equal to m. If for certain j^articular values of tlie coclK- 
cients • • •, o,. that degree were lowered, some of tlie points of 

intersections of C with C' sliould be regarded as thrown off to 
infinity, and it would be necessary to take account of this in tlu^ 
application of the theorem. We mention also the almost evident fact 
that if some of the points of intersection of C with are fixed, it 
is unnecessary to include the corresponding integrals in the sum /. 


103. Application to hyperelliptic integrals. The applications of 
Abel’s theorem to Analysis and to Gcometiy arc extremely numer- 
ous and important. We shall calculate hi explicitly in the case of 
hyperelliptic integrals. 

Let us consider the algebraic relations 


(40) if = R (.r) = ^ - 1 4- • ■ • -h . 1 „ 

where the polynomial R{x) is prime to its derivative. We shall 
suppose that may be zero, but that .1^ and -4^ may not be zero at 
the same time, so that R (a:) is of degree 2p + 1 or of degree 2 p-\- 2. 
Let be any polynomial of degree q. We shall take for the 
initial value a value of x which does not make R{x) vanish, and 
for a root of the equation f = // (a^. We shall put 


V 



Q(x)<lx 

V/F^r) 




where the integral is taken along a path going from to x, and 
wliere ij denotes the final value of the radical when we’start 

from .T^ with the value In order to study the system of points 
of intersection of the curve C represented by the equation (40) with 
another algebraic curve C', we may evidently replace in the equation 
of the latter curve an even power of //, such as f’‘, by [/^(a-)]'' and 
an odd power f’’^^ by ?/[/^(ar)]^ These substi^tions having ’been 
made, the equation obtained will now contain i/ only to the first 
degree, and we may suppose tlie equation of the curve C' of the form 

(^ 1 ) (x) - /(x) = 0 , 

where f{x) and <l>(x) are two polynomials jirime to each other, of 
degrees X and y, resi>ectively, some of the coefficients of whicli’we 
shall suppose to be variable. The abscissas of the points of intersec- 
tion of the two cm-ves O and C' are roots of the equation 

(42) 0, 



248 


SEVERAL VARIABLES 


[V, § 103 


of degree iV. For special systems of values of the variable coefficients 
in the two polynomials /(a;) and the degree of the equation may 
turn out to be less than N ; some of the points of intersection are 
then thrown off to infinity, but the corresponding integrals must 
be included in the sum which we are about to study. To each root 
X,- of the equation (42) corresponds a completely determined value 
of y given by y,- = /(x,)/<^(x,). Let us now consider the sum 


.V .V p, 

= 'X I 


y n uo Q (x^ (lx 


1^1 


Q (x,-) 4> (x,-) 
f{^i) 


ar,-, 


We have 

S/ ^ 

^ V/? (.r.y 

for the final value of the radical at the point .r, must be equal to 
//,, that is, to /(a-,)/<^(.r,.). On the other hand, from the equation 

we derive 

ar, + 2 /?(.r,) <^(.r,) - 2f{x,) 3/ = 0, 

and therefore 

. . (^,) <#> (•>•.■) . . 2/(^,) Sf,-21i (X ,) . 

0/ = X TTTT ^ 


or, making use of the equation (*42), 




(43) 






Let us calculate, for example, the coefficient of 8a^. in 81, where a* is 
the coefficient, supposed variable, of .r* in the polynomial /(x). The 
term 8tfi. does not appear in 8<l>i, and it is multiplied by xj in 8/. The 
desired coefficient of 8at is therefore equal to 

A 2^2(xJ^(x^- ^ 2 y , 

where 7 r(x) = Q(^) The preceding sum must be extended to 

all the roots of the equation ^(x) = 0 ; it is a rational and symmetne 
function of these roots, and therefore a rational function of the coeffi- 
cients of the two polynomials /(x) and <t> (x). The calc a ion o 
this sum can be facilitated by noticing that 27 r(x,)/i/' (x.) is equal t 
Sl sunTof the residues of the rational function w(x)/^(x) relative 

to the -V poles in the finite plane x„ x„ ■ • •, x.v- By a ^ 

reni that sum is also e.jiial to the residue ^t tl>e point at fi y 
with its sign changed (§ 52). It will be possible, then, to obtai 

coefficient of by a simple division. 
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It is easy to prove tliat this eoeflieient is zero if the iiite/'i-al 
v{x, y) is of the first kind, ^^'e have by supposition y ^ yy — 1 ; the 
degree of 7r(x) is y + /4 -f- /•, and we have 


y -f- /i + /•' = /i + A* -f" — !• 

Let us find the degree of \l/(x). If tliere is no eanecHation between 
the terms of liighcst degree in J!(j')4>\x) and in /^(r), we have 


whence 


and, a fortiori, 


2KmX, 2 yy + 1 + 2 yi S A', 


/.' -f- /X yy -j- 1 ^ j\. 

If there were a cancellation between tliese two terms, we should have 


A = /X -f yy + 1 ; 

but since the term + ^ has no term with which to cancel out, we 
should liave A + /.• s .Y, from whi(.'h the same inetjualitv as liefore 
results. It follows that we always have 


<y + /^ + A- ^ -V- 2. 


The residue of the rational function Tr(x)/ip(x) with respect to the 

point at infinity is therefore zero, for the development will lyegin 

with a term in l/or® or of higher degree. It will be seen similarly 

that the coefficient of in Bf, being one of the variable coefficients 

of the polynomial is zero if the polynomial (?(.r) is of degree 

P 1 01 of lower degree. This result is completely in accord with 
the general theorem. 

Let us take, for example, <^(.r) = 1, and let us put 


/(■»■) = + • • • + »,.r + 

where n,, n,, ■ • - , are yi + 1 variable coefficients. The two cur ves 


if = n(x), !i=f{^) 

cut each other m 2ji + 1 variable points, and the sunr of the values 
of the integral e(a-, taken from an initial point to these 2p + 1 
points of intersection, is an algebmic-logarithmic function of the 
CTOfficients dispose of these p + X coeffi- 

cients in such a way that/i -f- 1 of the points of intersection are any 
previously assigned points of the curve y = /?(x), and the coordl 

nates of the 2 > remaining points wiU be algebraic functions of the 
cooiduiates of the p + 1 given points. 
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The sum of the 4- 1 integrals 

‘’(^1. y^)+- ■ ■ + y;.+.), 

taken from a common initial point to ^ + 1 arbitrary points, is 
therefore equal to the sum of p integrals whose limits are algebraic 
functions of the coordinates 

(*i. y^> ■ ■ ■, (^p+i. yp+i). 

plus certain algebraic-logarithmic expressions. It is clear that by 
successive reductions the proposition can be extended to the sum 
of m integrals, where m is any integer greater than p. In particular, 
the sum of any number of integrals of the first kind can be reduced 
to the sum of only p integiuls. This property, which applies to the 
most general Abelian integrals of the first kind, constitutes the 
addition theorem for these integrals. 


In the cause of elliptic integrals of the first kind, Abel’s theorem leads pre- 
cisely to tlie addition formula for the function p(u). Let us consider a cubic in 
the noiroal form 

y2 = 4x8 — j/aX-J/g, 

and let !/i), 3 L(X 2 , .V 3 (J 3 , y^) be the points of intersection of that 

cubic with a straight line D. By the general theorem tlie sum 

X V4x»-f/2X-iy8 V4x8-ff2X-(/8 X V4x«-fif2X-^ 

is equal to a period, for the three points are carried off to infinity 

when the stralgl.t line D goes off itself to infinity. Now if we employ the 
parametric representation x =p(w), V = P'(«) ^ov the cubic, the parameter u is 

precisely equal to the integral 


/ 


U. if} 


dx 


V4x« - g^x — ^3 

and the preceding formula says that the sum of the arguments Ug, which 

correspoL to the three points .V,, is equal to a period We have seen 

above bow tliat relation is equivalent to the addition formula for the function 

P (“) (§ 80) - 

104. Extension of Lagrange’s formula. The general theorem on the tapHoit 
functions defined by a simultaneous system of equations (I, §194, ea. , 
s i's Tt ert) exteml-s also to complex variables. provi,le,l that we remm 
the other h^^pltheses of the theorem. Let us consider, for example, the two 

simultaneous equations 

(44) Pix,v) = x-a- CKf(x,V) = 0, Q(x, v)= V -b - V) ^ 

.re r and v are complex variable-s, and where /(r, p) and « (x, v) are ana- 
WirfumUonro^rertwo variables in the neighborhood of the spsmm of 
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values I = «, 1/ = 6. For a = 0, p = 0 these equations (44) have the system of 
solutions X = o, = b, and the detenninaiit D{P, Q)/D{x, y) reduces to unity. 
Therefore, by the general tlienrciu, the sysUMU of e.juatioim (44) Iuls one and 
only one system of roots approaching a and b respectively when a and |3 approacli 
zero, and these roots are analytic functions of (t and (S. Laplace was the first 
to extend Lagrange's formula (§ 51) to thi.s system of eejuations. 

Let us suppose for definiteness that with the poinU a and 6 a.s centers we 
describe two circle.s C and C in the planes of the variables x and y respectively, 
with radii r and P so .small that the two functions /(x. y) and ^(x, y) shall be 
analytic when the variables x and y remain within or on the boundaries of 
these two circles C, C'. Let .V and M' be the maximum values of |/(x, y) \ and 
of l<^(x, J/)|, respectively, in this region. We shall suppose further that the 
constants « and satisfy the conditions 3/’] «] < r, 3r|/3) < K. 

Let us now give to x any value within or on the boundary of the circle C; 
tl»e e<iuatioii Q(x, y) = 0 \s sati.sfied by a single value of y in the interior of the 
circle C\ for the angle of — ^^(x, y) merea.se.s hy when y de.scribes 
the circle C' in the positive sense That root is an analytic function 

j/j = f (x) of X in the circle C. If we replace y in P(x, y) by that root y,, the 
resulting equation x — a — tr/(x, y,) = 0 has one anil only one root in the inte- 
rior of C, for the reason given a moment ago. 

Let X = { be that root, ami let v lie the corresponiling value of y, q = V'({)- 
The object of the generalized Lagrange formula is to develop iu powers of a 
and every function F(?, v) which is analytic in the region just defined. 

For this purpose let us consider the double integral 


(45) 


I- f f 

'fa') */(C’')i*(x, 


F(x, y)(fy 


y) Q (-t. V) 

Since x is a point on the circumference of C, P(x, y) cannot vanish for any 
value of y within C\ for the angle of x — a — rt/(x, y) returns necessarily to 
its initial value when y describes C\ i being a fixed point of C. The oidy pole 
of the function under the integral sign, consideretl as a function of the single 
variable y, i.s, then, the point y=y,, given by the root of the equation Q(x, y) = 0, 
which corresponds to the value of x on the boundary C, and we have, after a 
first integration, 

E(x, y)dy _ ^ F(x, y,) 


i 


(OPfx, y) Q(x, y) 


= 2 ITT 


P(x 




The right-hand side, if we suppose y, replaced by the analytic function f (x) 
defined above, has in turn a single pole of the first order in the interior of C, — 
the point x = f, to which corresponds the value yj — and the corresponding 
residue is easily shown to bo 

2f7rF(g, T?) 

Q) 

L {x, y) 

The double integral / has therefore for its value 


r 


i 


/=-47r* 


PCP, QY 
L2)(x, y) Jj 


i 

n 



252 


SEVKRAL VARIABLES 


On the otlier hand, we can develop 1/PQ in a uniformly convergent series 

/'" 0" 


1 


(X - a - a/) {^ - b - p(i>) S 
which gives us I =ZJ,nn where 


(X — a)''« + i {(/ — 6)'»+i 


J 


m 


u=f dxC 

^(C) Ja 


y)[/(x, //)]"• [ 0 (x, 


(O (X — n)'''+i (y — 6)»>+i 

This integral has already been calculated (§ 94), and we have found that it is 
equal to 

_ 4 7r- f»" + n [F(«, h)f’“ {>1, b) 0 " (q, b)] 
m ! n ! ca"‘ cb" 

Equating the two values of /, we obtain the desired result, which presents an 
evident analogy with the formula (50) of § 51 : 

^(f. ^7) g"* + "[F(u, b)/”'(g, 6)0"(a, 6)] 

! n ! ciV“ cb^ 


(46) 


' ^{P, Q) ] _ 



m n 


We could also obtain a second result analogous to (51), of § 51, by putting 

P> (J, y) 

but the coefficients in this case are not so simple as in the case of one variable. 


EXERCISES 


1. Every algebraic curve Cn of degree n and of deficiency p can be carried 
over by a birational transformation into a curve of degree p + 2. 

(Troceed as in § 82, cutting the given curve by a net of curves C„_ 2 , passing 
through n(n --l )/2 — 3 points of C'n, among which are the (n— 1) (n — 2)/2 — p 
double points, and put 

x = ^, r = ^s. 

01 

the equation of the net being 0 j(x, y) + (x, y) + m 03 (-p* V) - 

2 . Poduce from the preceding exercise that the coordinates of a point of a 
curve of deficiency 2 can be expressed as rational functions of a parameter t 
and of the square root of a polynomial R(t) of the fifth or of the sixth degree. 


prime to its derivative. 

(The reader may begin by showing that the curve corresponds point by point 
to a curve of the fourth degree having a double point.) 


3*. Let y = a^x + a.,x‘^ + • • • be the development in power series of an alge- 
braic function, a root of an equation F(x, y) = 0, where F(x, y) is a polynomial 
with integral co^cienls arid where the point with coordinates x = 0. y = 0 is a 
simple point of the curve represented by F(x, y) = 0. All the coefficients tr,, a„'" 
are fractions, and it .suffices to change x to A'x, K being a suitably chosen integer, 
in order that all these coefficients become integers. [Eisksstein.] 


(It will be noticed that a tran.sforination of the form x — k^x\ y — ky' suffices 
to make the coefficient of y' on tlie left-hand side of the new relation equal to 

one. all the other coefficients being integers.) 
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infinity: lio. 52; Isolated: 01, 42; 
see also Laurent's.series 

Euler: 27, 12; oS, exs. 20 and 22; 
90, 46 ; 124, ex. 14 ; 143, ftn.; 230, 
00 

Euler’s constant: 230, 00; formula: 

55, ex. 22; ^6’, 45; 124, ex. 14; 
fonnulaj: 27, 12 

Evaluation of definite integrals: see 
Definite integrals 

Even functions: 153, Notes 

Expansions in infinite products: 
194, exs. 2 and 3; of cosz; 194, 
ex. 3; of r(z): 230, 00; of «r(u): 
162, 72 ; of sin x : 143, 04 ; see ats'o 
Functions, primary, and Infinite 
products 

Expansions in series : of ctn x : 143, 
64; of elliptic functions: 154, 60; 
of periodic functions: 145, 65; of 
roots of an equation : 23S, 90; see 
also Series 

Exponential function: 2S, 11 

Fourier : 170, 70 

Fredholm : 213, ftn. 

Fuchs: 57, ex. 16 

Fuchsian transformation : 67, ex, 16 

Functions, algebraic : 233, 98 ; 240, 
100; analytic: see Analytic func- 
tions and Analytic functions of sev- 
eral variables; analytic except for 
poles: 90, 41; lOI, 48; 136, 01; 
branches of: 15, 0; 29, 13; class 


of integral: 132, 58; of a complex 
variable: 6, 2; continiums: fi, 2; 
tlelinecl by dlffereniial (*i[uatii»iis : 
203, 86; (hiininatil ; 50, ex. 7 ; A7, 
35; 227, 04; doubly periodie : 145, 
05; 140, 67; elementary Iranscen- 
dcntal : 13. 8; elliptic: .tte Elliptic 
funeticMis; even and odd: 153, 
Notes; exponential: 23. 11; (iamnia: 
100,47 : 220,Ulii holoiiioiphi** : II, 
ftn.; implicit: 233, 98; integral: 
sec Integral fnncllon.s and Ititegral 
transcemlental functions; Inverse, 
of the olliplie integral : 172, 77 ; in- 
verse sine: 114, 54; Inverse trigo- 
nometric: 30, 14; irrational: 13, 
6; l(*garithms: 23, 13; meromor- 
pbic : ffO, fin.; monodromie : 17, 
ftn.; numogeiiie : 0 , ftn.; imdtiform : 
17, ftn.; niultipl<*-valne<l : 17. 7; 
p(tf): 154.iV3; ]>eriods e)f : 65 ; 

152, 08 ; 172, 77 ; 134, 70 ; primary 
(Weicrstrass'.s) : 127, 57 ; primitive : 
33, 15; rational: 12, 5: 33, 15; 
rational, of sin z and cos z : 35. 16; 
regular in a neighborlmod : 30, 40; 
regular at a point: S3, 40; regular 
at the point at infinity: 109, 62; 
represented by definite integrals: 
227, 05; .series of analytic : 36. 30; 

152, 72; single-valued: see 
Single-valued functions and Single- 
valued analytic functions; 0{u): 
170, 70; trigonometric: 26, 12; 
f(u) : 159, 71 ; see also Expansions 
Fundamental formula of the integral 
calculus : 63, 20 ; 72, 31 
Fundamental theorem of algebra : 
104, Note 

Gamma function : 100 , 47 ; 229, 00 
Gauss : 125, ex. 21 
Gauss’s sums: 125, ex. 21 
General linear transformation: 44, 
ex, 2 

Geographic maps: see Maps 
Goun'er: 126, ex. 28 
Goursal: 203, ftn.; 216 , ftn. 
Goursat’s theorem : 69, 29 and ftn. 
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Hadamnrd: 206^ ftn.; 212^ 88; 218^ 
ex. 8 

Hermite'. 106, 51 ; 109, ex.; 165, 73 ; 
16S, 75 : 195, ex. 9 ; 215, 90 and 
ftn.; 216, ftn.; 217, exs. 4, 5, 6 ; 
230, fin. 

Hennite'.s formula : 215, 00; for ellip- 
tic integrals: 165, 73 ; 168, 75 ; 195, 
ex. 9 

Holomorphic functions: 11, ftn. 
Hyperbolic transformations: 57, ex, 
15 

Hyperelliptic integrals : iifi, 55; 247, 
103; periods of : 116, 55 

Iinaginaries, conjugate : 4, 1 
Imaginary quantity: 3, 1 
Implicit functions, Weierstrass’s theo- 
rem : 233, 98 ; see also Functions, 
inverse, and Lagrange’s formula 
Independent periods, Jacobi's theo- 
rem : 147, (its 

Index of a ijuotient: 103, 49 
Infinite number, f)f singular points: 
134, 00 ; see also Mittag-Leflfler’s 
theorem; of zeros: 26, 11 ; 93, 42 ; 
128, 57 ; see also Weierstrass’s theo- 
rem 

Infinite products: 22, 10; 120, 57; 
104, exs. 2 and 3; uniform conver- 
gence of, 22, 10 : 129, 37 ; see also 
Expansions 

Infinite series: sec Series 
Infinity : see Point at infinity 
Inflection, point of: 186, 80 
Integral functions: 21, 8; 127, 57; 
associated : 218, ex. 7 ; class of : 
132, 58; with an infinite number of 
zeros: 127, 57; periodic: 147, 05; 
traii.scendental : 21, ftn,; 02, 42; 
136, 01 ; 230, 90 

Integral tran-scendental functions: 21, 
ftn.; 02, 42 ; 136, 01 ; 230, 90 
Integrals, Abelian: 103,82; 243,101; 
Abelian, of the flr.st, second, and 
tliird kind: 244, 101; Abel's theo- 
rem: 244, 102; Cauchy's: 75, 33; 
change of variable.s in : 6.\ 20; along 
a clo.sed curve: 66, 28; definite: 


see Definite integrals; differentia- 
tion of : 77, 33 ; 227, 95 ; double : 
see Double integrals ; elliptic : 120, 
50; 174, 78; 250, 103; of elliptic 
functions: 168, 75; fundamental 
formula of the integral calculus : 
63, 20 ; 72, 31 ; Hennite’s formula : 
215, 90; Herinite’s formula for el- 
liptic: 165,73; 168,75; 195, ex. 0; 
hyperelliptic: 116, 55; 247, 103; 
law’ of the mean (Weierstrass, Dar- 
boux): 64,27; line: 61,25; 62,20; 
74, 32 ; 224, 93 ; of rational func- 
tions : 33, 15 ; 113, 53 ; of series : 
86, 39; uniform convergence of: 
220, 90; see also Cauchy's theorems 
Invariants (integrals): 57, ex. 15; of 
elliptic functions : 158,70; 172,77; 
182, 79 

Inverse functions: see Functions, in- 
verse, implicit 

Invei’sion: 45, lf> ; 57, exs. 13 and 14 
Irrational functions: 13, 0; see also 
Functions 

Irreducible polynomial : 240, 100 
Isolated singular points: 80, 40 ; 132, 
59; essentially singular: 91, 42 
Isothermal curves: 54, 24 


Jacobi i 125, ex. 18; 147.00; 154,00; 

170, 70 : 180, 78 
Jacobi's theorem : 147, 00 
Jensen : 104, 50 
Jensen's formula: 104, 50 


Kepler: 109, ex.; 126, ex. 20 
Kepler'seijuation: 109, ex.; 126, ex. 27 

Klein : 59, ex. 23 


yrantje: 106, 51 ; 126, ex. 20; 251, 
04 

"range's formula: 106, 51; 126, 
•X. 20; extension of : 250, 104 
place: 10, 3; 54, 24; 55, Note; 
\06, 51 ; 125, ex. 19 ; 251, 104 
place's equation : 10,3; 54,24; 55, 
Cote 

uraxt: 75, 33 ; 81, 37 ; 91, 42 ; 94, 
,3 ; 126, ex. 23 ; 146, 65 
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Laurent’s series: 75,33; A’/, 37 ; 140, 
(i5 

Law of the mean for integrals: 04, 27 
Lqjendrei 100, ex.; 1^*0, ex. 18; ISO, 
78 

Legendre’s polynomials: lOS, ex.; 
Jacobi’.s form: iJ’.7,ex. 18; Laplace's 
form : 1.70, ox. 19 
Limit point : Oo, 41 
Line integrals: 01, 25; G2, 20; 74, 
32 ; JJ4, 93 

Linear transformation: OU, ex. 23; 
general : 44, ex, 2 

Lines, singular: see Natural bound- 
arie.s, and Cuts 
LiouviUe: SI, 3(5; loO. C7 
Liouville's theorem : SI, 30 ; 100, 07 
Logarithinio critical points; 14; 
ns, 53 

Logarithms: 13 ; 7/5,53; natural 

or. Napierian : 2S, 13; series for 
Log (I + 2 ) 5 SS, 17 
Loops: 112, 53; 110, 54 ; 244, 101 
Loxodromic curves: 5J, ex. 1 

^farl( 1 U 1 'in : S3, ex. 

Maps, conformal : 42,l^\ •/.*, 20; 48, 
20 ; 02, 23 ; geographic : 02, 23 ; see 
also Projection 

SI, ftn. ; 200, ftn. 

Mercator’s projection : 02, ex. 1 
Meromorphic functions: ov, ftn. 
Miltag-L^er: 127, 57 ami ftn.; 134, 
Cl ; ISO, 03 

Mittag-Lettlor's theorem : 127, 57 ; 
/54, Cl ; /5.'>, 03; Cauchy's metUotl : 
130, 03 

Jlonodroiuic functions : 17, ftn. 
Jlonogenic functions: .9, ftn. 

2t[orcra : 78, 34 
Morera’s theorem : 7S, 34 
Multiform functions: 17, ftn. 
Multiple-valnoil functions: 17, 7 

Napieri 2S, 13 
Napierian logarithms: 2S, 13 
Natural boundary : SOI, 84 ; SOS, 87 ; 
211 , 88 

Natural logarithms: 28, IS 


Neighborhood : SS, 40; of the point 
at ijihnity : lo:t, 52 

Otld funetions: 104, 08 

Order, of ellipth* functions: lOO, (58; 

of p(des : s!t. 40 ; of zeros : SS, 40 
<)r<llnary point: SS, 40 

P function. ;>(»): 104, 08; 1S2, 79; 
<Ieliiied by invaiiaiit.s: IS7, 79; re- 
lation between j){ii) aiul p'(»): lOS, 
70 

Pninlcvd : SO, 38 

Parabolic transformation : 57, ex. 15 
Parallelogram of periods: 100, 07 
Parametric representation: .-icc Curves 
Porioilir ftuictions: 140, (5.5; doul^ly: 
140, 05; /■/.'/, (57 ; see also KIliptic 
functions 

Periodic integral funetions: 147, 05 
Periods : of etn x : 144, Note 3 ; eyelic : 
244, 101 ; of detinite integrals: 112, 
53; //4, Note; of elliptic functions: 
102, (58 : 172, 77 ; 184, 7D; of elliptic 
integrals: 120, 50; (*f functions: 
140, 05; of hyi>erelliptic Integrals: 
110, 65; independent: 147, 00; 
parallelogram of: lOO, 67; polar: 
112, an , 110, 56; 244, 101; primi- 
tive pair of: 140, ftn.; relation be- 
tween periods ami Invariants: 172, 
77 ; of sin x : 143, Note 1 
Picardi 21, ftn.; .95, 42 ; 127, ftn. 
PoiMCffr^: 208, ftn.; 222, ftn.; 2S2, 
ftn. 

Point, critical or branch : see Critical 
points; double: 1S4, 80; 191, 82; 
at inlinity : 109, 52 ; of inflection : 
ISC, 80; limit: 90, 41; ordinary: 
SS, 40; symmetric: OS, ex. 17 ; see 
also Neighborhood, Singular points, 
and Zeros ' 

Polar periods: see Periods, polar 
Poles: SS, 40; 90, 41 ; 133, 69; of 
elliptic functions: 100, 68; 104, 
08 ; infinite number of : iso, 61 ; 
137, 02 ; at infinity : no, 62 ; order 
of : S9, 40 

Polynomials, irreducible : 240, 100 
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Power series: IS, 8; 196, 83; con- 
tinuity of : 7, '2- 56, ex. 7 ; deriva- 
tive of; 19, 8; dominating: ill, 9; 
representing an analytic function: 
20, 8 ; see also Analytic extension, 
Circle of convergence, and Series 
Primary functions, Weierstrass’s: 127, 
57 

Primitive functions: 33, 15 
Primitive pair of periods: 149, ftn. 
Principal part: 89, 40 ; 91, 42; 110, 
52 ; 133, 59 ; 135, 61 
Principal value, of arc sin«: 31, 
ftn. 

Products, infinite : see Infinite products 
Projection, Mercator’s: 52, ex. 1; 

stereograpbic : 53, ex. 2 
'Pxdseuxx 240, ftn. 

Quantity, imaginary or complex: 3, 1 
Quartics: 1S7, 81; bicircular: 7P5, ex. 

Kational fraction : 133, 59 
Rational functions: 12, 5; integrals 
of : 33, 15 ; of sin z an<l cos z : 35, 16 
Region, connected: 11, 4 
Regular functions: see Functions, 
regular 

Representation, conformal : see Con- 
formal representation ; parametric : 
see Curves 

Residues : 75, 33 ; 94, 43 ; 101, 48 ; 
110, 52 ; 112, 53 ; of elliptic func- 
tions : 151, 68; sum of: ill, 52; 
total : 111, 52 
Rhumb lines: 53, ex. 1 
Jiiemann : 10, ftn.; 50, 22; 74, 32; 
244, 101 

Riemann surfaces: 244, 101 
Riemann’s theorem: 50, 22 
Roots of equations : see Equations, 
D'Alembert’s theorem, and Zeros 

SauvaffC : 231, 97 
Schriideri 214, 89 

Series, of analytic functions : 86, 39 ; 
Appell’s: 84, 38; Burinan’s: 126, 
ex. 26; the Cauchy-Laurent : 81, 
85; theCauchy-Taylor: 79,55; for 


ctn x: 143, 64; differentiation of: 
88, 39; dominant: 21, 9; 157, 69; 
double : see Double series ; integra- 
tion of: 86,39; Laurent’s: 75, 33; 
81, 37 ; 146, 65; for Log (1 - 1 - z) : 
38, 17; of polynomials (Painlev6): 
86, 38; for tan z, etc.: 194, ex. 4; 
Taylor’s: 20, 8; 75, 33; 78, 35; 
206, ftn.; 226, 94; uniformly con- 
vergent i 7, 2; 86, 39 ; 88, 39 ; see 
also Lagrange’s formula, Mittag- 
Leffler’s theorem, and Power series 
Several variables, functions of : 218, 
91 ; see also Analytic functions of 
several variables 
Sigma function, <r(M) : 162, 72 
Single-valued analytic functions : 127, 
57 ; with an infinite number of 
singular points, Mittag-Leffler’s the- 
orem: 134,69; (Cauchy’s method) : 
139, 63; with an infinite nupiber 
of zeros, Weierstrass’s theorem : 
128, 57; primary functions: 127, 
67 

Single-valued functions: 17, 7; 127, 
57 

Singular lines: see Cuts and jratui*al 
boundaries 

Singular points: 13, 5; 75, 38; 88, 
40 ; 204, 85 ; 232, 97 ; algebraic : 
241, 100; on circle of convergence: 
202, 84 and ftn.; essentially: 91, 
42; essentially, at infinity : 110, 52; 
infinite number of : 134, 60 ; 139, 
63; isolated: *'5, '40; 132, 69; log- 
arithmic: 244, 101; order of: 89, 
40; transcendental: 243, Note; see 
also Critical points, Mittag-Leffler's 
theorem, and Poles 
Singularities of analytical expressions: 

213, 89 ; see also Cuts 
Stereographic projection : 53, ex. 2 
Stieltjes : 109 ex. 

Syininetric points: 58, ex. 17 
Systems, conjugate isothermal : 54, 24 

Tannery : 214, ^9 

Taylor : 20, 8 ; 75, 33 ; 78, 35 ; 206, 
ftn.; 226, 94 
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Taylor’s formula, series : 20^ 8 ; 75, 
88; 75, 35; 20G^ ftii.; for double 
series; 22G^ 94 

Theta function, 0{u) : 170^ 76 
Total residue: 111, 52 
Transcendental functions: see Func- 
tions 

Transcendental integral functions : see 
Integral transcendental functions 
Transformations, biratlonal: i 82 ; 
252, ex. 1; circular: 45, 19; 57, ex. 
13; conformal; 42, 10; 45, 20; 48, 
20; 5;?, 23; elliptic; 57, ex, 15; 
Fuchsian: 57, ex. 15; general lin- 
ear: 44, ex. 2; hyperbolic: 57, ex. 
15; inversion: 4.;, 19; 57,exs. 13and 
14; linear; 59, ex. 23; parabolic: 57, 
ex. 15 ; see nlsu Projection 
Trigonometric functions; 26, 12; in- 
verse; 30, 14; inverse sine: 114, 
64; period of ctn x; 144, Note 3; 
period of sin x : 143, Note 1 ; prin- 
cipal value of: $ 1 , ftn. ; rational 
functions of sin z and cos z ; 35, 10 ; 
see also Expansioit 

Unicursal curves: 191, 82 


Uniform convergence : see Conver- 
gence, uniform 
Uniform functions: 17, ftn. 
Uniformly convergent serlesund prod- 
ucts: sec Convergence, uniform 

Variables, complex: G, 2; infinite 
values of: lou, 52; sevei-al : sec 
Analytic function.s of several vari- 
ables 

irc/ers<ra.s.9: G4, 27; 88, ftn.; 02, 42; 
121, 56 ; 127, 57 and ftn.; 13lf, 63 ; 
149, 67 ; 154, 69 ; 156, 09 ; 200, ftn. ; 
212, 88 : 233, 98 ; 237, ftn. 
■Weierstrass's formula: G4, 27; 121, 
50; primary fuuction.s ; 127, 57; 
theorem : 92, 42 ; 127, 57 ; 138, 02 ; 
139, 03 ; 233, 08 

Zeros, of analytic functions; 88, 40; 
234, 98 ; 241, 100; of elliptic func- 
tions: 152, 08; l.U, 08; infinite 
number of; 20, 11; 93, 42; 128, 
57 ; order of : 88, 40 ; .sec also 
D’Alembert’s theorem 
Zeta function, I’(u); 159, 71 


